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PREFACE 


his book is meant for students who aspire to join the Indian Institute of Technologies (IITs) and 

various other engineering institutes through the JEE Main and Advanced examinations. The content 
has been devised to cover the syllabi of JEE and other engineering entrance examinations on the topic 
Integral Calculus. The book will serve as a text book as well as practice problem book for these competi- 
tive examinations. 


As a tutor with more than thirteen years of teaching this topic in the coaching institutes of Kota, 
I have realised the need for a comprehensive textbook in this subject. 


I am grateful to McGraw-Hill Education for providing me an opportunity to translate my years of 
teaching experience into a comprehensive textbook on this subject. 


This book will help to develop a deep understanding of Integral Calculus through concise theory 
and problem solving. The detailed table of contents will enable teachers and students to easily access 
their topics of interest. 


Each chapter is divided into several segments. Each segment contains theory with illustrative ex- 
amples. It is followed by Concept Problems and Practice Problems, which will help students assess the 
basic concepts. At the end of the theory portion, a collection of Target Problems have been given to 
develop mastery over the chapter. 


The problems for JEE Advanced have been clearly indicated in each chapter. 


The collection of objective type questions will help in a thorough revision of the chapter. The 
Review Exercises contain problems of a moderate level while the Target Exercises will assess the students’ 
ability to solve tougher problems. For teachers, this book could be quite helpful as it provides numerous 
problems graded by difficulty level which can be given to students as assignments. 


I am thankful to all teachers who have motivated me and have given their valuable recommenda- 
tions. I thank my family for their whole-hearted support in writing this book. I specially thank Mr. Devendra 
Kumar and Mr. S. Suman for their co-operation in bringing this book. 


Suggestions for improvement are always welcomed and shall be gratefully acknowledged. 


Vinay Kumar 
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1.1 INTRODUCTION 


Integral calculus is to find a function ofa single variable 
when its derivative f(x) and one of its values are 
known. The process of determining the function 
has two steps. The first is to find a formula that 
gives us all the functions that could possibly have 
f as a derivative. These functions are the so-called 
antiderivatives of f, and the formula that gives them 
all is called the indefinite integral of f. The second 
step is to use the known function value to select 
the particular antiderivative we want from the 
indefinite integral. 

A physicist who knows the velocity ofa particle might 
wish to know its position at a given time. Suppose an 
engineer who can measure the variable rate at which 
water is leaking from a tank wants to know the amount 
leaked over a certain time period. In each case, the 
problem is to find a function F whose derivative is a 
known function f. If such a function F exists, it is called 
an antiderivative of f. 

There are two distinct ways in which we may approach 
the problem of integration. In the first way we regard 
integration as the reverse of differentiation; this is the 
approach via the indefinite integral. In the second way 
we regard integration as the limit of an algebraic 
summation; this is the approach via the definite 
integral. For the moment we shall consider only the 
first and we begin with the formal definition. 


CHAPTER 


INDEFINITE 
INTEGRATION 


Indefinite integration is the process which is the 
inverse of differentiation, and the objective can be 
stated as follows : given a function y = f(x) ofa single 
real variable x, there is a definite process whereby we 
can find (if it exists) the function F(x) such that 


dF(x) 
dx 


= f(x) 


Definition 

A function F(x) is called the antiderivative (primitive) 
of the function f(x) on the interval [a, b] if at all points 
of the interval F'(x) = f(x). 

Find the antiderivative of the function f(x) =x?. 


From the definition of an antiderivative it follows that 
3 


the function f(x)=— is an antiderivative, since 
3 
xo \s 
— 2 
=x? 
3 


It is easy to see that if for the given function f(x) there 
exists an antiderivative, then this antiderivative is not 
the only one. In the foregoing example, we could take 
the following functions as antiderivatives: 
3 3 
Xx Xx 

F(x)= — +1, Fx)=——7 or, 

W=TtLEW=5 

3 


Xx 
generally, F(x)= 3 +C 


(where C is an arbitrary constant), since 


12 0 


3 ' 
(-+c] Se 
3 


On the other hand, it may be proved that functions of 
3 


X 
the form Are exhaust all antiderivatives of the 


function x”. This is a consequence of the following 
theorem. The example shows that a function has 
infinitely many antiderivatives. We are going to show 
how to find all antiderivatives of a given function, 
knowing one of them. 


Constant Difference Theorem 


If F,(x) and F,,(x) are two antiderivatives of a function 
f(x) on an interval [a, b], then the difference between 
them is a constant. 

Proof By virtue of the definition of an anti- 


F (x)= a 


derivative we have _, (1 
B(x) = £00 . 
for any value of x on the interval [a, b]. 
Let us put F (x) —F,(x) = g(x) (2) 
Then by (1) we have 
F(x) — F,(x) = f(x) -f(x) =0 


or g(x) =[F\(x)—-F,(x)]"=0 
for any value of x on the interval [a, b]. 
But from g’(x) = 0 it follows that g(x) is a constant. 
Indeed, let us apply the Lagrange's theorem to the 
function g(x), which, obviously, is continuous and 
differentiable on the interval [a, b]. No matter what the 
point x on the interval [a, b], we have, by virtue of the 
Lagrange's theorem, g(x) — g(a) = (x — a) g’(c) where 
a<c<x. 
Since g’(c) =0, 

g(x)— g(a) =0 
or, g(x)= g(a) .(3) 
Thus, the function g(x) at any point x of the interval 
[a, b] retains the value g(a), and this means that the 
function g(x) is constant on [a, b]. Denoting the 
constant g(a) by C, we get from (2) and (3), 

F\(x)-F,Q)=C. 
Thus, if for the function F, and F, there exists an interval 
[a, b] such that F (x) =F,,'(x) in [a, b], then there exists a 
number C such that F(x) = F(x) + C in [a, b]. 
From this theorem it follows that if for a given function 
f(x) some one antiderivative F(x) is found, then any 
other antiderivative of f(x) has the form F(x) + C, where 
Cis an arbitrary constant. 
For example, if F '(x) = 6x?+ 2x, then 

F(x) =2x3+x2+C, 
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for some number C. There are no other antiderivatives 
of 6x?+ 2x, 
If F'(x)=4x-3 and F(1)=3, 
then — F(x)=2x*—3x+C, for some number C. 
Since, F(1)=2-—3+C=3, we have C=4. 
Thus F(x) =2x?—3x+4, 
and there is just one function F satisfying the given 
conditions. 
The equation F '(x) =4x-—3 is an example ofa differential 
equation, and the condition F(1) = 3 is called a 
boundary condition of F. 
Given F' and a boundary condition on F, there is a 
unique antiderivative F of F' satisfying the given 
boundary condition. This function F is called the 
solution of the given differential equation. 
Definition 
Ifthe function F(x) is an antiderivative of f(x), then the 
expression F(x) + C is the indefinite integral of the 
function f(x) and is denoted by the symbol } f(x) dx. It 
is the set of all antiderivatives of f(x). Thus, by 
definition 

J f(x) dx=F(x)+C, 
if F(x)=f(x). 
Here, the function f(x) is called the integrand, f(x) dx 
is the element of integration (the expression under 
the integral mae the variable x the variable of 
integration, and J is the integral sign. 
Thus, an indefinite integral is a family of 
functions y = F(x) +C 
(one antiderivative for each value of the constant C). 


The symbol } for the integral was introduced by 


Leibnitz. This elongated S stood for a "sum" in his 
notation. 

The graph of an antiderivative of a function f(x) is 
called an integral curve of the function y = f(x). It is 
obvious that any integral curve can be obtained by a 
translation (parallel displacement) of any other integral 
curve in the vertical direction. 

From the geometrical point of view, an indefinite integral 
isacollection (family) of curves, each of which is obtained 
by translating one of the curves parallel to itself upwards 
or doyenwares (that is, along the y-axis). 


Existence of Antiderivative 


A natural question arises : do antiderivatives (and, hence, 
indefinite integrals) exist for every function f(x) ? 
The answer is no. 

Let us find an antiderivative of a continuous function 


x+1 ss, 
He 3-x? , 


On integrating both the formulae we get 


O<x<l 


l<x<27% the interval [0, 2]. 


2 


Stee, O<x<l 
F(x)= 3 
&) 3x-+Cy, l<x<2 


To ensure that F '(1) = f(1) = 2, we first make F(x) 
continuous : 


F(1>)= F(1*) 
1 1 1 1 1 
~ s t1+C,=3 3 tC, 
3 8 
> Cit 7 3 tC, 
7 
>C, e0 
2 
—+x+—+C,, O<x<l 
Now, F(x) = 3 
Sad (Dr ace 1<x<2 


We further observe that F '(1*) =F (1). 

Thus, we obtain the antiderivative F(x) of the function f(x). 
Let us note, however, without proof, that ifa function 
f(x) is continuous on an interval [a, b], then this function 
has an antiderivative (and, hence, there is also an 
indefinite integral). 

Now, let us find an antiderivative of a discontinuous 


function f(x) = +. 
x 


F(x)=- i is an antiderivative of f{x)= + on (—00, 0) 
x 


and on (0, oo). However, it is not an an antiderivative 
on [-1, 1] since the interval includes 0 where F’(x) does 
not exist. 

We adopt the convention that when a formula for a 
general indefinite integral is given, it is valid only on 
an interval. Thus, we write 


Oo 1.3 


INDEFINITE INTEGRATION 
1 1 
(eee 
Xx Xx 
with the understanding that it is valid on the interval 
(0, 00) or on the interval (— 00, 0). This is true despite 


the fact that the general antiderivative of the function 
f(x) = 1/x*,x £0, is 


aor ifx <0 
4 
F(x) = : 
®) sings ifx>0 
4 


Prove that y = sgn x does not have an 


antiderivative on any interval which contains 0. 


-l1 , x<0 
0 , x=0 
y=sgn (x)= 
1 , x>0 
Here we present two antiderivatives : 
—x+cC,, x<0 
ee X+C,, x >0 
-xtce , x<0O 
B(x) = xt+e , x20 


f{x) is discontinuous at x= 0, ifc, #c,. g(x) is continuous 
at x = 0. None of these functions are differentiable at 
x = 01.e. we are unable to ensure that f'(0) or g'(0) is 0. 
Hence, y = sgn x does not have an antiderivative on 
any interval which contains 0. However, the function 
has an antiderivative (either f or g) on any interval 
which does not contain 0. 


Indefinite Integration 


The finding of an antiderivative of a given function 
f(x) is called indefinite integration of the function f(x). 
Thus, the problem of indefinite integration is to find 
the function F(x) whose derivative is the given function 


dF(x) 
dx 


f(x) i.e. given the equation = f(x) , we have to 


find the function F(x). 

The process of integration is not so simple. Although 
rules may be given which cover this operation with 
various types of simple functions, indefinite 
integration is a tentative process, and indefinite 
integrals are found by trial. 

This chapter is devoted to working out methods by 
means of which we can find antiderivatives (and 
indefinite integrals) for certain classes of elementary 
functions. 


14 0 


He.| Note: Though the derivative of an elementary 


function is always an elementary function, the 
antiderivative of the elementary function may not 
prove to be representable by a finite number of 
elementary functions. We shall return to this question 
at the end of the chapter. 


1.2 ELEMENTARY 
INTEGRALS 
Rules of integration 


Assume that f and g are functions with antiderivatives 
Jf(x) and J g(x) dx. Then the following hold: 
(a) {kf(x) dx =k J f(x) dx for any constant k. 
(b) {(flx) + g(x)) dx= |x) dx +] g(x) dx, 
(c) S(flx)— g(x) dx= | ffx) dx +] g(x) dx. 
Proof 
(a) It is only required to show that the derivative 
of kJ f(x)dx is cf(x). The differentiation shows : 


(kJ rt) ax) =k (Jt) dx) =kf(x) 


A constant moves past the derivative symbol. 
(b) We show that the derivative of Jf(x) +! g(x) dx 


is f(x) + g(x): «(feo dx +/g(x) dx) 


d d 
= (Jf@ dx) + = (Jee dx) =£(x)+ g(x). 
(c) The proof of property (c) is similar to that of 


property (b). 
The last two parts of theorem extend to any finite 
number of functions. For instance, 


J(F(x) -8(x) +h) dx 
=f f(x) dx a(x) dx+ fin(x) dx. 


ee. |Note: 


(i) Wehave fa+ x)dx = [dx + | xdx =(x+C,)+ 


2 
x x? 
[= e) =x+— +C,+C, 


Here, we have two arbitrary constants when one 
will suffice. This kind of problem is caused by 
introducing constants of integration too soon and 
can be avoided by inserting the constant of 
integration in the final result, rather than in 
intermediate computations. 
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(ii) | x7e* dx = x2e*—2(xeX—e* + C) 


= x’e* — 2xe* + 2e*— 2C = (x?-2x+ 2) e%+C' 
where C’=2C 
When arbitrary constants are algebraically 
combined with other numbers, the final algebraic 
expression is just as arbitrary. 
(ii) Note the following representations : 


@ <(JFeodx)= 100) 
(b) al f(x)dx)= f(x) ax 
(c) [£'oodx =f(x)+C 
(d) | df(x) =f(x)+C 


Elementary formulae 


We begin by listing a number of standard forms, that 
is to say formulae for integrals which we shall be free 
to quote once we have listed them. Each formula is of 
the the type 


} f(x)dx = F(x) 

and its validity can be etablished by showing that 
1 F(x) = F(x) 
dx 


These formulae should be known and quoted, without 
proof, whenever needed. 


(i) [ax =kx+C, where k is a constant 


xml 
ii x"dx = —— +C, wheren'1 
w) J n+l 
1 
at ee ee 
(ii) | —dx=Inx|+C 


x 


a 


(iv) fatdx = +C_wherea>0 


fna 
(v) [etdx =e+C 
(vi) [sinx dx =—cosx+C 
(vii) [cosx dx =sinx +C 


(viii) [ sec” x dx=tanx+C 


(ix) [ cosee”x dx =—cotx+C 
(x) [secx tan x dx =secx+C 


(xi) [ cosec xcotx dx =—cosecx+C 


1 
(xi) eras dx=sin'x+C 


oe 1 
(xii) pee dx =tan?x+C 


1 
xiii) | ———=——_ dx =sec!x+C 
0 Tea 
We have some additional results which will be 


established later : 


1 
(xiv) f tan x dx = | nsecix|+C 
1 
(xv) [cot x dx = = Insin|x}+C 
(xvi) [sec x dx =In |secx+tan x|+C 


= In tan +C 


T x 
—+— 
42 


= —In|sec x—tanx|+C 


(xvii) [ cosec x dx = fn |cosec x — cot x|+¢ 


=n 


=— {n|cosec x + cot x| 
Here, we must analyse carefully the formula 


+C 


x 
tan— 
2 


1 
[—ax = én|x|+C 
x 


We have two cases : 
(i) Let x>0, then |x| = x and the formula attains the 


form (2 = (nx+C 
Xx 
1 
Differentiating, we get (nx +C)'= —. 
x 
(ii) Letx <0, then |x| =—x and the formula has the form 


[= = (n(-x)+C 


xX 


a 
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1 
Differentiating, we have (¢n(—x) + C)'= — = rx 


d 1 
Since In x is real when x > 0 and ae (nx) = x? 


1 
so Jax = Inx +C is defined for x > 0. 


d -1 1 
When x < 0, i.e. — x > 0, én(-x) = = 
dx -x x 


1 
Therefore when x < 0, Jax = In(—x)+C, 


Hence, both these results will be included if we write 
1 
[Hdx = ¢n]x| +C. 
x 


In the formula and examples where integrals of this 
type occurs, L.e., where the value of an integral involves 
the logarithm of a function and the function may 
become negative for some values of the variable of 
the function, the absolute value sign enclosing the 
function should be given, but it has generally been 
omitted, though it is always understood to be present 
and it should be supplied by the students. 


Direct integration 


Direct integration is such a method of computing 
integrals in which they are reduced to the elementary 
formulae by applying to them the principal properties 
of indefinite integrals. 

For example : 


J Bg ei eC 
xX 


+3 
[3°.4°*dx = | (3.16)*dx = [ 48*dx = Lg 
£n48 
[4x° dx 4 S+C 2 +E, 
6 3 
Evaluate 


3 2 7 2.) 
x° +5x* -4+—+——| dx 
I ae 
2 


) Gees ~44 247) dx 


= [x3 dx + [5x7 dx —[4dx + | ax ! Jeu 
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= [x? dx +5. [x?dx 4. [1.dx a, ee ge BAC 
Ina a+tl 
+7.] dx +2. eg : 
= ne GS Extension of elementary formulae 

4 3 (a) f =P 
_ x 5 x HA 7in|x|+2\775) ee If } (x)dx = F(x) and a, b are constants, then 

4 3 

ga fe f (ax + b)dx = Bae +b) (1) 
= — + 7x3 -4x+7In|x|+44% +C a 

4 3 We prove (1) by observing that, when y = ax + b, 

2* +3* 
Evaluate | ——— dx ld _id dy 1 
J 5x nae F(y) ce F(y). dx > f)-a=flax +b). 
a ee For example: 
jaa & 
( \ } b)'d sia C l 
x x x x j + n = ae , x<- 
a } late nha } (2) +(3) dx (i) (ax ) Z a(n+l) " 
5* 35% 5 5 
‘ 1 

7 (2/5)* ‘ (3/5)* (ii) [ sin(x + 2)dx = =e OOet 2)+C 


= ois! Ini 


Example 3.| Evaluate (iii) [ sec” (3x +5)dx = tan(3x +5)+C 
; loge x 
@) |S°°°*dx 
(iv) [sec (ax +b) . tan (ax + b) dx 
(ii) [ore de 


1 
= — sec (axt+b)+C 
x (O85 +1 j ‘: 
: loge x = loge 5 = a j o 
()  fsiP*dx = [x!8Pdx meu (v) } (cos 7x+ sin (2x —6)) dx 
‘ee 1 
(ii) f2iee* dx = (2? ax = f2t/2!22* ax = a sin 7x — 7 608 (2x-—6)+C 
3/2 . dx 1 
= [ope dx = [vx dx = a +C (vi) J 2x41 peer’ 
ii) | * dx = ak x aie : ax 
c, f2b8*dx =2x9 +0 (Mt) od 2 axa 29M Oxad 
3 
1 1 
Example 4. Evaluate f e*!"* + etx 4 galna gy = at ~ 5 nex +1|) +¢C 
Solution [eo Hert pet de In this example, we break the function up into parts 
na* nx® na® . 1 . 
= [er +e™™ +e dx like 1 and Peak whose integrals we know from the 
= fa +x" +a") dx list of elementary integrals. 


x a a = : 
= fa dx + [x dx + fa dx wiit) sa “Saas +54 
rere 


fee d tn 22K 
Sao Si 10 5 
2 2 
f dx f dx 1 re bx 
(#) a’ +b°x? a’ +(bx)? ab ge 
f dx =/ dx =/ dx 
@) “VI-9x? fof l x’) fio 
9 
Ds A Ge aa 
Saray. 3 I 
Oy 3 


‘Ze.|Note: 

sy tf deca Sassy | ak 

(i) 7 isa'convenient form’ for ~) and such 
x 


symbols are commonly used. Strictly, the first 
symbol has no meaning save as a shorthand for 
the second symbol; as the definition shows, there 
can be no question here of ‘dividing dx by x”’. 

(ii) In the chapter of indefinite integration, the 
simplification of square root functions are done 
without much consideration to the sign of the 
expressions. However, this must be taken 
seriously in the chapter of definite integration. 
For example, 


[vi+sin 2x dx 


= } (sinx +cosx)” dx 


=| (sin x + cos x) dx 
—cosx +sinx+C 
A more elegant way of handling the situation is 
illustrated below : 


[Vi+sin 2x dx = } (sinx +cosx)” dx 


= [i sinx +cosx | dx 


= sgn (sin x + cos x) J (sinx + cos x) dx 
= sen (sin x + cos x): {-cosx+sinx} +C. 
1 
(iii) We notice that the integral of Ix ix? —a? ’ 


1 tat 
where a> 0 is ie (2) +C. But we would 


1 
like to k the integral of —;5—, . 
ike to know the integral o . ee 
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From the standard result we obtain, 


1 |x 
; a see are ,X>a 
dx = 1 x 
2 Ad = _ 
XVX°-—a —qsec qe ,X<-a 
A| CAUTION 
-2/ V3 
| 1 1 2/3 
dx=sec!x |- 
fo ENKI La 


(= an) me 
—\6 3/7 6 
This is a wrong result since the integral of a negative 


function must be negative. This happened because 
the antiderivative used in the calculation is wrong. 


2/3 l 
-] 2/3 
5 


—>— dx=-sec!x 
*) xvx?-1 


-(52-28) -8 
— 6 3 6" 


Alternatively, we have 


1 _4|x 
sec 


} S +C 
XVx’-a> a a 
Thus, 
ie 6s gens =—-—=— 
2B y fy? 4 leidge ar TD 


Determination of function 


Example 5.) Let fbe a polynomial function such 
that for all real x, f(x? + 1) =x4+5x?+3 then find the 
primitive of f(x) w.rt. x. 


Solution) (+ 1)=(? +1)? +3x7+2 
G+ 1)? +3(x2+1)-1 


x 
We replace x* + 1 by x 
f(x)=x?+3x-1 
Now we integrate f(x) w.r.t. x: 

[£Godx = (x? +3x -1) dx 

3 2 
= oa + 3x7 —-x+C 
3 2 45 
Example 6.) Given f"(x)=cosx, f (=) =eand 

f(0) = 1, then find f(x). 


f"(x) =cos x 


Integrating w.r.t. x: 


18 0 


P(x)=sinx+C, 


(4) 
Now, f 7) =e 
=> e=-1+C => C=etl 
f'(x)=sinx+e+1 
Integrating again w.rt. x: 
f(x) =—cosxt+(e+1)x+C, 
1OH1 alesis Cy a 6,=2 
“ £(x)=(e+ 1)x-—cosx+2 
Acurve y= f(x) such that f"(x) =4x 
at each point (x, y) on it and crosses the x-axis at 
(—2, 0) at an angle of 45°. Find the value of f(1). 
f"(x)=4x => f(x)=2x?+ce 
f' (-2)=tan 45°=1=8+¢ > c=-7 
Now _ f'(x)=2x?-7 


2 
=> f(x)= 3x —Tx+d 


16 
Since, f(-2)=0, = +14+d=0 
26 
2 
1 
f(x)= 3 [2x°-21x— 26] 


> d= 


45 
And, thus f(1)=- cia 15. 


Example 8.) Find the antiderivatives of the 


function y= x + 2 which touch the curve y= x’. 
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Since the function y= x + 2 is a derivative 


of any of its antiderivatives, it follows, that the 
equation for finding the abscissa of the point of 
tangency has the form 2x =x +2. 

The root of this equation is x = 2. The value of the 
function y = x? at the point x = 2 is equal to 4. 
Consequently, among all the antiderivatives of the 
functions y= x + 2, 


1 
i.e. the function F(x) = 5 x?+2x+C, 


we must find that whose graph passes through the 
point P(2, 4). The constant C can be found from the 
condition F(2) =4 : 


1 
=> 7 At224€ 4=> C=-2. 


1 
> FR= 5X + 2x—2. 
Example 9.) Deduce theexpansion for tan“'x from 
7 =1-x?+xt-x°+... whenx<1, 


+x 
We have 


the formula i 


5 = 1-x?+ x44, 


+X 
Integrating both sides w.r.t. x, we have 


dx x xX x 
tan x = | 5 =x + +... 
1+x 3 5 7 


No constant is added since tan-!x vanishes with x. 


Concept, PiObleCM Ss Ap 


1. Find an antiderivative of the function : 
(i) f{k\)=1—4x+ 9x? 


(i) fix)=xJx + Vx -5 
(iii) f(x) = 4x41 


(iv) f(x)=(«/2-7). 


1 3 
2. (a) Showthat F(x)= 6 (3x+4) and G(x)= a x’ +4x 


differ by a constant by showing that they 
are antiderivatives of the same function. 

(b) Find the constant C such that F(x) - G(x) = C by 
evaluating F(x) and G(x) at a particular value 
ofx. 

(c) Check your answer in part (b) by simplifying 
the expression F(x) — G(x) algebraically. 


3. Let Fand G be defined piecewise as 


xX, x>0 x+2, x>0 
FO 1 ch GM =) as. 2 
(a) Show that F and G have the same 
derivative. 


(b) Show that G(x) # F(x) + C for any constant C. 
(c) Do parts (a) and (b) violate the constant 
difference theorem ? Explain. 
4. (a) Graph some representative integral curves 
of the function f(x) = e*/2. 
(b) Find an equation for the integral curve that 
passes through the point (0, 1). 
5. Prove that the following functions donot have an 
antiderivative on any interval which contains 0. 
. xt], x>0 x’, x #0 
of Ro @ fh 


6. Find the function satisfying the given equation 
and the boundary conditions. 
Gi) F(x)=3(x+2), F(O)=0 
(ii) s"(t)=8, s'\(0) =7, s-1) =-3 
(iii) f'(x) =x?+5, f(0)=-1. 

7. Iff"(x) = 10and f'(1)=6 and f(1)=4 then find 
f(-1). 

8. Evaluate the following integrals : 


2*. eX dx 
(iii) } e™*? dx (iv) | aPe*4 dx 
9. Evaluate the following integrals : 
2 
(i) | elnvx dx (ii) } e x dx 
(ii) | tn(L) ax vy [ems* ax 
10. Evaluate the following integrals : 
(i) Ja" a BM dx (ii) | (2x + 3x)2 dx 


. én 2+ nx 
(iii) —s au —— dx (av) } € dx 
11. Evaluate the following integrals : 


d 

(i) } xk (ii) } (ax +b)" dx 
dx 3 

(ii les ae (iv) | anes dx 


Practice,Problems 


16. Integrate the following functions : 


ae ee a 
Oe ade a ae ES CE 


7 
(i) (7-40 Goa 4.cosec” (4x +3)+ 


16+ 9x? 


Xie 


17. Show that 


~ J 4sinx —Scosx = - 


where o = tan7! — 


18. Prove that 


tox?" 1 1 1 
| dx=x+—x?4—x° 4.4 x 
1-x? 3 5 


12. 


13. 


14. 


15. 


19. 


20. 


21. 


22. 


oO 19 


INDEFINITE INTEGRATION 


Evaluate the following integrals : 
x dx : 2x -1 
Oe esd On eee 


eee Ss . x: 
(iii) | Fea. dx (iv) | Tee? dx 


Evaluate the following integrals : 

(i) | cos x° dx (ii) | sec’ (ax + b) dx 
7 Psa a 1 — cosx 

gi) Jeotxdx J Toes 


Evaluate the following integrals : 
» J dx ' eae 
O se 2 OD atx? 42x 
x 
(i) J (2x -1)V/(2x-1) —4 


Evaluate the following integrals : 


cos te a os 
o ! we * Gi 7 
2 


1 
ai J 33 Q-3n 


Al 


Given the continuous periodic function f(x), 
x € R. Can we assert that the antiderivative of that 
function is a periodic function ? 


xix| 
2 


Show that [|x |dx = +C 


Find all the antiderivatives of the function 
f(x) = 3/x whose graphs touch the curve y= x?. 
In each case, find a function f satisfying the 
given conditions. 

(a) f(x?)= 1/x for x>0, f(1) = 1. 

(b) f(sin* x) =cos?x for all x, f(1) = 1. 

(c) f(sin x) =cos?x for all x, f(1) = 1. 


for 0<x<l, 


>, 740)=0. 


1 
(d) f(iInx)= 


x for 
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23. Use the following information to graph the 
function f over the closed interval [- 2, 5]. 
(a) The graph of fis made of closed line segments 
joined end to end. 
(b) The graph starts at the point (— 2, 1). 
(c) The derivative of f is shown below: 


24. Is there a function fsuch that f(0)=—2, f(1) = 1, and 
f’(x) = 0 for all x? Ifso, how many such functions 
are there? 

25. Find all functions f(x) such that f(x) =2 sin 3x. 

26. A function g, defined for all positive real 
numbers, satisfies the following two conditions: 
g(1) = 1 and g’(x”) = x? forall x > 0. 

Compute g(4). 

27. Find a polynomial P of degree < 5 with P(0)= 1, 
P(1)=2, P’(0)=P”(0)=P’(1)=P”(1) =0. 

28. Find a function f such that f(x) =x + cos x and 
such that f(0) = 1 and f’(0) =2. 


INTEGRATION BY 
TRANSFORMATION 


1.3 


Standard methods of integration 


The different methods of integration all aim at reducing 

a given integral to one of the fundamental or known 

integrals. There are several methods of integration : 

(i) Method of Transformation, i.c., it is useful to 
properly transform the integrand and then take 
advantage of the basic table of integration 
formulae. 

(ii) Method of Substitution, i.c., a change of the 
independent variable helps in computing a large 
number of indefinite integrals. 

(iii) Integration by parts 
In some cases, when the integrand is a rational 
fraction it may be broken into Partial Fractions 
by the rules of algebra, and then each part may be 
integrated by one of the above methods. 
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In some cases of irrational functions, the method of 
Integration by Rationalization is adopted, which is a 
special case of (11) above. 

In some cases, integration by the method of Successive 
Reduction is resorted to, which really falls under case 
(iv) It may be noted that the classes of integrals which 
are reducible to one or other of the fundamental forms 
by the above processes are very limited, and that the 
large majority of the expressions, under proper 
restrictions, can only be integrated by the aid of infinite 
series, and in some cases when the integrand involves 
expressions under a radical sign containing powers of 
x beyond the second, the investigation of such 
integrals has necessitated the introduction of higher 
classes of transcedental function such as elliptic 
functions, etc. 

In fact, integration is, on the whole, a more difficult 
operation than differentiation. We know that 
elementary functions are differentiated according to 
definite rules and formulae but integration involves, 
so to say, an "individual" approach to every function. 
Differential calculus gives general rules for 
differentiation, but integral calculus gives no such 
corresponding general rules for performing the inverse 
operation. In fact, so simple an integral in appearance 
as 


sin Xx 
[vx cos xdx, or [dx 
x 


cannot be worked out that is, there is no elementary 


function whose derivative is ./x cos x, or (sin x)/x, 


though the integrals exist. There is quite a large number 
of integrals of these types. 


Method of Transformation 


In the method of transformation, we find the integrals 
by manipulation i.e. by simplifying and converting the 
given integrand into standard integrands. It requires 
experience to find an appropriate transformation of the 
integrand, thus reducing the given integral to a 
standard form. 

The student must not, however, take for granted that 
whenever one or other of the transformations is 
applicable, it furnishes the simplest method of 
integration. The most suitable transformation in each 
case can only be arrived at after considerable practice 
and familiarity with the results introduced by such 
transformations. 
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_ 2 
Evaluate I = jx (Example 4.) (Example 4) Bakate [(<; aT =X" seoxtans)d 
XVX 


(Solution eummen 1- (= at Es Let I Jar = sec x tan x) dx 


I= Jx™dx fa tx+x? +x’) dx4 [sec x tan x dx , 


d E 
=5 | x'7dx - ae: 45 [x dx [so )/0-x)= 1 xt + ace] 
x T=4x!4 +x + (x7/2) + (x3/3) + (x4/4) + secx +C. 


2 
=5.5x"? — 30.2VK + 45(-2x""7) + C (ERS) Evaluater- SSUES 
1—cosx 
10 5,5 ar 1+sinx 
=p" — 60Vx - 90x77? + C, Solution] Here1= | ~~ dx 
x‘ eye ee 
Evaluate [ ——dx ane 
x +1 7 nuh dx 
P ; 2sin° —x 
Jane ar ® 
x? +1 x? +1 1 2 1 1 
si cosec 5 x dx 4 } cos 5 x dx 
(a 1 d 
~ Sra rv) x 1 1 
ah ea =-cot > 5 ar 2 leSin 7 x) +C. 
1 
ge es orci (Example 6 
Evaluate I = 
ee) (Example’6:) Evaluate Eee 
e Solution) | We have 
= —x+tan!x+C 
3 f dx =/ dx 
aes V3 cosx +sinx > V3 1. 
(Example 3.) Evaluais —S = dx sg ee at oe 
x°(x? +1) 
1 dx 1 1 
eum [S222 +)+2 4 = Jeosee (+51) ax 
x°(x? rans Ste) 
1 1 
7 a | 2 = In tan (5x+(2/6)) +C 
= x°(x? +1) 9 
sin 
ly (aes Exempla (Example 7) Evaluate [~ Son 
se ra x°(x* +1) o [Solution] We break the careennd into two 
' —— summands 
x -x +l 1 ‘ 
= |— dx 2 | dx 2 | dx 1-sin0 ( 1 sind) 
$ : , — dd = dé 
. % sma J cos0 J cos8 cos@ 
1 Mag ate I =} (sec @— tan @) d0 
= (— dx+2 (4-4-4) dx—2 ihe (sec an 0) 
Jos J x5 RT le = In |sec 0 + tan 6|+ In |cos 6|+C. 
=i I I I Since In A+ In B= In AB, the answer can be simplified 
. -2( +— -] _~2 tan x+C. to In (|sec 8 + tan 8] |cos 8|) + C. 
5x x 3x” 5x But sec 8 cos 8= | and tan 8 cos 8 = sin 8. The answer 


becomes even simpler : 
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Integrals of the form 


1—sin® ; 
} d0=In(1+sin0)+C. 


cos® [cos ax cos bx dx , [sin ax sin bx dx 


dx 
Example 8.) Evaluate J gene dicouece [sin ax cos bx dx , in whicha #b. 


poe eioex We use the addition formulae to change products to 
} fi =< } - dx sums or differences, which can be integrated easily. 
sec X + COS ECx sin X + COS xX For example : 


J (sm COS X) dx [cos x cos 2xdx = — [2cosx cos 2x dx 
sin x + cosx 2 


1 
=5 J (cos3x +008 x) dk 
1 (sms sinx) 
+ 


1 = 
ax 2 3 1 


1 . i 
== + s. 
, er cos x) dx a9 


- sl cos(m—n)xdx — } cos(m + n)xdx | 


sin (x + *) } sin mx sin nxdx 
4 
x 
iat (2 2 = =), +C sin(m—n)x sin(m+n)x 
2(m — n) 2(m +n) 


sin 2x = ; 
Example 9. Evaluate J sin 5x sin3x dx +(<- sin2om) if m=+n 
n 


sin 2x sin(5x — 3x) 1 
J ase anae = J [ sin cosmdx =| J singm—nyxcx +f sin(mn-+n)xcx 
cos(m—n)x cos(m+n)x 


( cos 3x — cos 5x sin 3x if m4n° 


1 1 
= —(—cosx+sinx)— In 
2 ) aD: if m’? #n? 


sin 5x sin3x 


sin 5x sin3x = 2(m—n) 2(m +n) 
_ cos2nx 
=| (cot 3x — cot 5x) dx lee 


= 1/3 In |sin 3x|—1/5 In|sin 5x|+C. 


sin X 
Example 10.) Evaluate lene dx 


[ cosmx cosnxdx = [Jose n)xdx + [ cos(m + n)xdkx | 


sin(m—n)x  sin(m+n)x 


: 2. 2 
j sin x al 2sin x cosx F =| ea) eer if m° #n 
(Solution) cos’ x 2cosx cos*x © alge ogi ae a 
we if m =n 
Ba sin(3x — x) 2 4n 
2cosx cos3x 4% Evaluate [sin 8x sin 3x dx 
; 1 
= SI SES COS ACA OR AE Wehavesin 8x sin3x= 5 (cos 5x—cos 11x), 


2cos x cos3x 
and so [sin 8x sin 3x dx 


1 
S02 J tan 3x—tanx) dx = =| (©0s 5x — cos 11x) dx 


1 
sin 5x— — sin 11x+C. 


1 1 
= —In|sec3x|——In|sec x|+C. aye 
6 2 10 22 


is Note: [fa question has one of the functions 


like sin2x, cos?x, sin3x or cos3x, then we replace them 

by 

l-cosx 1+cos2x 3sinx-—sin3x 3cosx+cos3x 
2 D3 4 > 4 

respectively. The idea is to first express the function in 

terms of multiple angles as above and then integrate it. 

Also tanx and cot?x should be replaced by sec?x — 1 

and cosec2x — 1 respectively. 

For example : 


[ cos2x dx = fa + cos 2x) dx 


r) 


= 24> gare 
= 54 q sin2x+C, 


1 
[sin2x dx = role! — cos 2x) dx 
ae anbeee 
= 5 7G sin2x+C. 


} sin3xdx = } <6 sin x—sin x)dx 


3 7. a 
= 7 cosxt 75 cos3x FC. 


Evaluate [cos4x dx. 
1 
cos*x = { 5 (1 + cos 2x)}? 
1 
ari {1 +2 cos 2x +cos? 2x} 


1 1 
= ql +2cos 2x + 5 (1 + cos 4x)] 


1 1 
7 008 2x g COS ax 


8 


4xdx= [ > + cos 2x + = 008 4x) dx 
cos* x dx (Cg + 7008 x+ 4 cos x) 


sin4x+C. 


Bo Uae 
8 Xt 4 sin 2X + 32 
Evaluate [ sin6x dx . 
To evaluate [sinox dx we should first 


expressed sin® x as a sum of sines/cosines of multiples 
of x and then integrate each term of the sum to obtain 
the result. 


: ; 1 
Since sin? x = a (1 —cos 2x), 
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1 
therefore sin® x = . (1 —cos 2x), 
1 
ar [1-3 cos 2x +3 cos? 2x—cos?2x] _ ..((1) 
a 1 
Writing cos? 2x = 5 (1 +cos 4x), 


1 
cos? 2x = a (cos 6x + 3 cos 2x), 


(1) becomes 


sin®x = : [1 — 3 cos 2x + =i + cos 4x) 

— ri (cos 6x +3 cos 2x)}, 

= o [10-15 cos 2x + 6 cos 4x—cos 6x] __...(2) 
From (2) we have fin’ xdx 


2 sin 4x 


1 
= a [10x : sin 2x 4 asin 6x] +C..(3) 


If the exponents are not too big, this method works 
well. 


Example 14.) Evaluate l= fain’ xcos’x dx 
1 
I= Fj J (2sin x cos x) dx 


cee 
= 5 Join 2x dx 


a4 i 3sin 2x —sin6x 
8 4 


= = i) (3sin 2x —sin6x) dx 


1 
32 


f dx 
Evaluate J sin(x—a)sin(x—B) 


1 


Lae! 
1 f sin(x—o.) cos(x-B) —cos(x—c.) sin(x-B) a 


3 1 
| cos 2x + £056x tC, 
2 6 


sin[(x—c)-(x-B)] 4. 
sin(x — a.) sin(x —B) 


~ sin(B-o) sin(x —a)sin(x —B) 
= Sn 5) [[oot(x B) —cot(x —a)|dx 


1.14 O 


anBray! Cnlsinex- B)|—In|sin(x —a)[]+C - 
“sa 


ad 
~ sin(B—«a) 


Example 16) Evaluate | tan(x—o.-tan(x-+) tan 2xdx 
tan 2x=tan (x+a+xX-@Q) 


tan(x +a) + tan(x — a) 


(fe BD 


sin(x — a) 


aa tan(x + a)-(x —a) 
or, tan 2x—tan 2x: tan(x+q) tan (x-—a) 
tan (x+a)+ tan(x+qa) 
tan (x + @) tan (x+ @) tan 2x 
= tan 2x — tan (x + a) —tan (x-@) 


I= i) [tan 2x — tan (x + a)—tan (x—a)] dx 


= A In |sec 2x|— In sec |(x + a)| 
—In sec |(k —a)|+C 
=In|JVsec2x * cos (x + a) - cos(k —a)|+C. 


Example 17.) Evaluate 


f dx 
tan x + cotx +secx +cosec x 


dx 


I= aaa 


f sin x cos x dx 


1+sin x +cosx 
= ee sin xdx 


secx + tanx +1 
Multiplying and dividing by (1+ tan x — sec x), we get 


f sin x(1+ tan x —sec x) 
(1+ tanx)’ —sec” x 


in x(1+ tan x — 
= ( + tan x — sec x) dk 
2 tan x 


1 
= 5] cosx(l + tan x —sec x) dx 


1 . 
= 5] (cosx+sinx —1) dx 


= (sinx ~cosx ~x) +C. 
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Example 18.| Integrate the function 
5cos’ x +2sin? x 
+ J/(1+sin2x) 


1—cos2x 


2sin? x cos” x 


1+2sinx 


w. fr. t. xX. 
cos” x 1+ cos2x 


The given function may be written as 


3 #03 
5cos’ x+2sin° x 


— 5 + /(cos? x + sin? x + 2sinxcosx) 
2sin~ xcos* X 
: ey 
; 1 , 2sinx 2sin* x 
T 


cos’>x cos?x 2cos’x 


= 77 cosec x cot x + sec x tan x + cos x + sin x 


+ sec? x +2 sec x tan x + 2 (sec? x— 1) 


= — cosec x cot x +3 secx tan x +. cosx+ sin x 


+3 sec?x-2., 
Now integrating, we get 


[=2Jeosee x cot x dx +3 [sec x tan x dx 
+ [cosxdx + [sinxdx +3 f sec? xdx —2 [ dx 


= 7 cosec x +3 sec x + sin x — cos x 


+3 tan x-2x+C. 


5 4 
Example 19.) Evaluate [ax 


_ a sin 3x(cos 5x +cos 4x) 


cos cos5x+cos4x 
~ 1 —2cos3x — 2cos3x 


sin3x —2 cos 3x sin3x 


9x x 
.2COS—coOs 


. 3x 3x 
2sin 5 cos 


sin3x —sin6x 


~ {20s ** cos* ax =— [ (cos 2x-+ cos x) dx 
2 2 


-- (SS +sinx} +e. 
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Concept, Problems Be 


1. 


3. 


4. 


Evaluate the following integrals : 


(l+x)? 
® Gey” 
Kx? 1 


(ii) i) 214") dx 


3 2 
x” —4x* +5x-2 
ci) J dx 


reas ea 


gltx ve 4i-* 
(iv) on ae dx 


Evaluate the following integrals : 
(i) [ cos’ x dx 
(ii) f sin*x dx 

sin°x + cos°x 
(ee 

sin? x . cos?x 

f asin’ x + beos*x 

(v) sin? x cos” x 


Evaluate the following integrals : 
(i) [cos 2x cos 3x dx 


(ii) cos? xsin4x dx, 
(iii) [ sin2x.cos?x dx 
i [4cos*-cosx-sin =x dx 
(iv) 5 5 
Evaluate the following integrals : 
(i) f Vl + sinx 
4 +4 

.: cos’ xX — sin” x 
(ii) f a 

i+ cos4x 


(iii) } sinx sin 2x sin3x dx 


(iv) [sin x cos x cos 2x cos 4x dx 


5. Evaluate the following integrals : 


(i) [ seo” x cosec’ x dx 
(ii) [ cot? x cos’ x dx 
(iii) [ tan’ x sin? x dx 


(iv) | (cot” x —cos’ x) dx 
Evaluate the following integrals : 


i I Teo (ii) J 1+ 


uy ree 1-sin3x 
Evaluate the following sare 
1+ cos’x 
dx 
® i eencs a [a 


iy (ee (iv) | 


1+ cot?x cos” 


Evaluate the following integrals : 
j Sees cass cos 5x + cos4x 

i 1-2cos es 

cos*x + sin®x 


i) J 


cos2x + 2sin?x 
ii) | ——>—_ 


cosx + sinx 


dx 
cos” xX 


i cosecx + tan” x + sin?x 


(iv F x 
sinx 


Evaluate the following integrals : 


(i) te sin x cos’ x—sin? x) dx 


(i) i sina sin(x—a) + sin (3 - a) | 
Xx 


sinx 


Ccosx — cOS2x 
(iv) | ————— 


— COSX 


— tan? x 


1+ tan? ao 


cos2x 


dx 


x sin’ x 


(ii) sin’ (= + *) sin (2 


‘ 3 
cot| ~m—2 4x dx. 
(iv) i) (3x x eos x dx 


+ Ale 


Practice, Problems Bs 


10. Evaluate o one integrals : 


Oe ierwe re 25+ 4x2 


: dx 
Wi ea ale 
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(x? + sin? x) sec’ x 


(ii) f 


1+x? 


11. Evaluate the following integrals : 


( (ee +x” oe 

w) — 

(vx +1) (x?- vx) 
xvx +¢x4+Vx 


is : a ie 2 “4 ee 
i = = dx 
(iv) = a ae | ee 


dx 


Gi) | 


12. cada the following integrals : 
; 2x° + 3x? +4x +5 
@ J 
2x+1 


x 6-64 x? 


(ii) (< 2x tax? 44x yx? 
= f vx 1 is 
(at) 2 2Vx Vvx+1 
: i v1l- oral 

O) lies eiitee 


13. Evaluate the following integrals : 
(Vx + I(x? - Vx) 
i dx. 
ON ee de 
a (a 1-x ; Vv1+x Ws 
OT Gated Wes) 


4x? (2x +1) 
1-2x 


= 
Vx-1 ao 


1.4 INTEGRATION BY 


SUBSTITUTION 


The method of substitution is one of the basic methods 
for calculating indefinite integrals. Even when we 
integrate by some other method, we often resort to 
substitution in the intermediate states of calculation. 
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x4 +5x° +15x= 94 9 
x° +3x4 - 


(i) la —~4x 43x? a 
(iv) plier dh x 2 x soe x? ro 
= 3x? 


14. Evaluate the following integrals : 
( ecpta dain x +3sin°x 
sin? x cos” x 
(ii) [ cos® x+sin° x) dx 


ae - 3 x 
sin’ x cos—dx 
ci) J ; 


: f dx 
wv) V3 cosx + sinx 
15. Evaluate the following integrals : 
sin’x + cos*x 


) f= x 


sin? Xx cos” Xx 


(ii) f sin2x + sin5x — sin3x 
il 
cosx +1 — 2sin?2x 


Gi) (SSX —S™* 2 + 2sin2x)dx 


cosx + sinx 


2cot2x 


16. Evaluate the following integrals : 
COS xX dx 


0 rex® © Jo 


(iii) fa + cot(x — a) cot(x + a} dx 


ees ee 
y(l-x’) 


show that f(x) + f(a) = f{x Jaa’) +a(1-x?) }. 


(iv) } se) — cos8x cot4x dx 


17. Let f(0)=Oand f'(x) = for—1<x<1, 


The success of integration depends largely on how 
appropriate the substitution is for simplifying the given 
integral. Essentially, the study of methods of 
integration reduces to finding out what kind of 
substitution has to be performed for a given element 
of integration. 


Substitution — change of variable 
Let I= ffx) dx, and letx = (u). 


Then, by definiti a4 qn 
en, by definition, (x) ani au = o'(u). 


dl dl dx 


et eau 7f CO W)= FOU} OW. 


I= Jf(OW)} OW) du, 


‘Ze..|Note: 

Thus, in the integral [fOodx, we put x = o(u) in the 
expression f(x) and also we replace dx by '(u) du and 
then we proceed with the integration with u as the 
new variable. After evaluating the integral we need to 
replace u by the equivalent expression in x. 

Note that though from x = o(u) we can write 
dx 

read g'(u) in making our substitution in the given 
integral, we generally use it in the differential form 


dx = o'(u) du. It really means that when x and u are 
connected by the relation x = (u), I being the function 
of x whose differential coefficient with respect to x is 
f(x), itis, when expressed in terms of u, identical with 
the function whose differential coefficient with respect 
to uis f{o(u)} o'(u) which later, by a proper choice of 
&(u), may possibly be of a standard form, and therefore 
easy to find out. 


‘Ze|Note: 

Sometimes it is found convenient to make the 
substitution in the form g(x) =u where corresponding 
differential form will be g'(x) dx = du. 

Let g be a function whose range is an interval I, and 
let f be a function that is continuous on I. If g is 
differentiable on its domain and F is an antiderivative 
of f on I, then 


[ ecoye’(x) dx =F(g(x))+C. 
If u=g(x), then du= g’(x) and 
ffu)du=F(u) +c. 


Now, 


Steps for substitution 


(1) Choosea substitution u = g(x). Usually, it is best 
to choose the inner part of a composite function, 
such as a quantity raised to a power. 

(ii) Compute du = g’(x) dx. 
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(iii) Rewrite the integral in terms of the variable u. 
(iv) Evaluate the resulting integral in terms of u. 
(v) Replace u by g(x) to obtain an antiderivative in 
terms of x. 
The main challenge in using substitution is to think 
of an appropriate substitution. One should try to 
choose u to be some function in the integrand whose 
differential also occurs (except for a constant factor). 
If that is not possible, try choosing u to be some 
complicated part of the integrand. Finding the right 
substitution is a bit of an art. It is not unusual to 
guess a wrong substitution; if the first guess does 
not work, try another substitution. 


Find [x3 cos (x4+2) dx. 
We make the substitution u = x* + 2 


because its differential is du = 4x? dx, which, apart 
from the constant factor 4, occurs in the integral. Thus, 
using x? dx = du/4, we have 


Ix cos (x*+ 2) dx 

-f Le =f 4 
= Jeosu. 7 du= 7 Jcos udu 
ine #G= = in(x*+2)+C 
= gen = ) 


2 
Evaluate nook dx 


(¢n xy 
| 


Put ¢nx=t 


1 
=> —dx=dt 
x 
d 3 3 
r= fe =) [eat ae, (a® EC, 
x 3 3 


Evaluate fa +sin? x)cos x dx 
Put sinx =t > cosx dx =dt 


3 
t 
fareyat =t+ a +C 


sin? x 


=sinx+ + 
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dx 
Example 4.| Evaluate earer 


du 
(Solution) = 
peor tla w-a- 
2 
where a= 4/5 
Put u=2x,x=u/2, dx=du/2, 
{ du 
al aa? 
=sec'|— +C 


2 
= szs0e"( He) ae 
go alge = 
Evaluate | 


| xX ax dx 
=] 4-x3 rear 


2, 2 
Here integral of Vx is mal and 4—x3=4-— (x32)? 


x 
7 dx. 
—Xx 


2 
Put 8?=t > vx dx = >t 


3/2 
z sin”! x +C 
) : 


==) 
CET a anne, 
10x° +10* In10 


Evaluate } —————,, dx 
xample 6 } 10° +x" 
Put 10*+x!°=t 


= (10°Inl0+10x°) dx=dt 


ll 
J -dt=Int=In|10% +x! |+C 


x*(1+ (In x)dx 


Example 7. Evaluate | (x +1) 
(Solution) Putxs=t 


= x(1+Inx)dx=dt 


1= J =ine+y 
=In(x*+1)+C. 
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_ 


(Example @) Evaluate [~~ 


a( +1) 
7 Vx? +2 


We know d(x? + 1)=2x dx 
| 2xdx 


Vx? 42 


Put x?+2=t? .. 2x dx =2tdt 


2t dt 
[era Petre 


=> [=2 vx?4+2 +C. 


Alternative : 
(ca jp“ d(x? +1) 
Sh peye:  alG Ie 


=2 I(x? 4+I4+1+C 


[considering x? + 1 as the variable of integration] 
=2 ¥x242 +C. 
x2dx -1y d(4+3x*) 
44+3x? 443x° 
Deduction 1 


= seal +3x|+C 


The General Poser Rule for integration 


JUfGOT# Coax 


In other words it means that if we are to integrate any 
function of x raised to the power n and multiplied by 
the derivative of that function, then we shall apply the 
above power formula on that function. 

Proof 


I= i} [f(x)]"f'(x)dx 
Put f(x)=t = f(x) dx=dt 


n+l 
LC cl ary eae 
n+l 


potl n+l 
I= ferat=+ _ [fx)] LC 
n+l n+l 
6 
For example, ftan° xsec? xdx = 1an_x +C 


Example 9.) Evaluate | (x? + 1)° (2x) dx. 
Letting g(x) =x?+ 1, you obtain 


g (x)= 2x and fig(x)) =[g@)P. 
From this, we can recognize that the integrand follows 
the f(g(x)) g’(x) pattern. Thus, we write 


[Pgr¢xy 
oT a 
J (x? +1)? (2x) 4% 


(Example 10.} Evaluate I= les 
(Solution) Here power nore is sapoleasls on sin x 
as its derivative i.e. cosx is present in the numerator. 
But you should note the form of power formula which 
willbe ) L dx = 1 — 
x —(n-1)x 

i.e. when power of x is in the denominator, then 
decrease the power by one and multiply the 
denominator by the decreased power with sign 
changed. 


1 
= 3 tlpte. 


ee 


1 


Here , l= ; 
: ~6sin° x 


—4x 


Evaluate [7a 


2 
[Solution] i oye Ja-2x)? Cane 


w/(-1) 


=-(1-2x?)'+C= : 


2x? -1 


+C. 


Find (| x°dx 
in [OS 
Let u be the value in the parenthesis, 


that is, let u=x3—2. Then du = 3x? dx. so by substitution 


2 
eae 


lu’ 1 
1 3 
Aa So 


oan Oe 


Deduction 2 


-lFe *) x= In | F()[+C 


We prove this as follows : 
Put f(x)=z. 
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f'(x) dx =dz. 
t= [F =Injz|=In/ fx) |+C 
Z 


Hence, if the integrand be a fraction such that its 
numerator is the differential coefficient of the 
denominator, then the integral is equal to 

In |(denominator)| + C. 


2 
For example, consider I= i x 3 dx | 
Here the derivative of the denominator (7 + x3) is 3x2. 


2 
= JP = jaar +c 


cosx — sinx 
Also, i) 


——— dx = In| (sinx + cosx)|+C 
sin x + cosx 


J 2a +P ay = in| (ax? + bx +0)/4C 
ax” + bx +c 


We write the integrand as follows : 


I) er ( 1 ) a 
l+e* e*\1+e* e*+1 
u=e*+1,du=-e* dx 
dx e “dx —du 
ee e* les +1 J u 
=—Inju| +C =-/n (e*+ 1)+C 
Remember, e* + | >0 for all x, so 


Inje*+ 1]=In(e*+ 1). 
Example 14.) Integrate oe 
3cosx 
(Solution) I= _ 2 f_=3sinx 
dx 
aaa + 3cosx 


Now, since the numerator of the integrand is the 
differential coefficient of the denominator, 
1=-F nl +3 cos x)|+C. 


With the help of the deduction 2, we can prove some 
of the standard results mentioned earlier. 


(i) [tan x dx = In|sec x| + C 


Proof : 
Put cos x =z, then —sin x dx = dz. 


(ez 


dx = {2 =-Inz+C 
cos X Z 


=—Incosx +C= In|sec x|+C. 
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Alternative : 


sec x tan x 
[tanxdx = f dx = In|secx |+C 
sec xX 


(ii) foot x dx =In |sin x| +C 


Proof: 
By substituting sin x = z, this result follows. 
Alternative : 


[cotxdx = [ax = In|sinx|+C 


sin xX 
x 
(iii) [coseexdx=In oar +¢C 
Proof: 
dx dx 
cosec xdx= = 
J J sin xX J 


Pao | 1 
2sin— xX cos—x 
2 2: 


1 
We multiply the numerator and denominator by sec? 5X 


to get numerator as the differential coefficient of the 
denominator. 


Lae a 


= [2 2 dx = In +C. 


x 
tan— 
2 


tan —x 
2 
Alternative 1 : 


[cos ecxdx = 
cosec x — cot x 


= In|(cosec x — cotx)| +C 
Alternative 2 : 


[cosecxdx =| 


cosec x(cos ecx — cot x) d 
Xx 


dx =| sin x co 


sin? x 


"= d(cosx) _ dz 
=) -J 


where z= cos x 
1 — cos’ x 1-2? 


sin xX 


1 -—cosx 


1 In 1l-z 1 
7 + 

2 1+z 2 {1+cosx e 

It should be noted that the different forms in which 

the integral of cosec x is obtained by different methods 

can be easily shown to be identical by elementary 


trigonometry. 
We have, 
+2 
1 Hevéogsl 28" 5 1 1 
5 = x = —In|tan* —x 
+ COSX Dp g|| 2 2 
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=In 


1 
tan — x) 
2 


+C 


a 
tan| — + — 
4 2 


=In |(sec x + tan x)| EC, 
Proof: 


[sccxdx = f ai es 


os sin( T+ x] 
2 


(iv) [sec xdx =In 


Alternative 1 : 


sec x(secx + tan x 
[secxdx = [ ( Peay ee + tan x)| +C 
secx + tanx 
since the numerator is the derivative of the 
denominator. 


While this is the shortest method, it does seem artificial. 
The next method may seem a little less contrived. 
Alternative 2 : 
COS X COSX 
[sccxdx = > dx =| Ss 
a) cos” X 1-sin* x 

The substitution z = sin x and dz= cos x dx transforms 
this last integral into the integral of a rational function : 


dz iff 1 1 
(S-de) 


= 5 lin | +2|-Injl 21] +C 


1 1+z 

7 nF . +E, 
: : 1l+z} 4_ |l+sinx 
Since z=sin x, 7 In f=el= 7 In (ane 


The reader may check that this equals In |sec x + tan x| 


a eee ep es s ; 
y showing that 7 > = (sec x + tan x)’. 
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Neither method gives, In |tan(x/2 + 71/4)|. However, we Al 4 4 
can to show that tan(x/2 + 71/4) =sec x + tan x. npr Se 


N 


eX(1+x) | 


1+x d 
Evaluate [54x Example 19) Find [555 
f Ua 7 dx = i} a dx+4 5 oa x dx (Solution) Here integrand contains expression of 
x? 


1+x? tex ; ; 
the form cos, where 6 = xe* is a function of x, therefore, 


=tan!x+ Sin +x?) +C put z=xe*. 
40 Let z=xe%, then dz=(e*+ xe*) dx =e*(1 + x)dx 
dx x 
ExamBIENS) Integrate Ie +9x Now J : a # mu dx =| ee = | sec” zdz 
‘ 5 cos’ (xe") cos’ Z 
X+9+x°-x =tanz+c=tan(xe*)+C. 
aa 
rece Example 20, 
xample 20.| Evaluate I= 
| ay je | = P a eS 
= + Xx 
2 2 
x° +9 x x° +9 - dx 
Solution) |! f 
b b) +1 
= Stan S+In] x|-SInGe? +9) +C. eee )[Vlex + fs | 


Example ir Tnitegrate Now, | ax+b) +1] array aa 
= Tis 2: a 
o J os TS 
XCOS ‘ai =| 2,/(ax +b) 


(ii) Jarmo’ xX m#i. [V¥(ax + b) + 1] 
= =in[ V@x+B) +1]+C 
1 
() HereIl= =a x Rationalizing Substitutions 
Putting 1 + In x =t, so that (1/x) dx = dt, we have Some irrational functions can be changed into rational 
functions by means of appropriate substitutions. Very 
I =| dt/cos” J= sec’ t dt often in integration processes emphasis is mainly laid 
tant =tan (1 +Inx)+C. upon finding a change of variable which reduces the 
given integral to an integral of a rational function; 
es 1 then the further course of integration becomes clear. 
(ii) Here I= ) wax, ee as ; 
x(1+ Inx) We say that such a change rationalizes the integral. 
Putting 1+1nx~=t, so that (1/x) dx =dt, we have In particular, when an integrand contains an 
dt orm expression of the form 4/g(x) , then the substitution 
ie ™ Faved re | u= Wg(x) may be effective. 


= dx 
Oty = = Weer 
= =a) aa (1+ Inx)™4¢ Evaluate J Wx (x ai 
bene Put x= => dx=2tdt 


d 
Example 18) Evaluate lone . FI 7 J ae 
2Vx(xt+1) * 2t(t? +1) 
esos | cot x ae al 2cot x > a 
Solution) 34 2insinx (3+ 2Insin x) =5 > = tan't4 C= tan" (Vx)+C 
+t 
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Vx +4 
Evaluate f ~—dx. 

Xx 
Letu = Jx +4. Thenu*=x+4, 


so x =u2—4 and dx = 2u du. 


u 
= 2u du 
Therefore, x lar 
u 
=2|5 du =of(145 ) au 
1 u-2 
=2u +8. — 
a ES lee 
vx+4-2 
=2Vx+4 +21 
7 x44 42 


Example 23) Evaluate 
[cos X 4/(4—sin’ x)dx = dt 


Put sin x = t so that cos x dx = dt. 


Then the given integral 


=f \4-") at=f J? -#) at 
Gy A+ 


sin! (t/2)+C 


1 
= 5 sinx _V(4—sin’? x) +2 sin (1/2 sinx) +C. 


Example 24. Integrate | 2+V4+Vx dx 
Let 


24+V44Vx dx=u, 24+V44+Vx=v? 


= 44+ /x =uw-2 
=> 44x =(u?-2) 
vx =(u?=2)? =4 
=> x=[(u?-2)?-4) 
dx = 2[(u? —2)* — 4]? - 2(u2— 2) - 2u du 
= 8u(u* — 2) (u4 — 4u?) du 
= 8(u> — 2u) (ut — 4u?) du 
= 8(u’ — 4u° — 2u5 — 8u ] du 
I= 8{u(u’ -6u* —8u*)du 
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= } (u® —6u° —8u*)du 


9 7 5 
| 2 6u' 8u #e 
9 7 ) 


where u= 94/44 Jy - 
Evaluate I =| /(1+sin x) dx 


We have I=] J(+sinx) dx 
= f|1-eos{ $+) 
= ff asin (a+ dx) Jax = 2fsin(Sx+27] dx. 


1 1 
Now putting 7% + Fie t, so that 


dx 


2eos{ x45) 
7 mae Sa ae 


Simplifying integrals step by step 

If we do not know what substitution to make, we 
try reducing the integral step by step, using a trial 
substitution to simplify the integral a bit and then 
another to simplify it some more. You will see what 
we mean if you try the sequences of substitutions 
in the following integrals. 


18 tan? x sec? x 
» | 


(2+ tan? x) 
(a) u=tan x, followed by v=u?, 
then byw=2+v 
(b) u=tan? x, followed by v=2+u 
(c) u=2+tan?x 


(ii) [-Vl+sin°(x-1) sin (x~1) cos (x~ 1) dx 


(a) u=x-—1, followed by v=sinu, 
then by w= 1+ v? 

(b) u=sin(x — 1), followed by v=1+ v2 

(c) u=1+sin*(x-1) 


f sec x dx 

Example 26. cos(2x + @)+cosa@ 
sec x dx 

errr @)cosx 


sec x dx 


~ V2 J (cos x cos a — sin x sin @) cos x 
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f(x) =e*+sin x +x and g (x) =—x 
=> f(x)+g(x)=e*+sinx. 


Example 29.) Evaluate 


— 


sec’ x dx 


1 
V2 J Vcos a — tan x sin a 


1 f sec’ x dx 
V2sina° Vcot a@—tanx 


dx 


(x? + 2e* sinx — cos’ x)” 


Put cot w—tan x =t? 


= —sec2x dx =2t dt 


i a 5 ee ee es 
—2t dt - = 2 XG 2V\2 
[= ) = : fat 2 (x” + 2e” sin x — cos” x) 
v2sina" v2sin & Put x? + 2e* sin x—cos?x=t 
V2 pea Te [2x + 2(e* cos x + e* sin x) + 2 sin x cos x]dx = dt 
~~ tsina [2x + 2e*(cos x + sin x) + 2 sin x cos x] dx =dt 


1 pdt 11 
2(cot a — tan x = = eee 
=e | - t Fae 
sina 
Example 27.) Evaluate 1 


=C= 2(x? +2e* sin x — cos” x) ' 


i sin’ x dx 


4 2 -1 
(cos’x+3cos° x + 1)tan™ (sec x + cos x) Example 30.) Evaluate 


eX —e* 4] 
sin’ x dx | ar x : dx 
| ; 5 ; (e° sinx +cos x)(e" cos xX —sin x) 
(cos’ x +3cos” x +1)tan “(sec x + cos x) ; 
’ f(x) =e*sin x +cos x 
Put tan! (sec x + cos x) =t f(x) =e* cos xt sinx e*—sin x 
1 g (x) =e* cos x—sinx 
ee ae (eek eos x)? (sec x tan x — sin x) dx = dt g’(x) =cos x* eX—e* sin x — cos x 
a Now f(x): g(x) 

= sin” x dx = dt = (e* sin x + cos x)(cos x : e*— e* sin x— cos x) 

cost x+3cos*x+1 = e** sin x cos x — e* sin?x — e* sin x cos x 

dt + e* cos’x — e* sin x cos x — cos?x (1) 
I=[—=In|t|+C and (x): f(x) 
= In |tan”! (sec x + cos x)|+C. = (e* cos x — sin x)(e* cos x + sin x e*—sin x) 
= e** cos’x + e** sin x cos x — e* sin x cos x 
Special forms —e* sinx cos x — e* sin*x + sin?x (2) 
cosx —sinx +1—x f(x): e(x)—g (x): f(x) =e*—-e*4+ 1 
Example 28. If | ae dx 
RGN Be) where Cis the Soumtant of ja) ee eee 
= In |f(x x where C 1s the constant o = X= In + 
FOdg0x) F(x) 


integration and f(x) is positive, then find f (x) + g (x). 


(Solution) I= 


In |e*+sinx+x|—x+C 


e*+cosx+1)—(e*+sinx+x e* cosx —sinx 
( )=¢ Mae =In ; 


x hg . 
e* +sinx+xX e* sinx +cosx 
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Taking x" common 


Many integrals can be evaluated by taking x" 
common from some bracketed expression and then 
using substitution. Some of the suggested forms 


are given below: 


ay eee 
(i) Fa EA 
Take x" common and put1+x™=t. 


(ii) ey 
tes x" common and put 1+x*=t". 
dx 
iii) | im 
” J x (1+ eal 
Take x*common and put 1+x™=t. 


d 

Evaluate J) 
dx dx 

rer Saat) 


Feu neN 
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5x4 44x? 


4x41) 


Example 33 Evaluate | 3p 
5 4 
peta [ee as 


(xo +x41) 
x*(5+4x)dx 


6 5 
f 5/x° +4/x a 


Pao dus a 
4 5 
Put 1 qtos =t => . 5 | dx=dt 
xX xX 
(=4 i 1 
ee ea ton Sis 
ae ae 
xo +x41 


x ‘Example 34.) Evaluate i. 
Put 1-- =t x RS Ee ) 
x Let 
4 
> “5 dx=dt > Lax-4 I= f dx = 1 
. x?(x+V1+x7) ie ee er 
iydt_ 1 1 ! 2 
= rele =7 Inl+C= Fin l-4] +e. x 
—2 
[Example 32.) nee Ss ae A “a Put 1+ = > dx =2tde 
saa st Oe x 
Solio) ttf Ie = fa ((-4)e 
sa There Herd iz t+1 
+5) 
Put 1+ + = =—tt+In|t+1|+C, where t=,j1+—. 
x x 
oe oe aT pee dt (x* -1)dx 
> 4 dx=dt > xo (t—1’°> = dx 3 Example 35. Evaluate | (xt +x? +1) 


_ -1p(t-1)? 1 pt? +1-2t 
== [5 -tt=5 2 


-tfist-2a =e : 2in|¢|]+C 
3 t t 3 t 


wheret=1+ —L 
x 


x—-— Jax 
f (x* -1)dx f x? 
[= 
dapeda pda 
x x 


Put x 4tnt = {x- Je Jox=a 
x x 


I-5/7 Neen GaN Pel 
ees : 7 
Example 36.) Given that f(0) =f'(0)=0 and 


f(x) = sec*x + sec’x tan?x + 4, find f(x). 


f’(x) = sec’x + sec’x tan?x + 4 


Integrating we get 


t 
f’(x) = tan x 4 = t4x+C 
But,f"(0)= 0 
0 =0+0+0+C 
C=0 
ae 
Then, f’(x) = tan x 4 = + Ax 


1 
=> f'(x)=tanx+ 3 (sec?x — 1) tanx + 4x 


1 2 
=> f'(x)=— tanxsec?x+ 3 tanx + 4x 


Integrating both sides w.r.t. x we get 


Concept 


1. (a) Evaluate | (5x-1)’ dx by two methods : 


first square and integrate, then let u=5x-1. 

(b) Explain why the two apparently different 

answers obtained in part (a) are really 
equivalent. 

2. Avni (using the substitution u = cos 9) claims that 


i) 2 cos 0 sin 6 dO =—cos70, while Meet (using the 


substitution u = sin 9) claims that the answer is 
sin?@. Who is right? 


Problems 


3. Integrate 5 by the substitutions 


xX 
2 
(a) x=tand, 
(b) u=x?+], 


and verify the argeement of the results. 


: dx. 
4. Evaluate (i) J iis (ii) i) xInx InInx 


5. Evaluate the following integrals : 


@ pimmasee * fe 
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INDEFINITE INTEGRATION 


1 2 
f(x) = é tan?x + 3 log |sec x] +2x?+D 


But, f(0) =0 
. 0=0+0+0+D 
=> D=0 
2 1 
Then, ss a Reals ane ex 


3x +2 
Example 37.) Let F(x) be the primitive of 7—— 


w.r.t. x. If F(10) = 60 then ao value of F(I3). 


ro)= [Fee 


Let x-9=t? > dx=2tdt 
F(x)= (eo +9)+2 ae|a 


= 2 [294307 )dt =2 [29t +13] 

F(x) =2 [20Vx—9 +(x-9)/7] +C 
Given F(10) = 60 =2 [29+ 1]+C > C=0 

F(x)=2 [29Vx—9 +(x-9)9/7] 


F(13)=2[29x2+4x2] 
=4x 33=132. 


ch 


tan* Jx.sec? Vxdx 


(ii) Ir 


(iii) ioe cos(sinx)dx 


(iv) | (2+ 1) cos(x' + 3x +2)dx 


6. Evaluate the following integrals : 


0 [j= 
i) Jy os& 


x? 43x41 
o la (x +1? 


(iv) fe7e™ + @l2xy13 dx 
7. Evaluate the following integrals : 


a foe a) fas 


diy fh- 


i xH/Xqy (iv) [x log, x” ‘log. (x)dx 


1.26 O 


8. 


Evaluate the following integrals : 


(i) f sinx+cosx dx 
¥Vsin x —cosx 
(ii) fer tan(e* )sec(e* ) dx 
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(iti) fc 3 sin x cos’ x —sin*x) dx 


sec X cosec xy 
IV 
a leer log(tan x) 


Practice,Problems Cr 


9. 


10. Evaluate the following integrals : 


11. 


12. Evaluate the following integrals : 


Evaluate the following integrals : 


(i) [x + 2),/2x + Idx 


‘i /{ aD 


31(x3 + 3x + a 
Bares 


(iv) i(=" «5 5" Ja 


——— cos2x 
@ (cosx—sinx) 
. { dx 
(i) xsin’ (1+ log x) 
(iii) dx 
J (1+ x7) (tan! x + 3) 
(x? —1)dx 


(iv) J (x* 43x? +1)tan'(x+1/x) 
Evaluate the following integrals : 


tan x dx 


(i) eae. 


a+btan? x 
cot x 


(ii) ) 


Insin -o 


sec x dx 


(iii) f 


: acosx — bsinx 
(iv) J 


In(secx + tan x) 


- dx 
asinx + bcosx +c 


(i) | (tan’x —xtan?x)dx 


tanx sec” x 
(i) 
Vat mtn? > +b? tan? x) 


13. 


14. 


15. 


{ tan x dx 
logsec x 


cos(tan7! x)dx 
ivy J 


(1+ x”)ysin(tan7! x) 


Evaluate the following integrals : 
3x 
e 
i ——_—, dx 
(i) ‘ dd af ex) 


et ( sec’ x dx 
(id) \ (tan x) 


(2 x? 
a) Yq i 


(iv) [sin 2xcos'”” x(1+ cos”? x)!" dx 
Evaluate the following integrals : 
2x 


(_— x dx 
® Joxey 


gy (LE ax 


2+sinx 


w IJ) os 


Evaluate the following integrals : 


2 
(i) pw 
z d 
® a 
ss dx 
” rae secs 


(x* +1) 


Us en cree 


16. Evaluate the following integrals : 
dx x= 
. oe dx 
® J eo IA (1+x*) 
17. Show that the integral 
fo? -Do+D) Pax 


1.5 INTEGRALS INVOLVING 
SINE AND COSINE 


Positive integral powers of sine and cosine 


1. Odd positive index 


Any odd positive power of sines and cosines can be 
integrated immediately by substituting cos x = z and 
sin X = z respectively as shown below. 


Evaluate [ sin’ x dx 
[= [sin? x sin x dx 
=_ fa-z) dz, putting z=cos x 
= [2 - 32'] +C= -[ oss = 00s" +C 


Evaluate [ cos® x dx 
[= [ cos’ Xx cos x dx 


= fa — 2’) dx, putting z = sin x 


2 1 
a 24.54 34 | 
fa 227+ 24)\dz=z— 32 52 +C 


' 1 a 
sin x 5 im tC. 


Integrate J cos® 4x dx. 
[ cos*4x dx. = dx [ cos” 4x cos 4x dx 


= i) (1 —sin*4x)cos 4x dx 


2 
en 
3 sin’x 


=| cos 4x dx — [sin’ 4x cos 4x dx 


BD gee hind 
Boas eS sin xX _ 


2. Even positive index 


In order to integrate any even positive power of sine 
and cosine, we should first express it in terms of multiple 


O 1.27 


can be evaluated with any of the following 
substitutions. 
a) u=I/(x+1) 
(b) u=(K—1)/(xt 1) 
for k= 1, 1/2. 1/3, -1/3, -2/3, and—1 
(c) u=tan'x 


(d) u=tan! Vx 


(e) u=cos!x 


INDEFINITE INTEGRATION 


angles by means of trigonometry and then integrate it. 
The simplest examples are the two integrals 


[ cos*x dx and [sin’x dx, 
which can be integrated by means of the identities 


1 
cos?x = 5 (1 + cos 2x), 


: 1 
sin?x = m (1—cos 2x) 


1 
We get [ cos’x dx = 5 fa + cos 2x) dx 


~ 9 Fads . 


1 
[sin’x dx = 5 Ja —cos 2x) dx 


=A tq sin2x+C, 
Going on to the higher powers, consider the integral 


21 
[cos "x dx, 


where n is an arbitrary positive integer. We write 


1 n 
cos*" x = (cos?x)?= [Fa + Cos 2%) 


We expand using binomial theorem and integrate the 
terms using previous methods. 
Similarly, 


1 n 
sin2” x= (sin?x)" = E ad cos 2%) : 


Example 4.) Evaluate [sin*x dx 
J sin*x dx = 2 J (1 —cos 2x)? dx 


= ri i) (1 —2 cos 2x + cos?2x) dx 


1.28 O 


AIH 


x —sin2x + 7 (1+ cos 4rd | 


A> 


[2x—sin2x+ sindx J, +C. 
2 8 


-.|Note: It should be noted that when the index 


is large, it would be more convenient to express the 
powers of sines or cosines of angles in terms of 
multiple angles by the use of De Moivre's theorem, as 
shown below. 


Let z=cosx+isinx (1) 
> S =cos x—1sinx ...(2) 
From (1) and (2), 
2eosx=2+7 ...(3) 
ee 1 
2isinx=z— : (4) 
From De Moivre's Theorem 
:"=cosnx+isinnx (5) 
+ = cos nx—1 sin nx ...(6) 
vA 
From (5) and (6), 
z+ 1 =2 cosnx (7) 
zn 
zn + =2isinnx ...(8) 
Ze 


Evaluate f sin*x dx. 
Using (4), we have 


8 
seen 1 
28 i8 sin’ x -(z - +) 


1 eM 

=| u(z + =| 

+ 25{2 + =} - so(z? + *}+70 
Z Z 

— 56.2 cos 2x + 70 [using (7)] 


sin’x = 2~7(cos 8x — 8 cos 6x + 28 cos 4x 
— 56 cos 2x + 35) 


fin’ x dx 


= 21) (cos 8x—8cos 6x + 28cos 4x—56 cos 2x + 35)dx 


_ il a 8sin 6x 4pgsindx 56 sin 2x 


~47| 8 6 4 


+ 35x [4c 
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4 
3 sin 6x+7sin4x— 28sin 2x+35x]+C. 


‘Example 6.) Evaluate [ cos® x dx. 
Solution) Using (3), we have 


200s kee tC 7 +8C 2) tC. 2 ee, 


1 1 


1 1 
8 8 
+ C, 2 + Ce 7 + aC, 7° ae 


{eA pert paler tse(e La 


=cos 8x + 8.2 cos 6x + 28.2 cos 4x + 56.2 cos 2x +70 
[ using (7) ] 


[ cos® x dx = | (cos 8x + 8 cos 6x 
128 


11, 
= 57 [g sin8x — 


+28 cos 4x + 56 cos 2x + 35) dx 
_ i (sin8x, .sin6x, ,. sin4x 56. sin 2x 
128 9 6 4 5 


Integral powers of tangent and cotangent 


4 35x }C 


Any integral power of tangent and cotangent can be 
readily integrated. Thus, 


(i) [ tan*x dx = [ tanx . tan*x dx 

= | tanx(sec2x—I)dx 

= Jtanx d(tanx) —J tanxdx = a tan’x — fn |secx|+C. 
(ii) i) cot*x dx = i cot?x (cosec?x — 1)dx 

= J cot?xcosec?xdx — J cot?x dx 

= | cot?xd(cotx) — J (cosec2x — 1)dx 


1 
= ~ 3 cot’x + cotx +x +C. 


Positive integral powers of secant and 
cosecant 

1. Even positive index 

Even positive powers of secant or cosecant admit of 
immediate integration in terms of tan x or cot x. Thus, 


() J sec#x dx=J(1 + tan2x)sec?xdx 
= | sec? x dx + | tan?x d(tan x) 


1 
tan x4 3 tan’ x tC, 


(ii) | cosec® x dx = | cosec* x. cosec” x dx 


~ (i (1 + cot?x)* cosec? x dx 


=a + 2 cot? x + cot*x)d (cot x) 


@ t3 2 tx +C 
rhe x ge x 


=—cotx 


2. Odd positive index 


Odd positive powers of secant and cosecant are to be 
integrated by the application of the rule of integration 
by parts (to be dealt later). 


(iii) } sec? x dx = | sec x . sec?x dx 
= sec x tan x— [ secx tan? x dx 
= sec x tan x — | sec x(sec?x — 1)dx 
= sec x tan x + J see x dx [ sec? x dx. 
Transposing } sec? x dx to the left side, writing 


the value of | sec x dx and dividing by 2, we get 


T X 
tan} — + — 
G 5) 


(iv) | sec? x dx = | sec? x sec” x dx 


1 1 
[ sec3 x dx = < see x tan x+ 5 in +C. 


2 


= sec? x tan x— | 3 sec? x tan?x dx 
= sec? x tan x-3 | sec? x (sec? x — 1)dx 
= sec? x tan x +3 f sec¥e x dx - J sec5x dx 
Now, transposing 3 | sec* x dx and writing the value of 
| sec? x dx we get ultimately 


3 
tan xsec” x 
4 


T™ 1 
tan + 
t 5] 


(v) | cosec? x dx = | cosec x cosec” x dx 


[sec® xdx = 


n 3 tanxsecx 31 
4 2 42 


In 


+C. 
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=—cosec x cot x — | cosec x cot? x dx 
=—cosec x cot x — | cosec x (cosec?x — 1) dx 
=—cosec x cot x + } cosec x dx — | cosec? x dx 


Transposing | cosec?x dx and writing the value of 


1 
[ cosec x dx J cosec? x dx = ~ 3 cosec x cot x + 


>I +C 
5 in : 


Example 7.) Find | tan'xdx. 
Here power of tanx is even positive 


integer therefore change tan?x into sec?x — 1 and then 
put z= tanx. 


Now [ tan’ dx = [tan2x)3 dx = | (sec?x — 1)*dx 


x 
tan — 
2 


= } (sec®x — 3sectx + 3sec?x — 1)dx 
= [sec®x dx —3 f sectx dx +3 J sec?x dx fax 


= [soctx dx—3 | soctx dx + 3tanx —x (1) 


Let z= tanx then dz =sec?x dx 


Now [sect dx —3 | sec*x dx 
= | sec*x sec?x dx — 3 | sec2x sec?x dx 
- | (1 + tan2?x)? sec?x dx —3 | (1 + tan?x)sec?x dx 


= fa + 2ydz—3 (1 +2°)dz 


= Ja reer Z\dz—3f (1 +2)dz 


=Z+2 + : 3z -3 
5 3 
5 3 5; 3 
Z Z 2 - tan” x tan” x 2tanx 
5 3 5 
Putting in (1) we get 
tan>x  tan°?x 
[ tan’ dx= ; Fi 2tanx + 3tanx—x+C 
tan’x tan*>x 
+tanx-—x+C, 
5 3 
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Integrals Involving Sine and Cosine 
Together 


[sin cos" xdx 
1. If the power of the sine is odd and positive, 


save one sine factor and convert the remaining 
factors to cosine. Then expand and integrate. 


Odd Convert tocosine Save for du 


2k+! 
sin xcos" xdx — J (sin? x)* cos" x sinxdx 


2 k , 
= fa — COS” X)° cos®x sin x dx 


Here, we put cos x= t. 
sin? x 
‘Example 8.) Evaluate i 
V cos? x 
(Solution) Put cos x =t >-—sin x dx =dt 


sin? x --f£ am ) a= foose mAs 
eos x sin* x 
=| ils ain x)” dx = | (cosec?x — 2 + sinx) dx 
sin“ x 


= [[cosee’ —2+ ee dx. 


=—cotx (3/2)x—(1/4)sin 2x + C. 

2. Ifthe power of the cosine is odd and positive, 
save one cosine factor and convert the 
remaining factors to sine. Then, expand and 
integrate. 


Odd 


“_ 
2k+1 


| sin™ xcos~*" xdx 


Convert tosine — Save for du 


= om 2 k 
= [sin X (cos x) cos xdx 


= [sin x(1 —sin?x)* cos x dx 


Here, we put sin x =t. 


‘Example 9.) Evaluate {> 
sin’ x 
feos. X dx = feos: XCOS xdx 


sin xX sin XxX 


os’ x 


dx 


f (1-sin > x)cos xdx 


sin? Xx 
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Denoting sin x = t, cos x dx = dt, we get 


pcos: Kay (2s 
sin" xX t* 
_ pdt dt 1 1 
ik Ip t tae 
= 1 + 1 +C. 
3sin?x sinx 


3. Ifthe powers of both the sine and cosine are 
even and nonnegative, make repeated use of 


. ae ee 1—cos2x 
the identities sin- x = aa al and 
‘ 1+cos2x 
cos’ xX = or =, 


Putting them into the integral we get 


| sin? x cos24x dx 


Pp lol q 
-j(4 -heos2x) (4+1cos2x dx 
2. 2 


Powering and opening brackets, we get terms 
containing cos 2x to odd and even powers. The terms 
with odd powers are integrated as indicated in Case 1. 
We again reduce the even exponents by formulae given 
above. Continuing in this manner we arrive at terms of 


the form | cos kx dx, which can easily be integrated. 


4. If both exponents are even, and atleast one of 
them is negative, then the preceding technique 
does not give the desired result. Ifin the expression 
sin™x cos"x, m+n is anegative even integer, then 
one should make the substitution tan x = t (or 
cot x =t). 

1 


Vv1+x? 


Xx 


Vv1+x? 


,sin 8 = 


We have cos0 = 


dx 
and d0=7 2 ’ 


The integral transforms into 
x"'dx 
(l+x?) 2 
Hence, ifm +n =-— 2r, this becomes 
} xm 1+ xy dx, 
a form which is peas integrable. 


sin sin” 648, 
os° 6 


Take, for example, 


Let x = tan 0, and we get 


tan?@ tan°@ 
——_ + —— + 


[4 x?)dx 2 on 


Next, to find j—". 
? sin @cos’ 0 
making the same substitution, we obtain 
i (1+ x7)" dx 
x 
Hence, the value of the proposed integral is 


tan’ 6 


+ tan? 0+ In|tan 0| +C 


Again, to find |} —3475——-z75-- 
7 ec Ocos>/? 6 


—. ¢(+x*)dx 
Here the transformed expression is [a , and 
x 


accordingly the value of the proposed integral is 
3 


tan? 0 EC, 
3 tan’? @ 
In many cases it is more convenient to assume 
x=cot 0. 
For example, to find do ‘ 
sin’ 0 
Since d(cot 8) =— do , if cot 0 =x, the transformed 
sin” 0 
3 
integral is — fa + x?) dx =—cot 0 =a BEG: 


tan 
Example 10. Evaluate [~~ ax 
sin 2x 
Here m =—1/2, n=-3/2, 
so that m+n =-— 2, a negative integer. 
Hence, we put tanx=t, sec?x dx =dt 


(pees dias tan x 


sin 2x 2sin X COS xX 


cos” Xx 


-j4 dt Pw, dt= Jt +C= Jianx +C. 


5. fin the expression sin™x cos"x, m+n is anegative 
odd integer, then one should multiply the 
integrand by suitable power of (sin?x +cos?x) and 
expand it into simpler integrals. 


cos?x dx 
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dx 
Evaluat : 
valuate J Sin xcos? x 
Here sum of powers of sin x and cos x is 


odd and negative, therefore multiply by suitable power 
of (cos?x + sin?x). 


dx cos” x + sin? x 
1=(——_ = [= dx 
sin X COS” xX sin X COs’ xX 
cos’ x sin’ x 
=| : 7 dx +f : 5 dx 
sin X COS” X sin X COS” X 
sin X 
= [ cosecx dx + J 
cos” x 
dz x 
= In|tan—| + = * | cosec x dx = Intan— 
Z 2 
[z=cosx] 
x 1 x 
=n |tan } +ce=Intan= +secxtc. 
D) Z 2 


Consider some more illustrations. 


Evaluate | sin*x cos?x dx. 
Here power of neither cosx nor sin x is 


odd and positive and sum of their powers is even and 
positive. 


Pane 1 1 
Let z=cosx+1sinx, then cosx = (2 + *) 


Z 
and sinx = x(z - *) 
2i 


ue 


Z 


rene aa ba 
er é e 
Now, sin*x cos2x & E ( 


1 1/ 1/ 1/ 
Z Z Z+ 
64 Z Z Z 


1 
Also z"+ — = 2cos nx and z”— = 21 sin nx 
Z 
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1/6 2, 1 4 dx 
Eqs ieee gee al? x cost? 
Al cag z : Tnteera | Grea: 
2 5 2a dy 
+4 +Z + fea 
z ha zo) Here, p + q= 5 5 4. 
1 . = 2 = 
2! iG & <) ofa 7) -. Put tan x =z, then sec’ x dx = dz. 
64 78 7 


dz 


4 2 
sec’ x dx 1+z 
Now. i] = 
1 1 > 1/2 1/2 
(2 +4)-2(2 +4) +4] aia 


Zz 
Zz 2 
| (z-¥2.+ 232)dz= 2 2124 ae LC 


1 
= 6A (2cos 6x — 2cos 4x — 2cos 2x + 4) 


2 
=2 tan’? x+ 5 tan? x+C 


Example 16.| Evaluate [ sin’ x cos*x dx. 

74 2 

sin’ x cos” xdx : ; a. 
{ It is the exponent of the sine which is 


1 (sin6x sin4x  sin2x an odd positive integer. Hence 
= + 2x |+C. 
32\ 6 4 2 


1 
= 3 (cos 6x — cos 4x — cos 2x + 2) 


| sin>x cos* x dx = | (sin?x)* cos*x sin x dx 


in2 5. . 
Integrate J sin°x cos*x dx = | (cos)? costx sin x dx 
I= J sin*x cos*x cos x dx = | (1 —2 cos*x + cos*x) cos*x sin x dx 


= | sin’x(1— sin2x)?d (sin x) = | cos*x sin x dx — 2 } cos®x sin x dx 
= } z(1—z?) dz, Putting z=sinx + | cos® x sin x dx 
1 1 
= | (z2—2z4+ 2°) dz er cos°x + 7 C08'x "SG cos’x +C, 
1; 25 1, sin? x 
Bei ge eae oe Example 17.| Evaluate dx 
3 5 7 ample Jr 2 
= Din x- mee xt+ Bar x+C. sin? x ay sin? x(sin? x +cos* x)? 
2 a i ace = J cos® x 
- 2 
sin’ x 
Example 14.) Integrate | a dx, =z [ tan2x (1 + tan2x)? dx 


COS X 


dt 
Here p +q=2—-6=—4. Put tan x =t, then x = tan“'t, dx = 14% and we get 


Put tan x =z, then sec2x dx =dz. 


oe 
sin” X 4, _ [42 2\2_ dt 
Now, I= [tan2x.. sectx dx eee ec (l+t") re 
1 1 3 45 
41 +72 34 54 =/ 7 2 =t t 
[2d +2) az sp ee Jea+eat PL 4c 
1 1 3 5 
= —tan?°x+ —tan*x+C. = fan x, lam xi¢ 
3 5 3 5 


cos’ x 
Example 18. Evaluate | ax 


5 
Xx 


COs 
Let = JJ dx= 


7 f (1—sin? x)? 
7 sin? 


SI 


cos’ X 
3 cos x dx 
sin” x 


cos x dx. 


Put sin x =t so that cos x dx = dt. 


1-vy 1-207 +t? 
Then I= (i 2 u dt =| 2 dt 


: 1. 
=cosec x —2 sinx + 3 sin’ x +C. 


dx 
Example 19.) Evaluate |———-. 
sin” x cos” x 
Here the integrand is sin~? x cos > x. It 


is of the type sin™ x cos" x, where 
m+n=—3—5=-8 
i.e. anegative even integer. 


f dx 
(sin® x / cos? x)cos* x.cos> x 


| sec? xdx f sec® x.sec” xdx 


tan? x tan? x 


f d+ tan’ x) sec” xdx 
tan® x 
Now put tan x = t so that sec? x dx = dt. 


1+t’ydt 1 3 
Re eee “ ~J(aeSeseee Ja 


3 1 
= — {1/2t?)} +3 Injt| + 5 tan? x + qtantx+C. 


Example 20.) Evaluate I= sin>x cos?2x. 


Here we use the formulae 
sin°x = 1/4 (3 sin x —sin3x), 
cos?2x = 1/2 (1+ cos 4x), 
Multiplying these two expressions and replacing 
sin x cos 4x, for example by 1/2 (sin 5x — sin 3x), we 
obtain 
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INDEFINITE INTEGRATION 


i, | (7sin x —5 sin 3x +3 sin 5x—sin 7x) dx 


=_1 cosx + 5 cos3x 3 cos5x + ol eC 
16 18 80 112 


The integral may of course be obtained in different 
forms by different methods. For example 

I= fsin3x cos?2x dx 

= fa cos*x — 4 cos*x + 1) (1 — cos?x) sin x dx, 
which reduces, on making the substitution cos x = t, to 

i (4t®— 8t4 + St? 1) dt 


4 8 5 
ae 7. oS 5 arene) 
= 7 cos’x— ~T COS’x + 5 COS°K — COS X. 
7 5 3 


It may be verified that this expression and that 
obtained above differ only be a constant. 


3 
cos” xX 
Evaluate J tT, dx 
sin xX 
T= J cos}? x sin“!!2x dx. 


Here ; + =a =—4= negative even integer. 
So, we put tan x =z, then sec?x dx = dz 
I= J cos?” x Sine ae 
sec” x 


= J cos”? x -sin7!!/2x dz 


cos’!? x 2 
= | 777° cosee*x dz 
sin’’* x 


= i) cot’? x - cosec?x dz 


ak 1 eaT- patil 
oe = 2 2 
[z [1+ Jae] Z*+Z dz 


ll 


ll 


a cot)? x + a cot?2x+C. 


dx 


Evaluate | —————. 
(cos? xsin° x) 
Here the integrand is of the type cos™ x 


sin"x. We have m =—3/2,n =—5/2,m+n=—4iie., and 


1.34 0 


even negative integer. 


| dx _ { dx 
im (cos? xsin° x) 

f dx 
~ 4 cos*” x(sin®” x / cos 


cos*? xsin*”” x 


52 x) cos??? x 


dx =| sec’ x dic 
cos* xtan>” x tan? x 
— 2xd 
= sec* X dx 
tan®” x 
_pdittan’x) _ pdtt’) 
Se gaeier st ee x dx = oD dt, 


putting tan x = t and sec? x dx = dt 


2. 
a 5/2 + tl2 dt er 3/2 } 21/2 { C 
im ydt=— 5 


2 
=- 3 (tan x) 7 (tan x)? + C 


2 
=2J(tanx) - 5 (tan xy 37+C, 
Integrals Involving Secants and Tangents 


[sec™ xtan” xdx 


1. Ifthe power of the secant is even and positive, 
save a secant-squared factor and convert the 
remaining factors to tangents. Then, expand 
and integrate. 


Convert to tan gents Save for du 


Even 
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Here, we put sec x = t. 

3. Ifthere are no secant factors and the power of 
the tangent is even and positive, convert a 
tangent-squared factor to a secant-squared 
factor; then expand and repeat if necessary. 


Convert to secants 


[tan’ xdx = fran”? x (tan? x) dx 
= fran’? x(sec” x — 1)dx 


4. Ifthe integral is ofthe form [sec™ xdx , where 
m is odd and positive, use integration by parts. 
5. If none of the first four cases applies, try 


converting to sines and cosines. 
A similar strategy is adopted for 


[eosec™ x cot” xdx . 


Find | tand sec*#d9. 
Here power of sec@ is an even positive 


integer, therefore, we put z = tanO 
Let z = tan®, then dz = sec?0d0 


Now Jtano sec*0d0 = Jtano sec?0d0 
= | tan0 (1 +tan26) sec2d0 
= [2(1+22)dz 


2 4 


Jiz+2)dz= 4+ +C, 
2 4 


Example 24.| Evaluate [tantxdx, 


Solution) Here power of tanx is an odd positive 


ae ——7. 
2k 2 ae 2 
[sec x tan" xdx | (sec x) tan" x sec” xdx 


= fas tan? x)*! tan"x sec” x dx 


Here, we put tan x =t. 

2. Ifthe power of the tangent is odd and positive, 
save a secant-tangent factor and convert the 
remaining factors to secants. Then, expand and 
integrate. 


Odd 


2k+1 


| sec™ x tan xdx 


Convert to secants 


Save for du 


ae 
= (secs (tan? x) sec x tanxdx 


-1 
[sec™ x(sec? x — 1) sec x tan x dx 


integer therefore, we put z = sec x. 
Let z= sec x, then dz =sec x tan x dx 


2 
ee j= xsec x tan x dx 
sec x 


Now Jtan3 
2 2 
= feel sec x tan x dx = ja 
sec xX Zz 


1 2 
= Z dz = = 
i( ) 5 In|z|+C 


~ sec? x 
2 


Find Jtan32xsec2xdx. 
Here power of sec?x is not an even 


positive integer and power of tan2x is an odd positive 
integer therefore, we put z = sec?x 
Let z= sec?x, then dz = 2sec?xtan2xdx 


—In |secx|+C. 


Now J tan22xsec2xdx = {tan22xsec2xtan2xdx 


- f (sec” 2x — ese: 2x tan2x Ae 


2. 
= [ew=! (22-1) dz 


3 3 2 
2 
-42 “1 poe sec’ 2x sec Re 
6 2 


Example 26.) Find J tan®xdx. 
Here power of sec x is not an even 


positive integer and power of tan x is an even positive 
integer therefore, we change tan?x into sec*x—1 and 
then put 

z= tan x. 


Now ftan¢xdx — f (tan2x)2dx = [(sec2x —1)*dx 
= | (sectx —2sec?x + 1) dx 
=  sectxdx -2 J (sec2xdx + [dx 
= | sec4xdx —2 tanx +x (1) 


Practice.Problems 


1. Evaluate the following integrals : 


. f sin’ 0d0 
(i) vcos@ 


j—. : i) dx 
(ill) ae 6 (v) sin? x cos? x 


2. Evaluate the a integrals : 


a/(tan x 


0 lame Ocos”” 0 wy) le 
(iii) | cos> X dx (iv) } sin’ x dx 
3. Evaluate the following integrals : 


(i) he sin*x dx 


(=== sec* X 
® dead 
(id) ie sin® x 
(i) ( 2x 


sin’ xX 


(iv) [Vcosx — cos’ x dx 
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INDEFINITE INTEGRATION 


tan xX 


Again J sec4xdx =tanx+ 
[from previous example] 


From (1), i) tan*xdx 


fan" * _ 9 tanx+x+C 


=tanx+ 
_ tan? x 
3 


Example 27.) Find [ cot?x cosec*x dx. 


Here power of cosecx is even positive 


integer, therefore, put z = cotx. 
Let z=cotx, then dz =—cosecx dx 


—tanx+x+C, 


Now, i cot2x cosec*x dx = | cot2x cosec2x.cosec?x dx 
= [ cot2x(1 + cot?x)cosec?x dx 
= [20 +22)-a2) 
z 2° 
_f(22+24)dz= ae +C 
cot?x cot? x 
3 5 


4. Integrate the following functions : 
(i) sin*x sec*x (ii) tan?x sec*x 
(iii) sec’x (iv) cosec>x. 

5. Evaluate the following integrals : 


(i) [cos’ x cosec?x dx 


Gi) [yoo x 


(iii Via 


sin Be 


(iv) 


3X 
sin —,/COS — 
2 2 


6. Evaluate the following integrals : 


(i) feot’ x cosec? x dx 


@ (ha 
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iv) [= 
sin XCOS' xX 


7. Evaluate the following integrals : 


1 
(i) [cos® 7 xa (ii) [tan’ 3x sec 3x dx 


(iii) fan??? x sec*x dx (iv) [tan* x sec* x dx 


1.6 RATIONALIZATION BY 
TRIGONOMETRIC 
SUBSTITUTION 


Consider the integrand Va’ —x’ . 
If we change the variable from x to 0 by the 
substitution x =a sin 9, then the identity 
1 — sin?0 = cos? 0 
allows us to get rid of the square root sign because 
va? -x’= Va? —a’ sin’ 0 
= Ja (1—sin? 0) = Va? cos? 0 = alcos 6| 
Notice the difference between the substitution u= a*— x 
(in which the new variable is a function of the old 
one) and the substitution x =a sin @ (the old variable 
is a function of the new one). 
In general we can make a substitution ofthe form x = g(t). 
To make our calculations simpler, we assume that g 
has an inverse function; that is, g is one-one. We 
want any substitution we use in an integration to 
be reversible so that we can change back to the 
original variable afterward. 
Hence, we make the substitution x = a sin 8 restricting 0 


2 2 


bate . Tm 1 ; 
to lie in the interval - 4| so that it defines a one- 


X 
one function. Thus, x =a sin 0 leads to 6 = sin“! (=) 


To simplify the integration of ./x249?, we 
substitute x = a tan 8. Further, we want to be able to 
set 0 = tan"!(x/a) after the integration takes place. 


If x = a sec 8 is substituted to simplify the 


integration of /x?—a’ we want to be able to set 0 
= sec !(x/a) when we are done. 
As we know, the function in these substitutions 
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have inverses only for selected values of 0. 


Xx 
For reversibility, x = a tan 0 requires 0 = tan”! (=) 
ith z= <0< Z 
ee 2 


Xx 
x = asec 0 requires 0 = sec"! (=) with 


0<0<= if *~>1 
a 

—<O0<nx if aes 
a 


To simplify calculations with the substitution 
x =a sec 9, we will restrict its use to integrals in 
which x/a = 1. This will place 9 in [0, 2/2) and make 
tan 0 = 0. We will then have 


Vx? —a? = Va? tan?0 
free of absolute values, provided a> 0. 
Any algebraic expression in x which contains only 
one surd of a quadratic form, is capable of being 
rationalized by such trigonometric substitutions. 
For example : 


: dx 
@ Jason 
Let x =a sin 9, and we get 


1 dé —tan0 , GL xX +C 


a>*cos?0 a? a-vaz —x2 


=|a tan 0| =a tan 8, 


dx 
a 
x*(1+ x7)? 
Let x = tanO, and the integral becomes 


jos 6d0 Ve 0) 1 


- 2 i = 
sin* 0 sin @ x 


sin? 0 


ii) Jao*pn 


Let x = sec i” and the integral becomes 


{cost eag = SnPcos? 8 ¢ 
2 2 
2 
x°--l1l 1 -1 
+—sec tC 
2x? 2 . 


Suppose R denotes a rational function of the entities 
involved. The integral of the form 


[R(x.Vb?-a’x* dx is simplified by the 
Pie b2 
substitution x =e 


2. [RO Vax’ +b’) dx 


b 
is simplified by the substitution X = ae 0 


3. [ROVa?x? —b’)dx is simplified by the 
be b 
substitution x =—sec®0 
a 
Compute the integral [j— 
(a? _x?)3 
We use the substitution x =a sin 0, with 


T T 
—_— <@0< 5 then dx = a cos 0 d@ 


NO 


acos 0d0 


—a’ sin’ 0)° 


Dees ey 


acosO@d@ 1 dé 1 
= = = —tan6+C 
J a’cos’@ a’ lee 6 a 
1 sin®O 1 sin® 
a +C= +C, 
a’ cos a sein? 8 


The restriction on 0 serves two purposes — it 
enables us to replace |cos 8| by cos 9 to simplify 
the calculations, and it also ensures that the 
substitutions can be rewritten as 0 = sin”|(x/a), if 
needed. 


(Example 2) Find {<> — 


4 4 
Letx= 3 sin 0. Then dx = = cos @ d@ 
and 16—9x? =4 cos 0. Hence 


3/2 


4 
64cos° @)| —cos® d0 
jeer oe (64cos i $eos ) 
6 
x B06 8 
729 


_ 243 4 Ae dee 
=F, Joos 8 cosec? 6 dO =— 80 cot? 6+C 
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INDEFINITE INTEGRATION 


1 (6-9x7)?? | 


We have I = | ere 


Let x—1=sin 8. 


V2x- x? 


Then dx =cos 0 d@ and /7,_ 2 = cos 8. Hence, 
(1+sin@)° 
= os See 
} 080 cos 8 d6 
= [a+sinoy oe 24 nb = 2ose00 do 
2 2 


=50- 2 cos 0— 


3 

= 5 sin '(x— 1)-2 V2x-—x? 
1 

- 5 Ok - Dv2x-x? +C 


asin 20+C 


3 1 
= 5 sit - 1)- 3 (Kt 3)V2x—x? +C, 


dx 
Example 4.) Evaluate reece 
We set 


x = 2 tan 0, dx = 2 sec2 0 d0, -— 
4+x?=4+4tan?0= Nee aaoyed eee. 


<0< — 
0<5 


{ 2sec” 6d j sec” 0d0 
J 4sec? 6 7 


a f dx 
oe 44 x? | sec | 


sec” @ = |sec 6| secO > 0 for =35 O<- 


= [sec do 


= In |sec 8+ tan 8| + C 


1.38 O 
V44x? x 


ne le 


=In 


=In|Vv4+x? +C’. [TakingC’=C-In2] 


vs Note: A trigonometric substitution can 
sometimes help us to evaluate an integral 
containing an integer power of a quadratic binomial, 
as in the next example. 


EeRPER) wate-| ots 
(Solution) Put x= ees 2 sec? 6 dO, 


x 
Also, 8@=tan7! —. 
SO. an 2 


is( 2 sec” 6d 
(4sec’ 0)” 
= 2sec” 0 dO a 2 
16sec* 0 i] 2 od 
sin 20 
al (1 +c0s26) dO = == a 5 mls #£C 
1 x 1 
Oh a oh HE 
ie, 23 fu 
(‘Example 6. (‘Example 6. Evaluate << =a5 dx, assuming 
that x <—5. 


The integrand involves a radical of 


the form vx?-a? with a = 5, so we make the 
substitution 


T 
—<0O0<za 


x =5secO, 5 


dx 
— =5sec 0 tan 9 or, dx =5 sec 8 tan 8 dO 


dé 
[2 
Thus, je dx 
x 
7 (oe 


SsecO 
2/2 
S5sec0 

=_ 5 [ tan’ 6 dé 


(5 sec 8 tan 0)d0 


(5 sec 8 tan 8) dO 


=~5 | (sec’ 0-19 =~ 5 tan +50+C 


vx? —25 


5 


where tan 0 =— 
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From this and the fact that the substitution can be 
expressed as 0 = sec”! (x/5), we obtain 


a x 
j= iy? 95. 4 Ssec (=) +#C, 


Xx 
dx 
Example?) Find | (4x? —24x +2793? 


f dx S. j dx 
(4x? —24x+27)? 4 (4(x-3)° -9)°”” 


dx =- 


3 
Let x-3= 5 sec 0. 


3 
Then dx = 7 see 8 tan 6 dO and 
V4x"—24x4+27 =3 tan 0. 
' J dx 3 sec Otan 0d0 
OA = ee 
= -q | coseedeot 40 
1 1 x-3 
Tae et Oa oaeeon 


dx 
Example 8.| Integrate | ————. 
lon -1 
Here fx? —1 = oe? 


. Hence, the substitution x? = sec0 


— 1 which is of 


the form 4/x* — a7 
should be tried. 
dx 
(1) 
aa -1 =I xe? -1 
secO then 2x dx = sec0 = dé 


sec Otan 0 sec Otan 0 
dx = d0 = dé 
2x 2VsecO 
Now from (1), 


Now (—< 


Let x?= 


f dx -|| 1 ees 
xt 1 Vsec® sec? 0 - 1 2Vsec 0 
=| 1 \ sec@ tan 0 
\ JeecO stan) 2Vsec 0 


= [5-49 = 


Pye eee RC: 
2 2 


—., Note: When integrand involves expres- 
sions of the form : 


a-X 
y Vat+x 
X 
(ii) Va-x 
X 
(i) \Vat+x 


(iv) foo or (x—a)(b—x) 


put x =acos 20. 


put x=asin70. 


put x =a tan70. 


put x =acos’0 + bsin’0 


or ./(x—a)(x—b) 


put x =asec’0 — btan70 


dx 
Evaluatel= | Ego 


Put x =a cos? 0+ sin’0 
so that dx =2 (f — a) sin 6 cos 6 dé. 
Also (x —a) = (B — a) sin? 6, 
and ($B —x) =(B — a) cos’ 0. 
Making these substitutions, the given integral 


| 2(B — a)sinOcos 0 dO 
Re \(B— a) cos? 0.(B — asin? 0 


Xx—-a 


(v) \x-b 


_ es —a.)sinOcos@ 
(B —a)cos Osin 8 


=2 | d0=20+C=cos"(cos20)+C (1) 
But x=a.cos? 6+ B sin? 0; 

2x =a (1 + cos 20) + B (1 —cos 20) 
ie. (B—a)cos 20=(a+B—2x) 
or cos20=(a+P-—2x)/(B-a). 

From (1), we get 

a+f-2x 
I=cos"! +C. 
B-a 


Note that using (x — a) = (B — @) sin’ 0, the answer can 


[x -a 
also be written as 2 sin~! Sau +C. 


a 
1-x 

Example 10) Integrate | ae 

Let x = cos 20 then dx =—2sin20 dO 
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INDEFINITE INTEGRATION 


1-x 1 -— cos20 ; 
dx = 2sin 20)d0 
Now | j= ; jee ae 


iD 
= -2/ asin’ 2sin8@cos6d0 
2cos° 9 


in 0 
=-2 [ = 2sind cosd 40 =—2 [ 2sin20 46 
cos 0 


sin 20 
=-2 | -cos2040=-2| 0 a | +C 
=-20 + sin20+C (1) 
cos20 = x, 20 = cos !x and sin20 
= JI - cos? 20 = Jl - x? 
Hence from (1), 


J ax = cos) x + 4/1 x +C_ 


dx 
Evaluate | 
Put x =a sec” 0 —b tan? 0 (1) 


dx = [a.2 sec” 6 tan 0 — 2b tan 0 sec? 6] dO 
= 2 (a—b) sec? 0 tan 0 dé. 
Thus, x —a=a (sec? 9— 1)—btan?0 


=(a—b) tan? 6 (2) 
and x —b=asec* 0—b(1 +tan?0 
=(a—b) sec? 0 (3) 


f dx 7 f 2(a—b)sec” Otan0 
(x —a)(x —b) (a—b)tan Osec 0 


= || sec 8 d@ = 2 In |sec 8 + tan 0|+C. 
From (2) and (3), 


_ (22) _ (=) 
sec 0 = a and tan 8 = eons 


The given integral 


7 (x — b) ++/(x—a) 
=2In JG=B) + 


per, [ J@=b) + V&x=a) ] +0, 


omitting the constant term — 2 In./(a—b) which may 
be added to the constant of integration C. 


dx 
Evaluatel= J oa 
We make the substitution 
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x =sin’t > dx = 2sin t cost dt 


— 2{1=sintdt = 2 tant - 2 4¢ 


Hence, cos’ t cost 
I= f 2sintcostdt _f__2dt 2Jx 2 ie eOE Ds 
(1+sint)Vsin?t—sin*t * 1+sint lax al lex V1l-x : 


PracticeProblems Es 


10. {—-% 


Xal(x* 1) 


ies a 
12. la ~ x23? dx 


Evaluate the following integrals : F j a 
x?dx dx EE NGS ey 
leer ot Sa ; 
J x3dx f dx 11. ieee 
va’ —x8 7 — a? 
5, (—“ 6 [2 — OF yet 


(9+x°) 


dx dx 
J x iS. a 
7 | ax fa-2) & (fins (x—B) V(x — a)(B=x) 


{ dx f dx 
13. JV gx x2)? M4. Vox? 


1.7 INTEGRALS OF THE +n (aedF rele 
FORM ‘ 
Xx 
d = 2dx= -— x2 2 
pe ~ I= Vax? +bx+ce dx my J xa 2 pes 
ax’ +bx+e’ Tern +bxt+e’ a2 a 
Some Standard Integrals =a in + sical 
j As 1 Let us evaluate some of these standard integrals. 
= tan!=+C 1 
” fi eG (a) 1=| Bu > =—tan Paar @ 
a : ae x >+a> a a 
(ii) ae Se emrleee Proof : Put x= atan®, then dx =a sec?0 dO 
xa a Koma asec’ 0d0 1 1 1 4x, 
aol, vais» aad =[5 =—[d0=-0=-tan'=+C 
(ii) | =o in +C ane O's se nes 
a’-x? 2a a-X 


Ge.|Note: Putting x =a cot 0, the above integral 


takes up the form —(/a) cot!(x/a), which evidently 
differs from the previous form by a constant. 
ae 


+C [oo — 
2 


a +X 


(iv) i = ee 


(v) earn n|x + x? -a" 
; ee: It is an established convention of the Sicitas that the 
(vi) jee a = =sin’?— +C integral of a real function shall be presented as a real 
a ; function and not as a function involving complex numbers. 
e Bt a a Roe 9 ta A ae 4 For example (anticipating formulae from the chapter of 
= =— Ja°-x? + sin! — + itt 
my) J a 5a, ee is 2 ae c differentiation, to illustrate the point) 


(viii | x? +a’ dx= 5 x? +a" JS = tran! * (a, a>0) 


x? +a" a 


1 x 
2 1s written in the form — cot q +C 


uses only real numbers and is the standard form for 


this integral. 
The calculation 
1 1 1 
dx — dx 
Peer Pater oa) 
ie 1, X-al 
Qai x +ai 


though it can be fitted to the theory, is rejected because 
it does not give the integral in terms of real numbers. 


) [4 -Ain 


x*-a* 2a 


Proof: (dx __/j1}_1 1 bax 
la Peer xt+a 


1 d d 
yj j=} 


= 55 {in|(x—a)|-Inlix-+a)}} +C. 


xX -a 
+C 


X+a 


1,.J/x-a 
=—lIn 
2a Peale 


Ce.| Note: The above is an example of integration 
by breaking up the integrand into partial fractions. 


dx 1 
=—ln 
(c) Ie — x? 2a 


The proof is as before, noticing that 


atx 
+C 


a-x 


=In|(x + 4/x? +a’ 


Proof : Put /x* +a” =t-—x, 
or, t=xt fx? +a? 


2x t 
dt =|1+ dx = dx 
| Q/x? + =| x? +a? 
dx = rae In|t|+C 
(Ea) 


=In |(x+ yx’? ta? |+C 


The first of the integrals (d) can also be evaluated by 
putting x =a tan6, so that dx = a sec”@ dO. Thus, 


+C 
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asec” 0d0 
asecO 


| S = | 7 [seco dé 
abe Aa 
_ (pee + tan®) 45 
secO9 + tanO 
= In|sec® + tanO| 


= In|/(1 + tan? 6) + tan0|+C' 
x +4/(x? +a”) 


a 


2 


+C' 


es +C'=In 
a a 


Similarly, put x = a sec, in the other integral. 


@) [* 
apan x? 

Put x=asin0, then dx =acos0 dO. 
(sense dé 


Ae 
= sin! +C, (|x|<|al) 
a 


=fd0=0=sin '* EC 
acos0 a 


‘Ze. |Note: Putting x = a cosO, the integral 
[| — can be putin the form—cos!*+C' instead 
ya? — x") : 


7X 
ofsin' +C. 


(f) [vx —a’dx = we =a 
Proof : Putting x =a sin6, so eit dx = oe dd, we get 


[v2 —x’dx=a *[ cos? 6 dé 


1 
=a? [(1 +0020) do 


|X 
sin! oe 


1 1 
= 5a°[Joos20 do + > [do] 


1 1. 
= a’[5 sin 20 +O]+C 


2 
_l, ind ange 290 +C 
=5 a". sin cos 58 

2 

at eG x 4 a? sin” EC 

2 a 2 a 

[a 3 2 
ae SS a + sin '= + C 
a 


(&e|Note: For the evaluation of the integrals 
J Vx? +a? dxand i} Vx’ —a’ dx, refer the section 


of Integration by Parts. 


1.42 0 


Bvatuaie [-——> 4 

valuate [7g dx 
1 

Wehave | 7-55 


=| 1 F Lf 1 4 
= im 2 2 ax 
9 Le 9 4 (2/3)? +x 
9 
eat las) 
= 9.7 pay OO Noga yh 


stan (F) 
= ¢ tan >) +C, 


Evaluate the following integrals : 
(a) [Vi6-x? dx, (6) J vx? -16 dx, 
(c) fvx? +16 dx, 


(a) The integrand is of the form Ja? —x2 , where a=4. 
o. fN16—x? dx =1/2x [6x2 +8sin-(K+4)+C 
(b) Theintegrand is ofthe form fy? ae , wherea=4. 
c.f Vx? = 16 dx =12x./x? 16 —8in| x? — 16 +x}+C. 
(c) The integrand is of the form eee? , wherea=4. 
3 [ Vx? +16 dx = 12x fx? 416 

+8In(Jx? +416 +x)+C. 


. dx 
The integrals of the form (ee oes ; 


dx 
Up aceceret and [Vax +bx +c dxcan be 


evaluated by first expressing ax*+ bx + c in the form 
of a perfect square and then applying the standard 
results. 

For example x?+ 2x+2=(x+1)?+1. 

and hence the substitution u=x + 1, du = dx yields 


1 1 
percrre: a lea ie 
=tan'ut+C=tan'(x+1)+C. 
In general, the objective is to convert ax? + bx + c 
into either a sum or difference of two squares—either 


w+ a? or a27—w?. 
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Thus, in each case write 
2 2 

4ac — 
ax?+ bx+c=a ved vielen 2 

a 4a 


b 
and put x + rte u and use the standard formulae. 
a 


ae res 
Evaluate J 7 ~ag? A 
Here we shall apply the formula 


1 1,,,-1 x 
dx ==tan 
J art 4ex* wl a 
But in place of x, we have (2 — 3x) and hence we shall 


divide by the derivative of 2 — 3x which is—3. 


J= ! Mpg EEE pe Fr amen oe 
=30 2 6 2 
f dx 
Example 4.| Evaluate (x2 +x-l ea 
We have 
| dx =1{ dx 
2 
(2x°+x-1) 2 [2 +ix-2) 
yi dx 2 2 
=2 i) ot. 4 
Pe ee ee 
4) 2 16 
1 3 
sy dx es ee ele ae 
2 Ly or 223 ees e 
rae) (perce +—+— 
4) 16 2 
1 . 2x-1 lin 2x-1 i 
oO eet 5 | eet ge 
1 
= 3 In|2x-Dx-1|+C,. 


Evaluat j-ig 
1 
leg 


1 


~ ee tees dx 
4 4 


1 
= RTE SEIT 


INDEFINITEINTEGRATION (1 1.43 


f 1 1 f dx 
= 2 d 
(x-1/2)? +(v3/2) _v2 [e-(e-35} 

oa (22) 

“aie aio) Pe 1 j dx 

2 2x1 V2 {2-2 (x a) 

= J tan” RR +C. 16 2 16 

Evaluate -——*—. | is 
Vx? -4x+14 V2" (41/16) -(x-3/4)"} 


x°—4x+14= (x2-4x+4)+ 10= (x—-2)+10 
1=f dx 
V(x—-2) +10 


1 | dx 
= V2" Ic fars4ye -(x-3/4)} 


Putx—-2=t => dx=dt joni 
rey Cee 4 
dt x (Ja1/4) +C 
= | = Inf e+e +10) ei 
: Larcaerr c 
= In{(x-2+Vx’-4x+14]4+¢ — 1. 4f 4x-3 
sin +C. 
V2 J41 
1 
Example 7.) Evaluate > dx Example 9.| Evaluate [ve 42x45 dx 
1 A eae 
SS dx (Solution) x’ +2x4+5 
oa Solution] | 
1 = [Vx?+2x41+4 dx 
-I7 2 dx 
x” —8x+16-—25 \ 
i 1 = 5+) V(x-1)? +2? 
= dx 
(x-4y -5° 1 
+5 QP In(+1) + V+? +2? )+C 
= Inx—44+(x-4)?-57/+C : 
=Z +) Vx? -2x45 


=In 


x- 44x? —8x-9]+C, 
+2|In((x+1) + Vx? +2x+5)+C 


dx 
Example 8.) Evaluate eee Example 10.) Evaluate [V2x? +3x+4dx 
[V2x° +3x+4dx 


= 2 | Jot + Sx42) dx 


dx 1 dx 
Sonution) a, v2 Gas 
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=\2 | +3) {2) dx 


= van +3) (2) dx 


by letting x =a tan 0, 


dx = asec? 0 dé, — 7 <x< 
ay? 2° 


Then, Vx? +a? =/a?(1+ tan2@) =alsec 6|=asec 0, 


asec’ 0 dO 


3]; 


x43 Nae 4 | 


ana fe 


ae tan’ 


asecO 


= a’ [ tan? Osec 0 dO 


= a*[(sec’ 08-1)sec 0 dO 


eriuGaranaes xv4 }+C 
= (4x43) V2 +3x+4 


= | [sec’ 6.40 - [sec 40 | 


4/2 _ 2 gsee tan 42 fsec0 d0— [seed co} 
+—— ee In x4 42x? +3x+4 lic 
16/2 4 Pe: 
=—(secOtanO — In|sec6 + tan6]) + C 
Evaluate [ V@—D@=%) dx, 2 
We have [V(x-D(2=x) dx x aye @ ye ta XG 
=| (-x? +3x—2) dx “< ‘ 


2 
-| {-2-( a +} Fa = Nx +a? —F in| vx? +0? +x|+C, 
~ 2 
\ where C’=C+ (a? /na)/2. 


Example 3) Evaluate {co80+sin0 go 
+cos20 


cos@+sinO 4 
1 ) {3-(«-3)} Solution) caesar 


= x- 
: , { cos@ 40 j sin 8 
11 3 V5+cos20 V54+c0s20 
-o-1 
rs {[s-3} 0/2} +c 5 . 
COs sin 
a creer: ON retse 


1 1 a 2sin’ 0 
= 2x3) VGx —x?-2)+ g si" Qx—3)+C. 
ee sin®@=u Put cos = v 


2 
Evaluate | 7>—> dx 
xX +a 


= J du J dv 
V6-2u? ° J4+42V? 
Now, the above integrals can be evaluated easily. 


oD: 
xX 
We evaluate Vee dx 


O 1.45 


INDEFINITE INTEGRATION 


Practice, Problems Fa 


Evaluate the following integrals : 

| dx 3 f 1 d 

9x* —4 * Joy? 4 x1 ™ 
| dx 

8 Us P4944 20 x? +xt] 

ee j dx 
Vx’ +x41 V2ax — x? 

a error 2x243x— 7 ox 8. [v4 = 3x= 2x’ dx 


[V5x7 +8x +4 dx 10. [V3x? -6x +10 dx 
11. [V2ax+x? dx dx 


(x? —2xcos0+1) 


12. [5 


1.8. INTEGRALS OF THE 


FORM 
px +4 dx, | px+q 


ax’ +bx +e Vax? ee. 
[wx + q)V/ax’ + bx +cdx 


i fa Pa 

J ax’ + bx +e 

Here, noting that the differential of 
ax?+ bx +c =(2ax + b)dx, 

the given integral can be written as 


dx. (a#0, p#0) 


paca Cetin “et 
P Pdx= P P dx 
2a" ax? + bx +c 2a ax? + bx +c 
_?p | (2ax + b) 2 2aq i dx 
2a |J ax? +bx +c p ax’ +bx+c 


The first integal is equal to Injax?+ bx + cl, since the 
numerator of the integral is equal to the differential 
coefficient of the denominator. The second integral is 
evaluated as in the previous section. 


-.|Note: 


(i) To express px + q as the sum of two terms we 
might also proceed thus : 
Let px + q = ¢ (derivative of the denominator) 
+m, where the constants /, m are to be determined 


cosx 
—————-dx 
lege X 


| cos x dx ae 


sin? x-6sinx +12 
sin x dx 


es J ry) cos?x+4.cos xt 


16. | wo 
x[(logx) + 2logx —3] 


1 
17. (a) Evaluate the integral ——* in three 
X-X 


ways: using the substitution u = vx, using 


the substitution u = v2-—x , and completing 
the square. 
(b) Show that the answers in part (a) are 
equivalent. 


by comparing the coefficients. 

(ii) Ifax?+ bx +c breaks up into two real linear factors, 
then instead of proceeding as above, we may 
break up the integrand into the sum of partial 
fractions, and then integrate each separately. 


[| £«x. @+0,p40) 
lax? +bx+e 
Let [= | -« 


Vax’ +bx +e 

Observe that the derivative of ax? + bx +c is 2ax +b. 
We therefore write (px + q)= @(2ax + b) +m. 
Comparing coefficients of x on both sides of the above 


identity, we have p = 2a (1) 
Also, comparing the constant terms on both sides, we 
have q=bé+m (2) 


From (1) and (2), ¢ = p/(2a), m = q—bp/(2a) ...(3) 
With these values of ? and m, we can write 


| een 
dx, 
Vax? +bx+c 
4 2ax +b dx +m| dx 
Jax? +bx+c Vax? +bx +c 


=2¢ Jax? +bx+e tm, 
dx 
where J= | ————. 
areca 


The method of integrating J has been discussed earlier, 
and therefore we can evaluate I. 


1.46 O 


3. [x + q)Vax’ +bx +cdx, (a#0) 


To integrate this, transform 


Reeeele cava fi — BP 
pxtq=>. (2ax +b) (« 32) 


Then the integral reduces to the sum of two integrals, 
J@x+q) ax’ + bx +c 4x 
= ¢)(2ax +b) Jax? + bx +c dx+mlJ, 


= = (ax? + bx)? ml, 


where J = [ Vax’ +bx+cdx can be integrated as 
before. Recall that £ = p/(2a), m= q —bp/(2a). 


3x +1 


———— d 
Evaluate | 535 5 
Here (d/dx) (2x?— 2x +3)=4x—2. 


3 3 
—(4x -2)+1+=— 
a! ) 2 


=| 3x +1 


2x? 2x43 = (2x? — 2x +3) 


= 4x-2 x+2f 1 Ge 

4d 9x? 2x43 24 2x? -2x+3 
dx 

x’ —x+(3/2) 


2 =) 22-2 +3) | 
= q In 2x’ 2x +55 


= 3 ne2x+3)+2 J 
ee MBER) | 


3 5 
= FinQx?—2x+3)+ 5 | 


[x-4] +@/5/2yY 


3 
= ri (2x?—2x+3) 


1 
x-— 


5 1 = 2 
} t } 
4 (V5/2) - (V5/2) . 


3 V5 ( 2x- " 
Bi ree 2_9x+3)+ —tan! + 
mi In(2x*— 2x + 3) 5 tan V5 C 


INTEGRAL CaLcuLus For JEE Main AND ADVANCED 


(x + 2)dx 


Evaluate J Gos 


(x + 2)dx 


We h aa 
ehave | aT 


f (x + 2)dx 


[2 4 | 
———x-x 
9 3 


Bole 


2 
1 2 4, =1 3 
5-12x-9x*) +—sin | 
9 v( ) 9 Cc 


VG 12x 9x?) +Ssin" 22) 40, 


3x +1 


Evaluate [ —————— dx. 
Vx°+4x41 
The linear expression in the numerator 


can be expressed as 


d 
+1= ]—~(x?+4x+1)+ 
3x+1 Ei 4x+1)+m 


=> 3x+1=/(2x+4)+m 
Comparing the coefficients of x and constants both 
sides. 
3=2/] &1=4/+m 
=> 1=3/2 &m=—-5 


= 1=] 3x +1 = eee 
Vx’ +4x41 Vx°+4x41 
_ =| 2x+4 -5{ dx 
2° Vx? +4x41 Vx? +4x41 
Pe ==] 2x+4 (4 
eg Vx? +4x41 2° Jt 


(where t = x?+ 4x + 1) 


= 3/t +C=3Vx2 44x +414C 


J dx =5/ dx 
Bee 94 iy eae —  epoy 23 
=SIn|x+2+,J(x+2)?-3|+C 


= I=1,-L, 
=3Vx74+4x4+1—SIn|x+24+Vx?+4x41|+C 


Example 4.) Evaluate [ (2x-5) /(2+3x—x°) dk. 
We have (2x —5) =—-(3—2x)—2. 


of @x-5) V2 +3x-x?) dx 


=—| 3-28) Jaana x2) de? | JO +3x—x?) dx 
9 43x—x2)32 7 3° 
(2+3x—x°*) 2] 2 E >) dx 


3/2 
> 1(_ 3) jz 3) 
=~ 32+ 3x—x—219( 89 ya (89 


Pec este) 
24 Ja774 | |© 
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INDEFINITE INTEGRATION 


2 1 

ser +3x—x)?— 5 (2x-3) (2x +3x—x?) 
pin AE ) 

—4 Vi7 +C, 
Evaluate [(x—5)vx? +x dx 
d 

Let (x-5)=). a (x° +x) +p. Then, 
x-S=A(2x+1) +b. 

Comparing coefficients of like powers of x, we get 


11 
2 


1 
1=2A andA+ u=-S>A= 5 and uw =-— 


[ox-5) Vx? +x dx 
1 11 
= | (Foxe | Pas dx 


2 


= fzoxen Loz dx ~ = [Ve ex dx 


1 1l ¢ [ 
1 ll Py. ea 
=; ]v a-> | [x+3] -(3) dx 
where t= x?+x 
1 flee 
~ > ayo 9. 2 2 2 2. 
Jal TS 
}rc 


(x+5}; x7 +x 
2 


1 
= . (x2 a x)3? 


11 eae Lie 
ae 7 a 
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(x cos@—1) dx 


(Example 6. 
Se Jo 2xcos8+1 
(Solution| The integral becomes 


f cos @(x — cos 8) dx 


x? —2xcosO+1 


} sin” @dx 
(x —cos@)” +sin 0 
(x cos -— 1)dx xe 
Hence, tea ech = OSS in |x? 2x cos0 + 1| 
—sin 0 tan“! X=cos6 +C. 
sin8 


2sin2x —cosx 


(Example 7.) (Example 7.) Evaluate | 6—cos*x— ia 


2sin 2x — cos x 


a cee a 


f (4sin x — 1)cosx 


6—(1—sin* x)—4sinx 


f (4sin x — 1)cosx 
4 sin? x—4sinx +5 
Put sin x = t, so that cos x dx = dt. 
(4t—1)dt 
(2-445) AL) 

Now, let (4t—1) =A (2t-4) +p 
Comparing coefficients of like powers of t, we get 

2X=4,-44+p=-1 


B47 7 ...(2) 
[COs tes pane 
SF eer area [using (1) and (2)] 
2(2t-4)+7 
( t?7-—4t+5 dt Ae —4t+5 
dt 
_ 2_ At+5)4 
2In (t*—4t +5) Veta 
= 2 ot Le 
=2In(t -4+5)+7 [7 > a 


=2In (t?—4t+5)+ ae (t—2)+C 
=2 In (sin? x—4sin x +5)+7tan|(sin x—2)+C. 
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Integrals of the form 


ase! +qx+r gy ; (eae dX and 
an 
ax’ mere Vax>+bx+e ” 


fax’ +bx +c),/(ex? + fx +g) dx 


In this case express the numerator as 
N'= /(D') + m (derivative of D') +n 
i.e. put ax?+bx+c 

[(px?+qx+r)+m(2ax+b)+n 
where /, m and n are to be so chosen by comparing the 
coefficients of x”, x and constant term, that it becomes 
equal to the given numerator. 


2x? +3x+4 


= | 
Example 8.| Evaluate! i} Sere x 
=] 


I(x? +6x+10)+m(2x +6) +n 
2x?+ 3x+4=1(x?+6x+10) 


x’ +6x+10 
m(2x+6)+n 

On comparing the coefficients of x”, x and constant 

term, we have 


1=2, 61+ 2m=-3, 10/+6m+n=4 
1=2,m= 2 andn=11. 

2 
” [2dx - -/——. (2x +6) dx +11] dx 


x’ +6x +10 (x+3) +1 
=2x— . én|x? + 6x + 10|+ 1 1tan“ (x +3) +C 


= *=3x+ | 


‘Example 9.) Evaluate 


d 
Let x?—3x+1=/(1-x*)+m_—(I-x") +n 


Comparing the coefficients like powers of x 
1=-1] m=3/2, n=2 


2», 3 
es ad —— erase 


=x? l-x? 
-_ [Vi-xdx lo 


x2 | 


l dx 
VI-x? 


—2x 1 
= dx +2 dx 
-- es rae 
== se 


= ese SF +Ssin x +C, 


2 


x aang 


( 
Example 10.| Evaluate }-—————————— 
P J Vx? +x41 


Let x°+4x+7=A(?+x+1)+B2x+1)+C 
Comparing the coefficients of x?, x and constant 
term,we getA=1, A+2B=4, A+B+C=7 


A=1,B iG : 
SS pi 5 


(2x + 1)dx 


3 
= x°+x4¢1ldx+—| = 
Beet J or 
+2/— 
2° Vx? +x41 
2 
ty cfaa 
Now x? +41 = [x4 nea 


in{ xr s+vataxel +, 


+3Vx7+x41 "5 


non et de -tl-gg 
valuate athe, 


First of all, the quadratic trinomial under 
the radical —1 + 4x —2x? is brought to the form : 

1+4x —2x?=-{1 + 2(x?—2x)] =1-2(x-1)? 
Now we change of the variable of integration. 
Put u= x-—I in the integral, which leads to 


x? -3x41 gn (u+1)° eau 
Le ry eare i= 
2: 
= u du 
1-2u? lis me Be ne 


O 1.49 


Each of the three integrals on the right hand side of 
the last ane can be evaluated using formulae. 


INDEFINITE INTEGRATION 


| -Ae x? -3x+1 


v—-1+4x- 2x? 


-|ae means 


1 2 1 ol 

1-2u sin! J2u|+C 

E + 

os 12 -w)V1+2u? __3 sin} /2u+C 
4 4/2 


On returning to the original variable x we arrive at the 


2 _ 3x41 


1 It : 

final resu _Ss_ ae Dx 
1 2 

_-(3 v¥—-1+4x—-2x 

=7' x) 

peor + px" Lp ra +....p 


ax? + bx +c 
In this case divide the N' by D‘ and express it as 


ae V2(x -D+C 


n 


Form dx 


. px + : . F 
Quotient + ae , where quotient will consist 


x° +bx+c 
of certain terms which we shall integrate by power 
px+q : ; 
formula and — > ____ _ will be integrated as 
ax” +bx+c 
explained before. 
Example 12) Evaluatel=|* +f +2%+1ax 
tex +1 
3x+2 
= J gene O02 Ly 
(x? +x+l1) 
les 143 -Cxt)_, 1 a 
2x7? 4x41 2 % 
(<4) (3) 
2 2 
3 
= Xx 43 ¢n(x? +x41)¢—Ltant 2x41 
3 5 ( ) iB “ag C 
(x? (x" +3)dx 


Evaluate.) 


1.50 O 
We have 


Cee 


VO? +) VQ? +) 
- | X(x° +1) { x dx 
V(x? +1) 


dx 
V(x? +1) 


=5Je (x2 +1) dx 


-3 {2 x dx 
V(x? +1) 
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1 2x dx dx 
+3 
7 er) ie +1) 
2 Ra +0 |S tavt aly] 
+3mn(x+ Vx°+1)+C 
1 
=e le V(x? +1) +3 et Vx? +1)4C. 


Practice,Problems Ga 


Evaluate the following integrals : 


x dx 2x +3 
1. orarae 2. ear + 3x —-10 % 
x x+l1 
arr. 4. Faces 


2x41 


f 3x+5 —— 
x? +2x-3 e V34+2x—x? 


oe 


(3x +5)dx 


6x—5 
caret ee 


[ox-Dv 14 xx? dk 
10. [@x+5) Jy? 42x—3 dx 


1. [(x+2) 2x7 +2x+l1 dx 


INTEGRALS OF THE 
FORM 


| ax’ +b 


1.9 


dx, q>0 


x'+px?+q 


Here we have a very interesting method for evaluating 
the integral of a rational function in which the 
denominator is of degree 4 and the numerator is either 
of degree 2 or is constant. Moreover the odd powers 
of x occur neither in the numerator nor in the 


denominator. 
ax? +b 


Let us consider first the integral (> 
x +px° +1 


We divide N' and D' by x? and then a x4 


(Example) Evaluate!=/ 


xR 


Lex ex 


=t. 


x"dx 


Inxd 
2, [= 13. laa 
xy1—4Inx—In’ x x” —16 
x? +2x-1 x’ dx 
14. Joa 4. 15. (--—--. 
2x° +3x+1 I 2x — x? 
OS ei ORES "* (x? —2x+2) 
ar 
18. je x’ + 2x43 Ole = ae 


V(x? +x+1) 


20. [se ~8x+5, 


ix? —4x-7 
cess —V2-x? 
V4-x* 


[ete 
VX +x 


22. 


We divide N‘ and D' by x?. 
( =] 
1-—— |dx 
2 1 
1= | x Putx+ — =t 
x 


ee 
x 


+1 


x? +1 gy 
Evaluate [51 
1 [Xpttes 
oe a 


Divide above and below by x. 


1). d 1 
Here 1+ x= 1) r 
( 2 is ral : hence we express the D' 


as a perfect square of x — = bysubtracting and adding 2. 


1 
1+—~ |dx 
Gra 


Put x— 1 =t [14 tej =a 
x xX 
f dt 1 tan”! t 
2 
t? +(v2) v2 v2 
G-) 
1 ae 
= tan7! +C 
V2 V2 
Pee ee St 
=—-—=tan =——— 
Sor Se 


1 
(Example 3.) Evaluate | > ark 


We express the numerator in terms of 
(x?+ 1) and (x?- 1). 
1= (x?+ 1)+m(x?-1) 

=> ¢+m=0,l—-m=1 

=> ¢=1/2,m=-1/2 


H ee 24+] =@ 1 
ence, =5& )- 7 @-D 


2 
=— | ————__dx 
secre meee 


Ly l+x 1 KS] 
~ 4 ae } 4 2 
2% x' +14+5x 2? x° +14+5x 
le I+0/ x? le 1-(l/x? 
7 f ( x 7 f ( e 7 
2° x°+(1/x°)4+5 2° x°+(1/x°)4+5 
=(I,-1,)/2 
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INDEFINITE INTEGRATION 


; 1 1 
For I, we writex— —=u > [1+ Ze Jax=du 
x x 


du 1 1 u 


= “Jo tty NT OV 


=setn (2) 

= (1- 
dvs he 2 1 ; 1 

Vey B BB V3 


Combining the two results, we get I= (I, — I,)/2 
1 tant 2M) 1 tan t(S*U®) 5 
ONT V7 7 2w3 v3 
2 
(Example 4.) Evaluate I= een dx 


+x°41 


(Solution) bel |s— a dx 


ie aa | 
We express the dutnerator as 


1 1 
For I, we write x + ~=V —= | dx=dv 
rs X 


I,= 


= F624 D+ F021 
(x? +1) +(x? -1) 

2 xt 4x74] 
(1+1/x?)+(1-1/x’) 

2 x’ +14+(1/x’) 

Lf (1+1/x?)dx r | (1—1/x*)dx 
(&=1/xy +3. 2° (&41/xyY=1 


{= 


1 
In the first integral put x — a t so that 
1 
(1+) dx = dt, and in the second integral 


1 
putx+ — =zso that (1- 
zs x? 


=r} x= dz. 


vale dt 5+ f- dz 
C4aasy 2427-1 
arta a 


= tan + In 
ma V3 22x1 


1 {6 at r 
35, 3B 4 


z-1 | 


z+l1 


(x+1/x)-1 
(x+1/x)+1~ 


1.52 © _ Intecrat Catcutus ror JEE Main AND ADVANCED 
1 ft] ty xt-x4l Pes NEY ear 
a = + => rm>= m= 
23 tan (J3)x C. 


4x? 1 
er => ¢=1/6,m=-1/6 
Hence 1 = 1/6 (x? +3) — 1/6 (x?—3) 
We have, es lees 


= el =e ax a er 3/ x? ax 


1 
1= | Ty ax= J ax $3/x2 48 $3/x2 48 
2 ae 
ae “1 143/x? gy Lf _1-3/x? _ gy 
P : ; (x -3/x)* +14 6° (x+3/x)? +2 
1 3 1 1+, 1-—-, Put x—3/x=u Put x+3/x=v 
al x dx Al x x dx aes (1 —3/x2) dx =dv 
2 2 2 
».< Lae) x noe xX ey I= 2/5 L dv 
ald 6 y7 42 
1 i 1 jt Now, the above at can be evaluated easily. 
2 
= i aa dx — , = dx { x 
4 P45 Example 7.) Evaluate aay dx 
We have, 
ie 1 : 
1 x2 1 ae X X 
=a) 1) hie J a ot Sy eee a ree a 
sey Me (x+5) 72 Let x? =t, then d (x?) = dt 
dt 
; 1 : : 1 : => 2xdx=dt > dx= 
Putting x — = =u in Ist integral and x + = =vin 2x 
: dt 1 1 
2nd integral, we get = a = 
: J t+t+l 2x 5 Patel tt 
: al du a dv 
2°42 2 = - ! 
w+(V2y 2 v2-(V2) Jee 
es) Dk nel lars Gales 
~ a2" 2)” 2 22” |vtv2 
te wn (1) 1, [x+1/x-v2|, ts t+5 
: tan! tC 
2V2 V2 ) 4V2 ene 2° 3 | IR 
-1 1 2) 92 
_ il m(% ) 7 in* ~J2 x41 iC 9. 2 
2V2 2x) 4V2 |x ane peal wo (244) es I hil re 
V3 V3 V3 v3) ~ 


Example 6.| Evaluate I= (— x! ee +9 
We express the numerator in terms of {Example 8.| Evaluate I= I 
(x? +3) and (x?— 3). Note that 3 is the square root of the 


2 
constant term 9 in the denominator. I= a 
x’ + 


xl 


2 
1 
=| ya xf 


(x" —x* + rie x + : 
In the second integral, put x3 = t > 3x? dx = dt 


I= J 
2,1 3 
x°+—-1 
Gee 


In the first integral, put x— I/x=v> 14 


1/x? dx =dv 


x — 2 tant 


Example 9.| Using substitution only to evaluate 


3 
a x dx. 


sin 
oe Jd x 
aS cosx=t 
dt dt 
i a 2) =") 297-41 
ee +1)- (te “D 4 
a: =o 41 


x= | sin X 


(1—cos” x)? 


1 t? a 1 
[== dt + dt (1 
5a Wceerae 7 a @) 
——.—~ —— 


Hence, I= + (y-I) 
iC 1 = 
Consider, I i ! i dt - | 5 at 
ara Ga) 
t 
1 
Putt—— =y 
d 1 t 
Hence, I, } 2 5) 
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INDEFINITE INTEGRATION 


COS X 
1-—cos* x 
: j dt 1 t-1 ln cosx —l 
2044217 2 | t+1} 2° |cosx+l 


1 l—cosx 
= —/n | ———— 
2 1+cosx 
: 1 rln{ 228 cos x ae 
2/2 \l+cosx) sin?x 
(1+x? )dx 


(Example 10.) (Example 10.) Evaluate ee x2) re ee 


(1+x >ydx 


(14 Jax 
i xX 
x{ =—x) xa tx 
x x 


{ (1+1/x)dx 


(1-1/x)¥(x-1/x)? +3 


Xx 
| dt 
tt? 43 
Again put t? + 3 = s*=> 2t dt= 


{ sds { ds 
~ J s(s? —3) s? — (3) 
1 s— V3 
———lIn 
2v3 |s+ v3 


pli 
"de 


(x-1/x)?+3- 


Page 1/ x)? = 
il 

x + +1-v3 
xX 


2V3 Jerre 


xX 


2s ds. 


+C 


- 55! 
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_¢x-l dx 1 
(Example 11.) Evaluate I= | = 5 (Intu+ Vu? +5) — 5 fin (v+ Savane 


Xt] Vx 4x? 4x 


f(x) 


i Form | dx 
x(x +1) eas (ax? + 2bx? + cx? + 2bx +a) 
x where f(x) is a rational function of x. 
(x? -1) ay The denominator can be written as 
x(x +1)" lest « fale + 126(x+ 2) el 
x Xx 
and hence the substitution is 
1 - . dx 
x? 1 Es. 
= xX+—=Z Of, X-—=Z, 
(x+1+2] xtt41 nai : ore 
_ according as f(x) is expressible in the form 
Put x+ I/x+1=2 = (1-1/2) dx=2tdt [x 7 els ; “| m1 [x 7 ace 2 a 
It dt Xx Xx Xx Xx 
= | 5 =2 (4t_ =2tant+c l l 
(t"+Dt tact Ifb=0, the substitution x? a2 OF x? tL 
x x 
=2tan-! ¥x+1/x+1+C is sometimes useful. 


dx 


bax 
1 
— Integrate : 
Evaluate | 7a lias esa 
1 : it =| 
i dy x | 1+ dx 
Sa ec mesca 1] 2 
1 


= 1 dx x[x+2] #(xt+ Zr] 
x? x? +1/x? +3 
Now, 1 = £(x?+ 1) +m(x?-1) (1 ~Jr Je 
=> ¢+m=0,l-m=1 J = 2 
=> (=1+m,1+2m=0 [x+4) [x+4] = 
=> m=-1/2,f=12 . i 
1 
1/3@? +)=19G? =1 sie! cA per eae ingxt+ — = 
I= f ~ : = Da ia putting x = Z 
xx Pe gts Beare 
7 = (Sao putting z = cosec 0 
1+1/ cosec® cot 0 
+1/ x? (eu 1/x?)dx 
= [d0= 0 + C= cosec''z +C 
eae +1 
ee 
2, 
{x +1 om x 
Put x— fe u Pe oe Vv all = ]+cosr( Jee. 


1+ | ax =du 1-—_] ax =dv Example 14.) Evaluate 
x? x? 
T 
tal * ars x] 
i} 4 dx. 


cos” xv tan? X+ tan? xX+tanx 


du 


au -1/ dv 
2° jw +(J5) 2° Vy? +7? 


Lett f 


(| (d_- tan’ x)dx 


cos” xv tan? Xt+ tan? x+tanx 


(1+ tan x)? cos” xv tan? x+tan?x+tanx 


_ see* xdx 


=| ee 


1 
tan x + 2 +—— |],|/tanx+1+ 
tan x 
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INDEFINITE INTEGRATION 


Put y?= tanx+1+— : 


an x 
> sec*x 
=> 2ydy= [ss Xx Sf 
2 f 7 2ydy 
(y’ +Dy 


1 
=—?tan-!,/tanx + 1+— +C 
tan x 


=—2tan!y+C 


tan x 
Practice,Problems H = 
Evaluate the following integrals : ax j (x? — dx 
x? -l Iz + 18x? +81 . xv x? 43x? +] 
* poe 2, Peer x*dx (x? —a’)dx 
J 4 4 10. 4 229 4 
dx x +a xX +a°x° +a 
ae eat ce, xt x2 rae 4. Jahn xt -x241 11. [ vianx dx 
dx (x? —1)dx 
x*-1 
> bem xt 4] ae ie 
2 2 
é f (1 + x“)dx B. (1+ x*) dx 


(1— x”) (1 — 3x? + x4)’ 


1.10 INTEGRATION OF 


TRIGONOMETRIC 
FUNCTIONS 
Integrals of the form 
: f dx 
w acos’ x + 2bsinxcosx + bsin? x 
a dx dx 
wy) Vee, ci) ae 


Here, we shall find the integral of the fractions whose 
N' is a constant and D' contains cos*x, sin?x and sin x 
cos x or any of them and a constant. 

In such cases we divide the N‘ and D' by cos’x or sin?x 
and then N' becomes either sec?x or cosec?x and D' 
becomes something in terms of Sec"x and tan?x or 
something in terms of cosec2x and cot? x. 

Then in the new D' we shall replace sec?x by 1 + tan?x 
and cosec?x by 1 + cot?x. Hence the N' shall be either 
sec?x or cosec?x and D' in terms of tan x or cot x and 


(l-x°) Vi4x2 4x4 


we shall either put tan x = t or cot x =t as the case may 
be. The above shall be more clear by the following 
examples: 


(Example 1.) Evaluate (—.— 
(Solution) Put tan x =t 


je Bu 
2-sin? x 2- Jon 
1+t? 
=; -4+ eee 
24 yz Woige 
= Fe tar (mx}+c 
dx 
Evaluate [ ~~ 


sec’ x dx 


dx 


2-sin? x 
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1 tan x 
= >tan' +C, 


2 2 
dx 


Evaluate | 5 
3sin’ x +4cos’ x 


sec’ x 


‘Solution| ox x +4cos’ x ona 


dt 
= rear where t = tan x 


==/ a oa rn }re 
3 t+ (2/3) 23 2/3 


1 
= tan! Bian +C, 
2Vv3 
(Example 4.) Evaluate 1 = {/ —®*—— 
aad X 


Here divide the N' and D' by sin?x 


cosec*xdx _ [cos ec>xdx 
cosec?x +3 1+cot?x+3 
Put cotx =t 


—cosec?x dx = dt. 
| a ae geen ete +C 
4+t 2 2 2 2 


Note: We could have divided the N' and D" 


by cos?x as well. 


1= J ae =| 


1+3sin* x 


sec” xdx 
2 2 
sec” x + 3tan~ x 


J sec” xdx 
1+tan? x +3tan? x’ 
Now put tan x =t 

sec2x dx = dt 

= — =) tan(2t)+C=+ tan*(2tanx)4C. 
14+4t° 2 2 
The two answers obtained in different forms can be 
easily shown to be differing only by a constant. 
dx 


Evaluate Ga ; 
i f sec” xdx 
[Solution] = = 


(2tanx +3) 
Put tan x = t, so that sec? x dx = dt 


-/_*, =—f lic 
(2t+3)° A2te3) 
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ae er 6 
2(2 tan x + 3) 


Example 6.) Evaluate 


f dé 
5cos’ 0— 4cosOsin 0—2sin’ 0° 
Divide the N' and D' by cos?0 
I= | sec” 0d0 
5—4tan@—2tan 0° 


Now, put tan0 = t 
sec?0 dO = dt. 
dt 


errr 


late 
ae ue (t+1) 
_ipranen 
1 i} Cc 
"2a ie tanO—1 


Example 7.) Evaluate 


dx 


sin’ x + cos* x —sin? xcos” x * 


a ee x+1+tan?x 


Put tanx=t, sec2x dx=dt 


; te 


sec’ x dx 


[= 


(eae 
agen ae | 


2 
dv eas ol, Si Ve, 
= tan +C 
ag 88 V3 
1 tan x — , 
= —=tan"! ane 1+C 
V3 3 


dx 


Example 8.| EvaluateI= le Perrine 
I= | _ 


cos* x + 16sin* x + 8cos* xsin? x 


{ sec’ x dx 
1+16tan* x +8 tan? x 


f sec* x dx 
~ 1+(2tanx) +2(2tanx) 
Now, put 2 tan x = tan = 2 sec?x dx = sec?0 d0 


[itmne sec’ 6 dO 


I 
=5 i} 
“ z {(4.cos?0 + sin20) do 


Now, the above integral can be evaluated easily. 


sec* 


5 
ree fea 
Tey er as anes 


dx 
Evaluate I = 
P ase 
= dx 
I 
Ly 


: 2 
[2 +sec x) 
2 
2 
sec’ xdx 


2 
(tan? x+ ast i 


3]; 
Lj 
sec” xdx 


4 2 2 
(tan + 1) 415 
4 16 


1 “5 tano 


Put tanx+—= 
A 


=> sec2x dx = WA soc? 6 d0 


_1 vi5 is) 2 

= (4s ie 6 dé 

Now, the above integral can be evaluated easily. 
8 (a 4tanx+1 


tan 
15 Vis) 15(2tan?x+tanx+2) © 
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INDEFINITE INTEGRATION 
Integrals of the form 


Xx 


: f dx . f d 
) a + b sinx (ii) a + bcosx 


dx 


(il) J a + bsinx + ccosx 


In general, the integrals of the form 

F (cos x, sin x) dx, 
where F( cosx, sin x) is a rational function of cos x and 
sin x, can often be evaluated by the substitution 


t = t 
an> = 
2 


1 X 
We then have 5 sec? > dx = dt, 


ic. dx=2(1+t?)' dt, 
cos x = (1- t?)/(1 + t?), sin x = 2t/(1 + t?), and 


consequently, lr (cos x, sin x) dx 


_ (Es 2t ) 2dt 
[F Dena 2 
1+t° 1+t° J1l+t 

This substitution enables us to integrate any function 
of the form F(cos x, sin x). For this reason it is sometimes 
called a "universal trigonometric substitution". 
However, in particular it frequently leads to extremely 
complex rational functions. It is therefore convenient 
to know some other substitutions (in addition to the 
"universal" one) that sometimes lead more quickly to 
the desired end. 


1 
Example 10. Evaluate f ——————— dx 


1 


Led lee ax 


1 


=| 5 dx 
2tanx/2 1—tan’ x/2 
1+ 5 5 
l+tan°x/2 1+tan’x/2 
1+tan?x/2 
- | > a dx 
1+tan” x/2+2tanx/2+1-tan* x/2 


= f sec? x /2 
2+2tanx/2 


x 1 x 
Putting tan 5 =tand~ sec? 5 dx =dt, we get 


+C 


1 
= [— dt=Injt+1)+C=In 
t+1 


tan +1 
2 
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dx 


Integrate I= | Soo 


dx 
A(cos” x/2+sin? x/2) +5(cos” x/2-sin? x/2) 


I= J 
=J 
7 -{- sec aids 


9 —tan?(x/2) «() 
ees tan x/2 =t, 1/2 sec? (x/2) dx = dt in (1), we have 


9cos” ae —sin 2(%/2) 


=1)p 34+t 
9-2 3 = +C, 
= 1), /3ttanx/2 4C 
3 3—tanx/2 
dx 
Integrate | 3555 


(Solution|! = = 


5| sin? * +cos? ie 13.2sin ~cos~ 
2: 2 2 2 


Multiplying the numerator and denominator by sec? 7 
we get 


x 
sec’ —dx 
2 


5 tan? ~ +1]}- 26 tan ~ 
2; 2 


{ 2dz ; x 
5p 069 65% Putting tan> =Z 


= ae pay 
2-5) sa 


du 13 
= 5] aa whereu=2- 5 anda= 


12 
5 


1 


z—5 
In 
12 


z—-1/5 


u-a 


21 
a In 
5 2a 


+C = +C 


uta 


1 5tan~— 25 
2 


: + C, on restoring the value ofz. 
hairs -1 
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dx 


Example 13) Evaluate | : 
Example 13. 3cosx + 4sinx +5 
Putting 3=rcosa, 4=rsina, 


so that r= 5, a= tan"! (4/3). We have 


{ dx 
re ee 
=| 


= Fplsee” 


ae i +5 


4+(x—a)dx, 
AG a) dx 
= a [2tan(x—«)/2]+C, 


S : tan[(x—tan-! (4/3)V/2]+C. 
dx 


Example 14.) Integrate Fe + 3cosx + 4sinx 


es 


dx 


13] sin?~ +c0s?~ |+3] cos? ~-sin?* |+ 4.2sin~ cos~ 
2 2 2 2 De ed 
Multiplying the numerator and denominator by 


c’—, then 


x 
sec” — dx 
2 


t= 
10tan?~ + 8tan~ +16 
2 2 


| 2 dx 
10z7 + 8z+16° 
1 dz le du 
=A 2 6 Fare 


[ : 3) i (3) 


a x 
Putting z= tan, 


TRAN ps 6 


cee ee 


=—tan! 2 +C 
6 6 


Evaluate (-—. 


a+ bsinx 
(b+asinx)” 


a+bsinx 


Here I= aes dx 


2 
b ree 


= (b+asinx) 


rey) 

a°—b dx b dx 
I= | —+=| : (1) 

a (b+asinx)” a’ (b+asinx) 
Nowia<A= E08 ag eeu. 
b+asinx dx (b+asinx) 
oy: 

dA b ae 
= dx a (b+asinx) 

dA b 1a —b 
= de b+asinx b(b+asinx)* ]’ 
Integrating both sides w.r.t. ‘x’, we get 

b dx (a* —b? ) 

a Jia sae er 

de dx = dx AO 
a a (b+asinx) b+asinx — 2) 
From (1) and (2), 

y dx a} dx 

i= 5 (b+asinx) (b+asinx) 

=> I=-A+C 


cOsx 
> |= ( ; }+e 
b+asinx 


dx 
Example 16. Evaluate | 7S gsm? 


COS X 


(Solution) Let A= poe (1) 


dA (16+ 9sinx)(—sin x) — cos x(9cos x) 


7 dx (16+ 9sinx)* 
dA —16sinx—9 
> dx (16+9sinx) 
dA ~FOsinx+16)+ 2-9 
Bs : 9 


dx (16+ 9sinx)* 
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INDEFINITE INTEGRATION 


dA 16 1 175 

- Sana 7D ee (2) 
dx 9 (16+9sinx) 9(16+9sinx) 
Integrating both sides of (2) w.r.t. 'x', we get 


=> 


=a dx P| dx 
~ 9 4164+9sinx (16+ 9sinx)* 
P| dx 
a (16 + 9sinx)’ 
re a (1+ tan* x/2)dx 
~ 943 16+16tan? x/2+18tanx/2 
Bi dx = 16 | 2dt 
Bi (16+9sinxy “> 9 4 16t2 +18 +16 
where tan x/2 =t 
ay P| dx he 2 dt 
16+ 9sinx)’ 
(16+ 9sinx) 9 ee er 
=| dt 
9 : a Vi75) 
t+—] +| —— 
16 16 
(s=) 
+ 
ue) Tis ae me 
. dx a, cosx 
= 1J(164+9sinx) 175 (16+9sinx)* 
y) «(Senn 
© Gis is. 
acosx+bsinx+c 
Integrals of the form (ex 
dcosx+esinx +f 


Since cos x, sin x, and | are linearly independent, therefore 
we can find real numbers p, q, andr such that 
acosx+bsinx+c=p(dcosx+esinx+f) 

+ q(-dsinx+ecosx)+r (1) 
Equating the coefficients of cos x and sin x on both 
sides, and also equating the constant terms on both 
sides, we have 

a=pd+de, b=pe—qd,c=pftr (2) 
Solving the equations (2) we get the values of p, q and 
r. Substituting the expression the expression for a cos x 
+bsinx+c from (1) in the integrand, we have 


acosx +bsinx +c 
dcosx+esinx +f 
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p qf — dsin x + €cosx des j se 
dcosx+esinx +f dcosx+esinx +f 
=ptqlnjdcosx+esinx+f]+rl, ...(3) 
d 
where I, = [ ce . 
dcosx+esinx +f 


To evaluate I, we use the substitution tanx/2 = t. 
Substituting the value of I, in (3), we get the expression 
for I from (3). 


Note: We could have used the substitution 


tanx/2 =t from the very beginning. 


2cosx+3sinx+4 


dx 
[Example 17.) Evaluate J 3cosx+4sinx +5 
Solution) 1 


2cosx+3sinx+4=@(3 cosx+4sinx+5) 

+m(—3sinx+4cosx)+n (1) 
Equating the coefficients of cos x and sin x on both 
sides of (1), and also equating the constant terms on 
both sides, we have 


2=3£+4m, 3=4/-3m,4=5f+n (2) 

Solving the system of equations (2), we have 
p= 18. = 1 = 2. (3 
oo Oe @) 


Substituting the expression for 2 cos x + 3 sinx + 4 
from (1), the given integrand and the values of @, m, n 
from (3), we have 
[ 2008x +3sinx +4 qy 
3cosx + 4sinx +5 
_ 18 
D5 
vt 
ie 


= 95 X—Jeln|3.cosx +4 sinx +5} 


+ oe tan[(x — (tan!4/3))/2]+C. 


Evaluat 
Examples ea: lant 
Let 2 sinx +3 cosx 


= (denominator) + m(derivative of denominator) 
= ((3 sinx + 4 cos x) + m(3 cos x—4 sin x) 
= (3f—4m) sin x + (42+ 3m) cos x 
Now comparing the coefficients of sin x and cos x of 
both sides, we get 
30—4m=2 and 4/+ 3m =3, 


ee ee 


Feo 4S 


2sinx+3cosx 
——_—— dx 


=n =) 
25 25 
2sin x+3cosx 


18 1 
: ; 
= 35 (3 sin x +4 cos x) + 35 (3 cosx—4 sin x) 


I= Fax . 1 (ee - 3sinx 4 
25 


25 3sinx + 4cosx 
28 4. - inl@sinx+4c0sx) +C 
25 25 
3cosx+2 
(Example 19.) Evaluate ere dx 


Let I= { 3cosx +2 ae 
sinx +2cosx+3 

Let 3cosx+2 =A (sinx +2 cosx +3) 

+ (cos x —2 sinx)+v. 
Comparing the coefficients of sin x, cos x and con- 
stant term on both sides, we get 

A- 2u=0,2A+p=3,3A+v=2 

6 3 8 

> A= 5s? 5 and va— = 


[a ae, 


dx 


sinx +2cosx+3 

cosx —2sinx 
=| dx ; uf - 
sinx +2cosx+3 


ev f l 
~ sinx +2cosx+3 
=Ax+wlog|sinx+2cosx+3|+vI,, where 


1 
I= 
! | =e 


: ; 2tanx/2 1-tan?x/2 
Fue Sa 1+tan?x/2° ~*~ 1+tan?x/2 
1 
we get l,= | janx eens. oo 
1+ tan? x/2 1+tan? x/2 oe 
f 1+tan*x/2 ro 
2tanx /2+2-2tan* x/2+3(1+ tan’ x/2) 
sec” x/2 
| 3 dx 
tan’ x/2+2tanx/2+5 
; x 1 x 
Putting tan 5 =tand 5 sec? 5 = dt 


Xx 
or sec? Fi dx = 2 dt, we get 


| 2dt 
rd? 4 2t45 


_ ae (SF) 
2 an? s22 ~ 222 


x 
tan 3 +1 
= tan! 5 


Hence, 1=Ax+ wlog|sinx +2 cosx+ 3 | 


x 
tan—+1 
fod ; Jee 


where A = 


6 d 8 
gua 5 andv=— =. 
(Ssin x +6)dx 


Evaluate { , 
Example ied errr 
Let 5 sin x + 6 = A(sinx +2 cosx +3) 


+ B(cos x—2 sin x) +C 
Equating the coefficients of sin x, cos x and constant 
term, we get 


A-2B=5 
2A+B=0} = A=1,B=-2,C=3 
3A+C=6 
= fax 2f OSA PSN af : dx 
sinx + 2cosx+3 sinx +cosx+3 


=x-—2én|sinx +2cosx +3|+3], 


x xX 
In I, put an > sec’ > dx = 2dt 


So. 


= 2dt | 2dt 
TSP 4245 2 (t+l)?4+4 


x 
1+ tan— 
= wn} 4c = | 5 ale 


x 


4e* +6e— 


Bvaluate J Sg 
€ 


P(x) 
To evaluate I = i OW) dx | 


assume P(x) = AQ(x) +BQ'(x) (1) 
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where A and B are constants. 
AQO) + BQ) 4 
Q(x) 


2 Afdx+B{ oo dx 


Then I = f 


=Ax+ Bln |Q(@x)|+C 
From (1), by comparing coefficients of same type of 
terms, one gets constants A and B. 


—-x 


4e* +6e 
9e* —4e™ 
Denominator Q(x) = 9e*% — 4e* 
Numerator P(x) = 4e* + 6e* 
As Q’(x)=9e* + 4e%, we take 
4e* + 6e * = A(9e* — 4e*) + B(QeX + 4%) 
By comparing the coefficients of eX and e™*, we get 
4=9A+9B 
6=-4A+4B 
19 35 
A=-7, B=— 
36" 36 
We | A(9e* —4e *) + B(Qe* + 400) ae 
9e* — 4e * 


In the present problem, I = | 


—-x 


9e* + 4e 

9e* — de * 

=Ax+BlIn|9e—4e*|+C 
19 35 


= —-——x+—In|9e* —4e *|+C, 
36 36 


\-.|Note: 


To evaluate J 


-Af dx+B/ 


ae*+be “+c 
pe’+qe +r 
numbers /, m, andn such that ae*+be*+c 

=l(ae+be*+c)+m(ae—be*)+n 
and integrate the three integrals. 


jee 
Integrals of the forms } a: 


X > we can find real 


Chae : 
We have ae (sinx + cos x) =cos x F sinx 


and (sinx+cosx)*=1+sin 2x. 


Evaluate 


| (os xX —sin x)(3+4sin 2x)dx. 


I= J (cos x—sin x)(3+4sin 2x)dx 
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Here derivative of sin x + cos x is cos x — sin x 
and3+ 4sin 2x =3 + 4((sin x + cos x)*-1) 

.. Putsinx+cosx=t 

=> (cos x-—sin x )dx = dt 

So I= [G+4(t?-Ddt 


are 
= —[4t°-3]+C 
a ] 


sin X + cos x 
3 


2 [PEE Nr asin +, 


[4(sin x +cosx)? -3]+¢ 


Evaluate I= f¢ cosx — sinx dx 
sin 2x 
Put sin x +cosx=u 


=> (cosx—sin x) dx =du 
Also, u?= 1 + sin 2x 
du 
Ju?-1 
Inlu+Vur 1] +C, where u=sin x + cos. 


sinx + 2cosx 
Example 24,| Evaluate I= eer ss dx 


Let sin x +2 cos x 

= ¢ (cos x—sin x) + m (sin x + cos x) 
—f(+m=1 and /+m=2 

£= 1/2 andm=3/2 


Hence, I= i) 


> 
> 
I- 1 COSX —SINX 4x + 3pm COSX gy 
2° 9+16sin2x 9+ 16sin2x 
te ede cOSX=V 
(cos x — ye ee (cos x + sin x) dx = dv 
=| 3 dv 
aia 1) * 2°94160-Vv?) 


1 y du 3 i dv 
~ 24 16u?-7 © 24 25-v? 
Now, the above integrals can be evaluated easily. 


Evaluate fv tan x dx. 
I= [vtanx dx. 


= 5 lf tan + cotx)dx + [(/tanx —Vcotx)dx], 


sin x + cos x 
Now, I, = [(/tanx +4/cotx)dx= Weaaeeee dx 


f V2d(sin x —COSX) \ f d(sin x — cosx) 
7 Vsin2x /1-(=sin2x) 
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d(sin x — cos x) 


Vl — (sin x — cosx) 


V2 


dz 
=) J > where z= sin xX — cos x 
A | en 
= V2 sin!z +c, = V2 sin“(sinx—cos x)+¢,. 
sin X = COSX gy 


I= [(/tanx —~/cosx )dx = [Speco 


(es d(sin x +cosx) V f d(sin x + cosx) 
- sin x2x /(.+sin2x)-1 


=—2 [ 


d(sin x + cosx) 


y(sinx + cosx)? -1 
==49 = where z = sin x + cos x 
Vz -1" 


=—V2 In(z+ Vz? -1)+¢? 

=~ 12In (sinx +cosx+ /sin2x )+c, 
1 1 

I= ht ab 


fs De ee 
=—= sin sin X — COS X 
Ze. 


ae (sinx + cos x+./sin2x )+C. 
V2 
dx 
Example 26.) Evaluate os cosecx 


i ee eerie 
cosx+—t—_— *: sin x-cosx +1 
sin X 
=| 2sinx dig SAS OSS SE ON) 
2+sin2x 2+sin2x 
= [SIX COSX gx + sin X — COSX 
2+sin2x 2+sin2x 
4 (sinx —COSX) 4 (sinx +cosx) 
— (dx dx dx 
3-—(1-sin2x) 1+(1+sin2x) 


4 (sin X —COSX) 4 (sinx +COSX) 
= dx dx dx dx 
: 2 ; 2 
— (sin x — cOSx) 1+(sinx + cosx) 


=I,-I. 
For I,, put sin x—cos x = z. Then 
dz dz 
I, — — 
l= z I ia? 
Lj Note 


1 


~ 213 ARES 


= i In V3+sinx —cosx 
2V3  V3-sinx+cosx 


For L,, put sinx + cos x = t. Then 
t 
I,= =tant+c, 
2 lee 


an! dma 
=I,- 


I 
1 ere cos x 
a3. YAR are eae 
dx 


.| Evaluate | >—————_ 
Example 27 Nene loge cee 
dx 
Letl= | —————__ 
wie | eee 


= cos xdx =| 2.cos xdx 


—tan“! (sinx + cosx) + C, 


sin2x+1 1+sin2x 
{ (cos X + sin x) + (cos Xx —sinx) 


(sin? + cos? x + 2sinx cos x) 


(cos X — sinx) 


if cosx +sinx 


(sin x + cos x) (sin x + cos x) 


! dx =i 2 
~ 243 sinx+tcosx 24 Vv’ AON EE 


\- dx 7 1 
ara 1 2v 
a0 


| dx 1 
Se sn{ x +3) 2(sin x + cos X) 
4 


1 T T 
le. In | cosec [x+4) -cor(x+7 | 
1 
~ 2(sinx + cos x) =e 


Integrals of the forms 
} sec” xtadkx , [ Jeosec?x tadx, 
[Vtan? xtadx, [ Voor? xtadx 


Method : 
2 
, 5 sec ta 
(i) Write sec” xta = =S=S 
sec’ xta 
sec” x cos x 
sec? xta 1 + acos? x 
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In the first part, put u = tanx and in the second part, put 
v=sinx. 


(ii) In case of Jcosec” x +a proceed as in (i) and put 


put u=cot x in the first part, and v= sinx in the 
second part. 


INDEFINITE INTEGRATION 


(ii) In case of Jtan?x +a or ycot?x +a, change 


tan2x into sec?x — 1 and cot2x into cosec2x — 1 and 
then proceed as in (i) and (ii). 


Evaluate [ tan? x — 
jin? 


2 
sec’ x-—4 ‘ay 


vsec” x-4 


3dx = f sec? x —4 dx 


= sec” x dy 


=, j-_ ——4 


= |< sec” x dx _4 J COS X dx 
vVtan2 x-3 1—4cos* x 
Put tan x =u Put sinx =v 


sec?x dx = du cosx dx = dv 
Now, the above integrals can be evaluated easily. 


Example 29) Evaluate [Y3*°°S?% q 
V¥3+cos2x 2+ 2cos* x 
J dx = if 


dx 
COS Xx cos? x 
= Jz [Vsec?x+1dx= J (SecX+l dx 
J 3 |B x+l 


sec” Xx 


dx 
= dx + 
a= i} 
2x dx cos xdx 
“| sec” X oe | 
j Veaei 


J tan? x +2 
Puttan x=u Put sinx =v 
sec2x dx = du cosx dx = dv 


Now, the above integrals can be evaluated easily. 


Example 30.) Evaluate <_ —2dx, 


I [——— cosec” x — 


{cosec” xX- = 
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cosec?x Let 1 9 sinx Abe: 2f sin x 
=| oe 2 : 5 2si 2 a 
cosec?x —2 {cosec?x —2 Seat cos’ x— 
Put See then dz = — V2 sinx dx 
cosec?x sin x 
= 1 Now |, = aa -1) 
ee Tq” x = 2] tx x wy) 
Let I, = [ PSC ax, putz =cotx, ae 2cos” x — 1) 
oot? x -1 =J2In(V2 cosx+ COS 2x ) 
then dz =—cosecx dx From (1), [= 1, +1 


N Boa = [P= 
ee tem BONES =-In(cot x + ycot? x—1 ) 
De Myce + /2 In(V2 cosx+ Vcos2x)+C. 


Practice,Problems l & 


1. Evaluate the following integrals : cosxdx 
dx  [——— 
cos’ x —3sin? x 4—5 sin’ x 6. Evaluate the following integrals : 
dx ; dé i dx 
(itl) J (3 sinx — 4 cosx)? @) if a 0 (i) J sin* x + cos* x 
1 
i dx 
(iv) are — 2cosx) (2sinx + cosx) ta lar cos* x 
2. Evaluate the oe integrals : (iv) 
sin X (acos” 7m + cae 9) 
(i) ‘ 34 et ¥ (ii) J a 7. Evaluate the following integrals : 
: dx ; 3sin x+2 cos ave cosx dx 
(iv) an ; pee X+2 sin X ee lee 
2sinx + 3cosx 


3. Evaluate the following integrals : 


1 (ii jinx eos 
x 
(i) ies 2 (i) I5sacux 5sinx + 4cosx 
Sees (in) jot esinxt Meos 
iv ; 
(iii) i nae (iv) \ = er: 3+ 4sinx + 5cosx 
4. Evaluate the following integrals : Oy Eyaluale me tollowmietaicetls: 
(i) dx cosx —sinx . cos( x +2) 
3+ 2 sinx + cosx (i) ers sin2x—6 dx (ii) Jos dx 
ax 2+sin2x 
(i) | >——.— — si 
| ees (iii) i) is sad (2 +2 sin 2x) dx 
cosx + sinx 
(it) eae ae (iv) f dx 
iv) |———_ 
jv) Jez Fi re sin x +tan x 
eee i < pe Ae 9. Evaluate the following integrals : 
. Evaluate the following integrals : ; — sees is 1 
(i) eeerr, (ii) joa") ae ae a+bcotx 


0s8+3 


V1+sin2x sin2x 4 


cu) Lies 1+cos2x 
10. Evaluate the following integrals : 


(i) [2+ tan? x dx = (ii) [Vi+seex dx 
(ii) [Vi coseex dx 
(iv) [coseexveos2x dx 


11. Evaluate the following integrals : 


1.11 INTEGRATION BY PARTS 


Integration by parts is a method to compute integrals 


of the form J u(x).v(x) dx in which u can be 
differentiated easily and g can be integrated easily. 


Formula for integration by parts 


J uv dx =u fvdx - Ee fy tx 


The formula comes from the product rule of 
differentiation 


d du dw 
(u.w)=—.W+u. 
dx dx dx 


Integrating both sides w.r.t. x 


uw=[ as dx +] qe dx 
dx dx 
d 


dw 
Let ae then w= [vax 


Hence, i) u.v dx =u | vax = \2 : fv axes 


It is most frequently used in the integration of 
expressions that may be represented in the form of a 
product of two factors u and v in such a way that the 
finding of the function v from its derivative, and the 


evaluation of the integral J vdu should, taken together, 


bea simpler problem. 
The rule for integration by parts is widely used for 
integrals of the form. 


J xk sin ax dx, Jxkcos ax dx 


Iuxk e* dx, JxkIn x dx 
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INDEFINITE INTEGRATION 


1 
: —_____— dx 

i J (cosx +2sinx) 

dx 
(ii) J (sin? x + 2cos? x)? 
f cos6d0 

(5 + 4cos6)? 
dx 

(iv) J sin® x + cos° x 


(aii) 


and certain integrals containing inverse trigonometric 
functions are evaluated by means of integration by parts. 


-.|Note: 


While using integration by parts, we choose u 
and v such that 


(a) [vax is simple and 


(b) [st Jy ax as is simple to integrate. 


This is generally obtained, by keeping the order of u 
and v as per the order of the letters in ILATE, where 
I-—Inverse function, L — Logarithmic function, 
A- Algebraic function, T—Trigonometric function 
and E-Exponential function. When the integrand 
of an integration by parts problem consists of the 
product of two different types of functions, we should 
let u designate the function that appears first in the 
acronym ILATE, and let v denote the rest. 
However, to become skilled at breaking up a given 
integrand into the factors u and v, one has to solve 
problems; we shall show how this is done in a number 
of cases. 


For example, since the integrand of [xcosx dx is 


the product of the algebraic function x with the 
trigonometric function cos x, we should let u = x 
and v= cos x. 


| x cos xdx = x] cos xdx — | ( (| cos saxon 


=x sin x— [i-sinxdx 


= x sin x—(-cos x) +C 
x sin x +cosx +C 
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Integrate xe “dx 

I= xfe*dx _ fife axa 
Xx 


= xe* — [l.e%dx =xe*—eX+C 


Note: 


In the above integral, instead of taking x as the first 
function and e* as the second, if we take e* as the first 
function and x as the second, then applying the rule 
for integration by parts we get 


e* .x)dx-e* 1 x?~[e*%1x2dx 
Jie%.x) aX Jeoe dx, 


The integral ssetx dx on the right side is more 


complicated than the one we started with, for it involves 
x? instead of x. 

Thus, while applying the rule for integration by parts 
to the product of two functions, care should be taken 
to choose properly the first function, i.e., the function 
to be differentiated. 

A little practice and experience will enable the student 
to make the right choice. 


(Z.|\Note: 


1. When determining the function v from its 
derivative, we can take any arbitrary constant, 
since it does not enter into the final result. This 
can be seen by adding the arbitrary constant C in 
the formula of integration by parts. It is however 
convenient to consider this constant equal to zero. 


J uvax 
=u(fvdx+c,) - \2 . [Jvax-cy) fas 
=ufvdx +uc,- J[$t-frax foc, 


=ufvdx [fe tx 


We see that the constant C, cancels out, thus giving 
the same solution obtained by omitting C, , thereby 
justifying the omission of the constant of 
integration when calculating v in integration by 


parts. Also note that [vax should be taken as same 
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in both terms. 
2. Sometimes, a constant can be used to simplify 
the calculations. For example, 


find +x) dx =In(x +1).(x+1) i) A “oct Idx 
X+ 


(x+ 1). In(x+1)—x+C. 
Thus, we have simplified the computation of the second 
term by introducing a constant of integration C, = 1. 
3. The method sometimes fails because it leads 
back to the original integral. For example, let 


us try to integrate [tax by parts. 


[xx -1x-f(-4)s dx 


=> [xtax =—]+ [x tax +C. wll) 


and we are back where we started. 

This example is often used to illustrate the 
importance of paying attention to the arbitrary 
constant C. If (1) is written without C, it leads to 


the equation [x tax =-]+ is dx, which is false. 


Evaluate J xtan-! x dx 
[rtanx dx 


2 1 x2 

= -l 
=F AM A), le ae 

2 2 

x +1-1 
a t -l 
an! x = ag x 
-l 1 1 

re X- 3 “341 % 

x? 


1 
= tan! x 3 Ix tan! x]+C. 


Evaluate [x In-+x) dy 
[x ind +x) dx 


? j= BE 


Xx 
In(x+1). ee gee 


2 


1 x? 
5 In(xt1)- 5 lee dx 


x 1 px?-141 
In (x n-5] ee 


2 2 
x l ¢x-l 1 
2 ey) Here ) PR he 


Evo -tffonm ta 


oe | Lara Peay 
eer ee CL aa 3 +C 


\-.|Note: 


Very often an integral involving a single logarithmic 
function or a single inverse circular function can be 
evaluated by the application of the rule for integration 
by parts, by considering the integral as the product of 
the given function and unity; and taking the given 
function as the first function and unity as the second. 
The principle is illustrated below. 


Evaluate finx dx 
pees 


= Inx| dx — f{-<anxy : Jaxx 


=Inx.x- J+ 


N 


x dx 


=xInx- fax 
=xInx-x+C. 


Evaluate J tan! x dx 
I= ftan'x.1dx 


= tan! x [dx = Is (tan x) faxfax 


=tan!x.x- ji .x dx 
jie ae 

=x tan-!x— ae 2x dx 
ie a 


=x tan x— sind +x2)+C, 


Integrating Inverses of Functions 


Integration by parts leads to a rule for integrating 
inverses that usually gives good results : 


[Pt odx = f yf" (dy 
y=f (x), x = fly), dx =f(y)dy 
= yfly) — | f(y)dy = xf(x)- f(y)dy 


The idea is to take the most complicated part of the 
integral, in this case f-!(x), and simplify it first. For 
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the integral of In x, we get 
[inxax = [ye*ay 


y =Inx,x=e", dx =e"dy 
=yey—eY+C 
=xlInx—-x+C. 


-l 


For the integral of cos” x we get 


[cos x dx = ycosy— [cos y dy 
where y=cos! x, x =cos y 


=x cos! x- [cos y dy 
1 
1 


=xcos x-—siny+C 

=x cos! x—sin (cos! x) +C. 
Generally, we can integrate f!(x), the inverse function 
of f(x), if we can integrate f(x). 


Evaluate fincx + x? +a? )dx 
I= [inc +4/x* +a7).1dx 
=In(x + x? +a° )f idx 


{| L{in(x +[x> +a? } . fas as 

= In(x + fx? +a? .x- a dx 
x +a 

= xIn(x + 4/x? +'a° ) |S 


x dx 


a(x? iar 
x dx 
To evaluate | > 9, , put x*+a*=z?, so that 
V(x" +a‘)? : 


xdx=z dz. 

T= xIn(x + Vx +a’)- Vx +a’ tC. 
Evaluate | x"Inx. 
Wehave | x"Inxdx= f (In x). x" dx 


xntl 1 xntl 
=(Inx). . dx, 
oe) n+l J x n+l . 
[Integrating by parts taking x" as the second function] 
xntl 
Xx 
I dx 
=n): n+l J n+l 
xntl xntl 


a Us oe (n+1)° OP 
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In(sec™! x)dx 


Example 8. Feaivate:| es ay 
(Solution) Put sec! x =t so that —————— 


Then the given integral 
=f intat=f dno. tat 


dx =dt. 
x(x? —1) 


1 
=(Int).t- [> tat 


=tInt-[ dt=tInt-t+c 
=t(Int-—1)+C=t. (Int-Ine)+C 


t sec! x 
Stn +C=(sec!x) In a ee 


[= 
Example 9.| Evaluate [tan (; —*) dx 
Solution Put x =cos @ so that dx =— sin 0 dO. 


The given integral 


tan7! 1-—cos0@ ; 
J co 1+ cos0 (sin 8) do 


=— | {tan (tan 1/2 6) sin 6 40 


II 


~ [<osino do =— ~fosino ao 
2 sin 2 sin 


1 

=— 5 [0 . cos 6) J Ccos 6) 40] 
= +10 cos6— f cos. dé 
5 cos 8— | cos 1 

1 
= 5 [8 cos 8 —sin 8] +C 

1 
= 5 [xcos! x—(1-x’) +C. 


Example 10.) Evaluate i) x? tan! x dx 
We have | x? tan! x dx 


3 3 
ays i 1! 
3 tan’ x i) 


3 14+x? 
Integrating by parts taking x? as the second function 


2 
x ayy =e ne ae 
3 1+x 
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x? 


1 11 2 
=~ tan tx; | x dx+ —| is 


53 


1+x? 


xX)+C, 


-.|Note: The operation of integration by parts 


can be used successively, i.e. we can repeat it several 
times. 


Find | xe*dx. 
[re*dx=x2C07)— [Ce 2x dx) 


=-x2e*+2 J xe*dx 


1 
= —tan!x-—x?4 gins 


=—x2e*+2[xCo%)— | Ce*)dx] 
= x2e*%— 2xe*— 26*%+C 


Pal 
oO 


=X +=xe™* —=e7* 4 
4 4 c 


Il 


—e* (x?+2x+2)+C. 
eee 
F ‘ 2x 
[= e*dx =x? 3x°.—dx 
fx 
2 2 
= 1 3.2% 3 x? e is - x dx 
2 2 2 2: 
— 15392 _ 3.52924 +3] xe™dx 
2 
2x 2y 
= 1 392 2 ek 42 x= fis dx 
2. 4 2 2 2 
1 ,3,2x_ 3 26 2x ,3..2x 37 .,2x 
=—x"e 2x +2xe“"—-~|]e 
2 4 4 ru dx 
1,3,2x 3. 2 92x 3.52%. 3.22% 
2 
1 
8 


(4x3 — 6x? + 6x — 3)ec 


Evaluate | (p> + 6p) sin p dp 
I= [ip + 6p)sinpdp 
=—(p?+ 6p) cos p + [op + 6)cospdp 


=—(p?+ 6p) cos p + (3p?+ 6) sin p— | opsin pdp 


=—(p>+ 6p) cos p + (3p? + 6) sin p 
Ap —pcosp + [eosp dp] 
=~—(p?+ 6p) cos p + (3p? + 6) sin p + 6p cos p 


—6sinp+C 
= 3p’ sin p —(p?+ 6p) cos p+ 6p cos p+ C 


= 3p’ sin p— p> cosp+C 
= (3 sin p— pcos p) p*+C. 


Example 14.| Evaluate [sec%x dx 
I= [sectx dx = [secx . sec2x dx 


Here both functions are trigonometric and integral of 
sec?x is tanx which is simpler than the integral of secx 
which is In(secx + tanx). Therefore, we take sec?x as y. 


I= secx tanx — | (secx tanx) tanx dx 


= secx tanx — [ secx tan2x dx 


= secx tanx — secx(sec*x — 1)dx 


= secx tanx —I+ [ secx dx [+ I= [ soctx dx] 
or 2I=secx tanx + In(secx + tanx) 
t 1 
I= — + Pes + tanx)+C, 


—s Note: While performing integration by parts, 
sometimes the original integral appears on the right 
hand side, which we name as J and transfer on the left 
hand side. 


Evaluate I = [ve ~x°dx 
Integrating by parts, taking the first 


function ,/g2 —x? and second function 1, we have 


I= [ve — x? ldx 


(2x) ee 
i ae x dx 
Bee i+ a’ —x? 
2 
—xX 
_ 2 dx 
=xvVa —-xX | 
7 a x 
(ask )—a" 
=xvVa*—-x’? —4 aa dx 


=x Va? —x? [va S dxta’| 
=xJa?—x? —I+a?’sin"(x/a)+C, 

or 21=xVa*—x* +a?sin“|(x/a)+C, 

or I= eva? —x? + . a’sin"! (x/a) +C, 


where we have written C for 1/2 C). 
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Example 16.) EvaluateI= [vx -a’ dx. 
Integrating by parts, taking the first 


function /x* —a’ , and second function 1, we have 
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j= _4? a ales Aer 
Sy ae (x? —a ean be 
Vx? -a? 
=x Vx? =a? — fvx —a’ dx— a aa 


=x Vx’-a* —I-a?In|Vx*-a’ +x, 
or 21=xyVx?-a? —a?In|V¥x? -a> +x|+C, 
or I= ax vx? =a? — 5 a? In| Vx? — a? +x|+C 


where we have written C for 1/2 C,. 
Example 17.) EvaluateI= fv x? +a? dx. 
Integrating by parts, taking the first 


function ,/x? 4g? , and second function 1, we have 


= _ fi__2x 
I= Jx? +a? -X Die 


Bi 9 2 
Be: +a°)-a aS 


<a 


dx 
=x fx? 492 — [ Vx? +a peer | ee 
=x x? 4a? —I+a2In| Vx" +a° +x|+C, 
or 21=x Vx? +a? +a?In|vx? +a? +x|+C, 
or I= pat ae + . a? InJ¥x? +a* +x/+C, 


where we have written C for 1/2 C). 


Note: 


(i) i e®, sin bx dx = 


= eee 


ax 


e 
Tae (asin bx —bcos bx) +C 


e 
(ii) [ e*.cosbx dx = ae ab? (2008 bx +b sin bx) +C 


Proof: 


Let us evaluate I = | e* sin bx dx. 
Integrating by parts taking sin x as the second 
function, we get 
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1-2 SOP fac ( -25P*) ds 
b b 
e™ cos bx 


b 
Again integrating by parts taking cos bx as the second 
function, we get 
sin bx | 


b 


+ = | etees bx dx. 


e“cosbx a]/e™sinbx er, 
+ fae 
b b b 


et cos bx | ae b 
e* sin bx 
b b? 


or [=- 


2 
- pz Jemsin bx dx 


ax 2 


7 (a sin bx —b cos bx) — at 


2 
a 
Transposing the term — $2 I to the left hand side, we get 


2 ax 
Cae {pF (asin bx ~b cos bx) 


1 1 
or 73 (a*+ b*) I= ®X (a sin bx — b cos bx). 


eo 
[= [°° (a sin bx —b cos bx). 


1 
Thus, } e* sin x dx = = e** (2 sin x—cos x) +C. 


a 
We can proceed similarly to evaluate . | cos bxdx. 


Integration of a complex function of a real 
variable 


We can define a complex function as 

f(x) = u(x) + iv(x) 
of a real variable x and also its derivative 

f'(x) =u'(x) +iv'(x). 
A function F(x) = U(x) +1V(x) is called an antiderivative 
ofa complex function ofa real variable f(x) if 

F(x) =f(x) (1) 
that is, if U(x) +1V'(x)=u(x) + v(x) (2) 
From (2) it follows that U'(x) = u(x), V'(x) = v(x), that i 1S, 
U(x) is an antiderivative of u(x) and V(x) is an 
antiderivative of v(x). 
It follows, from this definition, that if 

F(x) =U(x) +1V(x) 
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is an antiderivative of the function f(x), then any 
antiderivative of f(x) is of the form F(x) + C, where C is 
an arbitrary complex constant. We will call the 
expression F(x) + C the indefinite integral ofa complex 
function ofa real variable and we will write 


leddee lied] wake ROSE 
The definite integral of a complex function of a real 
variable, f(x) = u(x) + iv(x), is defined as follows : 


b b b 
} f(x)dx = | u(x)dx +i } v(x) dx 


Nawthis niivides an alisenande method to evaluate 
the integrals fem cos bx dx and Q= } e* sin bx dx. 
Let P= } e* cos bx dx 
and Q= | e* sin bx dx. 

P+iQ= fom (cos bx + i sin bx) dx 

x | eX gibx dx = | elatib)x dy 


(a+ib)x : 
e — ib 
= +C+iD = ——— eax pibx H 
PER = ae e'™+C+iD 
e" . . . . 
= aol epee (a—ib) (cos bx +1 sin bx) +C + iD. 
(ae™ cos bx + be™ sinbx)+i(ae™ sin bx —be™ cos bx) 
abe 
+C+iD. 


Equating real and imaginary parts we get the values of 
P and Qas before. 


e™ (acos bx + bsin bx) 
a+b 
e** (asin bx— bcos bx) 


a+b? 
3 
Example 18.| Integrate eae dx 
I= J ecos* xdx 


1 
=a } e 3X(cos 3x +3 cos x)dx 


1 
taal oes —3x —3x 
= ral e cos 3x dx +3 e cos x dx] 


3x 3x 
ae eye i E (—3cosx+sinx) |+C 
4| 18 10 


—3x 
= a {in 3x~ cos 3x) +5 (sin x—3cos } +C. 


Example 19.| Evaluate I= | e* sin 3x cos x dx. 
1 
ee 2x 1 
I= 5 fe - 2 sin 3x cos x dx 


1 
are | e* (sin 4x + sin 2x) dx 


1 
ees 2X of 2X a4 
= tl e sin 4x dx + f e-* sin 2x dx] 


20 v8 


1 ex ; a e2* : 3 
a sin(4x—tan” 2)+—=sin(2x—-tan™ 1) |+¢ 


= 5 apn tan”! 2)4 gsin( 28 *)| LC. 
Example 20.| Evaluate Jxe* cos x dx 
Ixe* cos x dx 


3 : e* . 
=x S (cosx+sin x) — J 1. > (cos x + sin x) dx 


xX 
= x (cos x + sin x) 


1 
2 
Alternative : 
Let 1,= = Jxe* cos x dx and 1,= = Jxe* sin x dx 
Coad I,+iL= = |xex ee +i sin x) dx 


4 xX 
es (cos x + sin x) + 3 Ginx cos») +C 


Ser: eX dx 
; (1+i)x (1+i) 
= fxe"*ax = xe e — +C+iD 
1+i (1+i) 
1,=] xetcosx dx 
e(ltDx efltDx 
= x ——— +C+iD 
real part of ee i 
xe*(cosx + isinx ; 
=real part of ( 5 dq i) 
X (cosx +isinx : 
a= ( 2 ) +C+1iD 


2; i 


xX x 
xe : et. 
a, (cos x + sin x) — “> sinx +C. 
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Evaluate I = | Inx.sin-!x dx. 
I= (x Inx —x)sin!x 
xInx x 
= dx + | ————- dx 
Fame 


[Taking sin~!x as the first function] 


(1) 


xInx 


i 
Put x=sin0, then dx = cos0 dO 
Js xInx 


Now in order to evaluate i 


> dx = [sin OInsin do 


=— cos In sin8 — (2 cos8 . cot6 dé 


cos’ 0 
=— cos In sinO + do 
cos@ In sin leer: 
1— sin’ 0 
=—cos0@ In sin® + |—~co 
sin 8 


=—cos9@ In sin® + | (cosecO — sin®) dO 


=—cos9@ In sin® + In(cosec6 — cot) + cos 
2 
(ae pie x 
x 


From (1), 


I= (x Inx —x)sin"!x+ * Inx 


x? sin- x 

Example 22) Evaluate [7 
x? sin” 

(Solution) Let!= | [— aya dx 


Put x=sin 9 orsin™ fee 0. 


Then dx =cos 0 dé. 


I= jue 9 6 de jouer) 40 
50 cos ; 


cos’ 0 
= [ 0 [sec 0 tan 0 — sin 6] do 


= 0 (sec 8+ cos 6) — | 1. (sec 8+ cos 8) dO, 


(Integrating by parts taking sec 0 tan 0 
— sin @ as the second function) 
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= 0 (sec 8 + cos 8) —In|sec 8 + cos 8|—sin 8+ C we have 
(43 * d a) i 2-0) 
=O eau0 a ee I= sin 20 dO 
GY) 
(1+ cos” 6) 0) | 1+sin® . “ sin-1] Vx + cos! VK = 7/2 
7 |-sino+c [*." sin x + COS n/2] 
ey one = 2{(26- 4 sin 20 dO 
(1+1—sin? 6) per ae 
=60 : - z —sin6+C + [sin 20d0— 20 dO 
(1—sin’ 0) 1-sin®@ = sin J sin 
pL: I ern: 4|o(=20528). foms28 go | 20828 
+ 
neo 2 n| i=snd | sin6+C Tl 2 2 2 
4 0 —cos20 4 sin20 4 £0820, 
2-x? 1 |1+x a: 2 4 e) 
= ae gy | ee 
sin™'X—X In i +C 2 ae 
V(l-x’) ae = 7 [0 @sin? 0—1)+sin cos] + 1=2sin 0 4. 
Example 23) Evatuater= {8 4x —008 egy = 2 (2x1) si! Vx +VxVI-x }+ 1-2x 4c 
sin Vx +cos! vx 2 
Putting x=sin20 and dx =2 sin @ cos 0 d0, =< [(2x-Isint vx + ¥xVI-x]-x+C. 


ee 


1. Evaluate [inex +3)dx using integration by 


(ii) [md +x)"*dx — (ivy) J 
5. Evaluate the following integrals : 


(i) [sect (i) [ xsin'x 


parts. Similify the computation of fv du by iene 


3 
introducing a constant of integration C, = 5 when 
going from dv to v. 


-l fi i 
2. Evaluate [xtan x dx using integration by parts. (ii [sin ie i) [sin as ae 
Simplify the computation of [vu by re 
1 6. Prove that 
introducing a constant of integration C, = 5 when tee ‘ 
poinetonvay torn. | (Inul) du= was —2u Inu +2u+C. 
3. What equation results if ae by parts is 


dx with thechoices 7 Prove that Je eS os 


applied to the integral |= 
xInx 
8. Prove that 

Inx 


In what sense is this equation true ? In what J EOE) de FG) EG) Teg) J ROE Oe 


sense is it false ? 
d Hy } f(x) F(x) dx = f(x) F 
4. Evaluate the following integrals : See et ny J EGS eo) 


1 
u= — anddv=-— dx? 
x 


— £°-2(x) F(x) +... + (1? fx) FO) dx. 
(i) [x In? xdx (ii) finx (x4)? ant 
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9. Evaluate the following integrals : 
In cos x 
o J 


cos” x 
(ii) fsinx . Intanx dx 


(ii) | nd +2x2+x%dx 
(iv) | e* (1+ x) /n(xe*) dx 
10. Evaluate the following integrals : 


(i) } cosec’ x In sec x dx. 
(il) | cos x In(cosecx + cot x) dx 
(iti) | sin x . /n (sec x + tan x)dx 


(iv) | secx . In(secx + tanx)dx 
11. Evaluate the following integrals : 


@) f mextvx? +a?)dx 
(ii) fin? G+ 14x? dx 


(iii) [xin ax 
r 
@ Gay 
1.12 SPECIAL INTEGRALS 


Using integration by parts we can establish the 
following integrals : 


(i) [ efx) +f] dx= &. Ax)+C 
(i) | (x) +xF'Q] dx=x lx) +C 


Proof: 
(i) extftx)+f@)}dx 
Integrating by parts | e* f(x) dx, we have 
[eftxydx= J xje*dx 
= fixer | £0) dx 
Transposing the second integral to the left hand side 


[ ext) + Fo}dx =erfx)+C. 


Alternatively, we may integrate by parts | e*f'(x) dx, 
and derive the same result. 
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Ji 
12. Evaluate the following integrals : ae 
() | 2sin x dx (ii) f 3*cos 3x dx 
(ii) J essinxsin2xdx (iv) fe* sin’ xdx 
13. Evaluate the following integrals : 
@) [sin(inx) dx (ii) fe*sinxsin3xdx 


of 1 x : pees 
sin dx x tan” xdx 
Git) fsin' J——dx ivy J 
14. Evaluate the following integrals : 


(i) J cos! dx (ii) [—_ ce 


(ii je os, je (iv) [tan ax 


15. Evaluate the following integrals : 
(i) | xsinx cos’x dx (ii) J X sec’x tan x dx 
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sin oh 


G— x)? dx 


(iii) [x cos x cos 2x dx 
16. Evaluate the following integrals : 


(i) | x’ e* dx 
(ii) [x8 mxdx 


-.|Note: 


| e* b(x)dx, when (x) can be broken up as the sum of 


two functions of x such that one is the differential 
coefficient of the other, can be easily integrated as above. 


(ii) | (x) +xF"@] dx 
Integrating by parts | f(x). 1 dx, we have 
J to) dx=100).x— | #00. xdx 


Transposing the second integral to the left hand side 


[ tix) + xf"(0)] dx =x lx) +C. 
Evaluate ‘ a 


(Solution) Wehave (= (x — dx= i) (xe*) 


Integrating by parts taking 


(ii) [ee cos x dx 


(x 7 


1 
7 as the second 


function and xe* as the first function, we have 


f xe P 
Geri 
1 1 
a. x Xf x" = d 
ce [ =) i) (e xe = x 
hat the i 1 i : 
[Note that the integral o (x41) 1S — aa 


Gare) Ny 
xe xe* 
= + x dx =— —— +e*%t+ 
x+l1 J ae x+l1 eto 
x+1l-x e 
=e"}1-—~_]+C=e +C= EC. 
x+1 x+l x+1 
Alternative : 
xe x (X4+1)-1 
=]e 
We have ea (4D? dx 
fe 1 1 Jo 
= xt+l (x+1) 
[ &*[f(x) + P(x)] dx, where 
ce a 
ce xed Rad 
(Example 2:) Evaluate fe =="2=* 
1+cos2x 


2+sin2x 


h e 
Wehave Je S, 
il 2 sin 2x 
ele + ae 
l+cos2x 1+cos2x 


je'| 2 ed 
7 2cos” x 2cos” x dx 


- fer [sec? x + tan x] dx 


J e*ftix)+ P00)] dx, where f(x)=tan x =e*tanx +C. 


coxty (K+ 1) +V1=x? 
(x+1) V1-x? 


dx 


(Example 3)]evaluate | © 


Let cos !x=t a ea 
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fet fe Le OM 
(1+ cost) 


‘ 1 sint 
=-—fe + x |dt 
1+cost (1+cost) 


-1 
t cos X 
e€ e 


1+cost l+x 


KD: 
Example 4.| Evaluate te Gtx)? dx 
PG les cae oy ay 
hd eres ea 


1 x 


ete _ ace 


‘ x in 1—2x? d 
Gaxc eye : 


-—e 


is 1 x 
‘ (Gertie) +c 
Evaluate [sin 4x-e * dx 
[sin4x-e8"* dx 


sin x 
[2cos2x-2 
COS X 


II 


2 

cos? xe" * dx 
2 2 

= [2cos2x cos x-2tanx-e"” * dx 


= | 2cos4x cos" x-2tanxsec? x-e"™ * dx 
Put tan?x =t => 2 tan t sect dx= dt 


(1—t)e'dt 
(+t (+t) ~ 


c= 
(+t) 


e'[t+1—2]dt 
a) 
J a+ty 


1 p 
= Ole Sees ld 
Je rar is | ' 


= 2fe ; Jr =C—2e™* cos! x, 
(t+1)° 


Note: 

[ex(ftg tft el)dx=e(f+g)+C 
Example 6.| EvaluateI= | eX (2 sec*x— 1) tan x dx 
I= | e* (2 sec?x tan x —tan x) dx 

= | e* (2 sec*x tan x + sec? x— sec?x — tan x) dx 

= e* (sec? x—tan x) +C, 
Example 7.) EvaluateI= |~ 

cos” x 

I= J eStx(x cos x — tan x secx) dx 


Put sin x =t > cos x dx =dt 
dt —s dt 
cosx 


e x 


Xcos° xX —sinx 
( Nias 


1-t? 


ere t 
i-[¢ sin at 
Ol ene t 
fe sin oer 
- fe {sia t+ : : sar} 
ir Vice 0-2) 


We have 
ne eX(f+g)+C 


=e sine ‘ xc 
Vv1=t? 
‘Example 8.) Evaluate 


I= fe ™* (sin x —sec x) dx 


I= few sin x dx - few sec x dx 


=— el. cosx 


ll 


+ eas sec? x cosx dx — \ sec x dx 
=—e!™*- cosx+C. 


&..|Note: We have [ee(fe" +f) dx =e&f+C, 


because 
[e(fe' +f) dx = [ e8g'fdx + | e&fdx 
Integrating the first integral e& g'f dx by parts, 


= e&f— feefdx+ feefdx 
=e®f+C. 
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Example 9.) Evaluate 


2 2 3 
i [ eCssinx eos (3 COS asagin xis) dx 


2 
We have 


xX 
xe cos” X — XSiNx —CcOsx 
[= i} e(xsinx+ COs x) 2 dx 
x 


x? 


=| e(x sin x + cos x) {css sms) +(=08) Ja 
x x 


= | e&(g'f+ f) dx =e8f+C 


= i) elx sin x + cos x) [cos X+ =ssinxcena dx 


= e(xsinx+cosx) . COSX +C, 


[Example 10.) Evaluate I= [ae ee dx 


1+cosx 
[= 
cee eee 


2 
were x Sec“ X/2 | tan X dx 
2 2 


sin xX Jax 
1+cosx 


x 
= ae 
x tan 7 C. 
Alternative : 
1=f x+sinx { +f sin xX dx 
1+ cosx 1+ cosx 1+ cosx 
2sin —cos 
=| dx + i) z= dx 
2cos 2cos* — 
2 


= ~[ x.secXdx + [tan ax 
2: 2, 2 


x x 
1 tan — tan — ~ 
=—[x. 2 1. 2 dx | ]+ ftandx 
2 1/2 1/2 2 


=xtan——f tan=dx-+ ftan=dx=xtan=+C 

2 2 2 2 

Evaluate I= i) In(inx)+ 1 5 dx 
(Inx) 

[= fisans us 1, x Jos 


xInx Inx x(Inx)? 
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=x In (Inx)— 7 +C. Now I ir A Jo-f( Jed 


: ; Inx (Inx)’ Z 2 
incom Jinx daar! = fol E+(-) 
Letz=Inx 


1 
nt = } e”[f(z) +f (z)|dz, where f(z) =— 
dz = —dx = — : 
x e€ Z \ Z = : 
or dx=e’dz SCRA CESe on; ng 
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1. Evaluate the following integrals : 4. Evaluate the following integrals : 
(i) J e(sin x —cosx) dx fe Ge a (x? -3x+3),, RED) ie 
v (x +2) 
(ii) i e* (tanx — /n cosx) dx 
eX(x? + D ax 
(iii) e*sec x. (1 + tanx) dx. (ii) (mere (x +1) 
2. Evaluate the following integrals : 
fas 2 Usxy 
fe 1- sinx | (iii) fe an a dx 
@ 1—cosx “oa” 
es x 2+sin2x (i v) ea 
(ii) Je 1+cos2x = (x + a a 
fe 2x x ga ae 2 4 5. Evaluate the following integrals : 
(a) — cos 4x (i) e* [ /n(secxt+tan x) + secx] dx 


x 3 x 1 
(iv) fete (ii) fe toe + a 


3. Evaluate the following integrals : 6. Evaluate the following integrals : 


() fe ( *) & (i) fe a 
(i) J (tan(inx) + sec*(In x)} dx 


(iii) a Sa a wy fe Sa x+ V0-x?)sin x, 
ai J ax 


+1 
cy (l-x’) 


( [tse ax 
1+cos2x 


1.13 MULTIPLE formula for multiple integration by parts) : 


Let u and v be two differentiable functions of x 


INTEGRATION BY PARTS (differentiable n times), and let us denote 
In calculating a number of integrals we had to use the (u') by u' and v dx by Vip 
method of integration by parts several times in (u')' by u" and v, dx by v,, ete. 
succession. The result could be obtained more rapidly | Now, uv dx = uv, —u'v, dx (1) 


and in a more concise form by using the so-called (by integrating by parts) 
generalized formula for integration by parts (or the Again, u'v, dx =u'v, —u'"v, dx, (2) 


) u"'v, dx = u"v, — J u''v, dx, (3) 


J uv, dx =ul"v, dx — i uv, dx, (4) 
where u™ denotes fourth derivative of u. 
Combining (1), (2), (3) and (4) we get 


— ' " WH. 
i) uv dx = uv, —u'v, + u"v,;—u""v, 


+ C14] uv, dx (5) 
And generally, 


) uv dx = uv, —u'v, + u"v,—ul"'v, + ..... 


+(-1)™!u@Y)vi +l ) uv, dx — ...(6) 

where u™ denotes n' order derivative of u. 
The use of the generalized formula for integration by 
parts is especially advantageous when calculating the 
integral {PF (x)(x)dx where P (x) is a polynomial of 
degree n, and the factor (x) is such that it can be 
integrated successively n + | times. 
For example, 

I= i) x*cos x dx. 

= x*sin x —4x3(—cos x) + 12x?(-sin x) 


—24x(cos x) +24 sinx +C 
=x*sin x + 4x3 cos x — 12x” sin x —24x cosx 
+24 sinx+C 


Applying the generalized formula for 


integration by parts, find the following integrals : 
(i) [oe —2x? +3x—1)cos2xdx 
Gi) (2x? +3x7 -8x + 12x + 6dx 


(i) [@ — 2x? +3x—1)cos2xdx 


(3-22-+3x-1) sin2x Bx ax+3)(- a 
sin 2x cos2x 
+ (6x —4) ( 8 ) —6 16 +C 
= SINK (9y3—dy2+3x) + aa (62-8x+3)+C 
(ii) [(2x? + 3x7 -8x + 12x + 6dx 
3/2 
= (2x3+3x2—8x +1) CX+O) 
(2x +6)>/? 


G2 ek 
ole a am 
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7/2 9/2 
stiolee aa D = ur +C 
Z was (2x +6)(70x? — 45x? - 396x +897) +C. 


Now, consider some more illustrations on integration 
by parts. 


2x+2 


+ -l 
aa eg ererrerr ie 


2x+2 


fein" (a 
V4x7 +8x 413 


| 2x+2 ) 
= sin ———————————— dx 
V(2x +2) +3" 


Put, 2x + 2 =3 tan 0 > 2 dx =3 sec? 0d0 


. _1( 3tan0 \3 
= [sin 77 sec’ 6 d0 


3secO 


= 5 Fo sect 0d0 = > fo tano— f tan 0.40} 
2 2 


3 
= 7 (0 tan 8 — In |sec O[} + C 
2 
a5?) | (J) tC 
3 3 


=) 2+ ran (26 »| ina 8x13} +C 


23 2x+2) 
2] 3 


2 3 
=(x+ 1)tan7! (Za+n)-3 In (4x2+8x+13)+C. 


2 2 
x" (xsec* x + tan x)dx 
Evaluate {* 


(x tanx + 1? 


2 xsec” x + tanx 


ee rere 


(- )-[2=.(-pe es) 9 
(xtanx +1) (xtanx +1) 


xsec” x + tanx _ dt 
Je 


using, 
. J (xtanx +1) 


1 1 


t (xtanx+1) 


xsin xX + COSx 


J 2x(cos x)dx 


Pe 
3 l= xtanx+1 
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Put, x sin x +cosx=u 

=> (xcosx+sin x—cos x) dx =du 

I x? [2 x 
~ (xtanx + 1) 


2 


- +2 In ful +C 
u xtanx+l1 Ml 


x2 


=— —— +2 ]n]xsin x + cos x|+C. 
xtanx+1 


sec x(2 + sec x) 


Example 4.| Evaluate ae dx 
Let 


sec x(2 + sec x) 2cosx+1l 
sf 5 dx=[ 5 
(1+ 2secx) (2+cosx) 


{ cos x(cos x + 2) + sin? x 


dx 
(2+cos x) 


=| cos xdx { sin? x 
2+cosx 4 (2+cosx) 
In the first integral integrating by parts taking cos x as 


the second function and keeping the second integral 
unchanged, we have 


sin xX | sin’ x f sin’ x 
2+COsx (2+ cosx) (2+cosx) 
sin Xx 
> = T 
2+cosx 


"dx 


xX 
Let,1= | Aad 
oi (xsin x +cosx)° 


We know, 


d 1 + 
dx \ xsinx + cosx 


—XCOSXK 


—{sinx + xcosx —sin x} 


(xsinx +cosx)” 


(xsin x + cos x) 


{ —XCOSX ae 1 


(xsin x + cos x) (xsin x + cos x) 


—X.COSX —xX 


> I= | : z: 
(xsinx+cosx)” cosx 
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—x 1 
vu \cosx )’ (xsinx + cosx) 


(eee 1 
cos” x X sin xX +Ccosx 
—x 
: | sec? x dx 
cos X(xX Sin x + COS X) 
—X 
[= +tanx +C, 


cos x(x Sin x + COs X) 


(se tant ~xsec” 1) dx 
x x 


= i) 3x? tan 4 dx —f x sec? + dx 
xX Xx 


=tan 1 x3 Jfsee *\(-3) «dx 
x x x 


=f gph ge Sa x +C. 
x x 


Jas 
x 


Example 6.) Evaluate J [3x tan xsec” 1 


Example 7.| Evaluate i) cot! (x?+x+1)dx 


Let I= J cot! (x?+x+1)dx 
1 
=f aw (aa) 


1 = 
peal) 


1+x(x+l) 
= i) {tan-! (x + 1) —tan“! (x)} dx 
= i) tan! (x +1) dx- J tan“! (x) dx 
applying integration by parts, we get 
ae ae 
14+(x+1)? 


_ fan x)x- [x : > ax| 


+X 


= {tan (x+1)} x- J Xx. dx 


=x {tan (x +1)—tan"!x}+ le 5 
x 


liane 
~$ 1404x2) 


1 
I=x {tan (x + 1)—tan!(x)}+ 5 In(1+x’)-I, 


(1) 


- |, 
lel daa & 
put 1+x=t,dx=dt 


7 Le =| “ lee o 


1 
F 5 in |1 + t?|— tan“! (t) 


1 
L= 5 nll + (1 +x)|—tan'(1 +x) (2) 
From (1) and (2), 


1 
I=x{tan! (x + 1)—tan! (x)} + 5 all —x7| 


1 
= 5 In| + (1 +x)*} + tan! (1+x)+C. 


ae 


—xX 


dx 


‘Example 8.) Evaluate ) 


| nee), 


l-x=t => dx=-2t dt 
I =-2) m(+(-t)) dt 


=-2f in(t*=2+2).1 dt 


--2| tn - 21? +2)- pe Hear 


Ot 49 
Ste21 dn (U a2 2) (peer 
= —2tin(t*-20+2)+ 8) a 47 54t 
= —-2t In(t*-2t?+2) 
(soma ETE), 
72 20 +2 
I= —2t/n(t*—2t?+2)+ 8t+ 81, (1) 
j v? f 2dt 
Now I, = f—opd2 dt tt —-2r242 = 


2 
t 

= dt 
ree 


I,(say) 


| dt 
P-24+5 


I (say) 
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pas) we) at 
2 ay Wena 
14-2) at 


2 (1-2) +/ 2 ( 2-1)) 


Now we can compute I from (1). 


1.80 O 


x? +n(n-1) 


Example 9.) Evaluate | (xsinx +ncosx” ™ 


x +n(n-1) 
ieee joe 


2n—2 


Multiplying and dividing by x*"~ *, we get 


2n-2 


I= i (x? +n(n-1))x 
(x"sinx + nx"! cosx) 
We put x"sinx +n x"-!cosx=t 
=> (nx? !sin x)+(x"cosx)+n(n—1)x"?cosx 
—(nx"~! sin x) dx= dt 
=> x 2cosx.(x?+n(n—1))dx=dt 
Keeping this in mind we put, 


x". sec x dx 


I= f (x? +n(n—1)).x" *.cosx 
(x"sinx +nx"!cosx)” 
vu and applying integration by parts, we get 


1 
=x"secx. no =1 
COS X) 


(x" sinx + nx" 
. (x"secx tan x +nx".sec x) 


(x" sinx + nx" cosx)dx 


x sec X 
= f ) + [sec? x dx 
(xsin x + ncosx) 


(xsec x) 


= : +tanx+C. 
(xsin x +ncosx) 


Example 10.| Ifcos 09> sin 0 > 0, then evaluate 
{ nf 1+sin a. n nf cos 20 ) 
I= 1—sin20 1+sin20 J { 4. 
Here 


7 J2e0s pin Soret) in S50 ae 
cos8—sin® cos0—sin0 


cos + ne 
cos0—sin®@ 


= j (2030-1) n[ 


cos0+sin0 
= [ cos 20. 1n (eS co 


cos —sin® 
on applying integration by parts. 
(<= 4 sin20p 2 ~ sin20 
= i) 


‘ dé 
2 cos20 2 


cos @—sin@ 
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— sin20, |cos0+sin0 
In 


2 


+ : In |cos 2 6|+C. 
cos@—sin®8| 2 


i las - 
a Here, we know 


f dx 1 tan”! x i 
x+a? oa a (I) 


1 1 —2 
Also, |p e- x ) a x xdx 


a x? +a? (x? +a”) 
x xX’ +a°-a’ 
2 2] 2 222 
x +a (x° +a) 


} a= 5 +2] —_ 2a°| — 2) 


x+a x+a x +a (x +a’) 
From (1) and (2), 
ls = Oe ge 2a” | si 
a a x’+a a (x° +a“) 
dx x Tt e278 
=> 2a = +—tan 
Ie +a°y x?+a? a a 
f aod | a ee . 
= (x?+a?y 2a* (x? +a? a a ae 


(Example 12.| Bvaluate | 
— dx 
Solution) Let 1= | oy (A) 


1 
and I, = laa dx ...(2) 
1 
Sap de 
= 1 { —2(2x) 
(x? +a’) ; (x? +a’) 
x ies +a? —a’ F| 
7 (x? +a’) (x? +a’) : 
- x 1 fox 
(x? +a?) +4| aa ae eatea: 
=> = +41,—4a?. I [using (1) and (2)] 


(x? +a’ ‘s 


x 3 
=> 4a?I= Gane aah 3) 
{Using, previous example 
x 1 


-1{ X 
~tan ( Jr 
a 


L= = 
: laa 2a?(x?+a7) 2a 
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xX 


> I= 4a? (x? +a’) 


+ 3 = + d wav'[®) 
4a? 2a? (x? +a’) 2a" a +C. 


Practice,Problems Li 


Evaluate the following integrals using multiple 
integration by parts : 


1. i x’ e& dx 

2. J? +3x+De™ dx 
) x? cos 2x dx 

ere cos” xdx 


f (x3 —2x? +5)e**dx 


SY ON Be 


i} (x? —2x +3)¢nxdx 


1.14 INTEGRATION BY 
REDUCTION FORMULAE 


In some cases of integration, we take recourse to the 
method of successive reduction of the integrand which 
mostly depends on the repeated application of 
integration by parts. This is specially the case when 
the integrands are complicated in nature and depend 
on certain parameter or parameters. These parameters 
may be positive, negative, or fractional indices, as for 
example, x" e*, tan"x, (x?+ a7)", sin™ x cos" x, etc. 

To obtain a complete integral of these trigonometric 
or algebraic functions, we first of all define these 
integrals by the letters I, J, U, etc., introducing the 
parameter or parameters as suffixes, and connect them 
with certain similar other integral or integrals whose 
suffixes are lower than that of the original integral. 
Then by repeatedly changing the value of the suffixes, 
the original integral can be made to rest on much 
simpler integrals. This last integral can be easily 
evaluated and knowing the value of this last integral, 
by the process of repeated substitution, the value of 
the original integral can be found out. 

The formula in which a certain integral involving some 
parameters is connected with some integrals of lower 
order is called a Reduction Formula. In most of the 
cases the reduction formula is obtained by the process 
of integration by parts. In some cases the method of 
differentiation or other special devices are adopted. 


[ Gx? +x —2)sin? (3x + Idx 


Evaluate the following integrals using integration by 
parts : 


9, [cos 2x In(1+ tan x)dx 


10. (ea “) dx 


-1 


(1+ aie one 
“ [- nx" 


(l-x")V1-x7" 
Find the reduction formulae for 


fan’ xdx and J cot” xdx , 
L= [tan’ xdx = fran’? x tan” xdx 
= fran’? x(sec” x — l)dx 


= [tan xsec” xdx - ftan™? xdx 


tan" _ 
[tan” xdx = —[tan" > xdx 
i 
7 tan?! x 
n n-1 = Tai 


Similarly, I,= | cot" xdx = | cot” * xcot” xdx 
= [eot” x(cosec?x — 1)dx 


= foot” xcosec?x dx — fot"? xdx 


cot”! x a 
> [cot” xdx =— - [cot > xdx 
a 
_ cot"! x 
ie ooo n-1 = To. 


Above are the required reduction formulae which 
reduce the power of tanx or cotx by 2. By successive 
application of these formulae we shall ultimately 
depend on 


i) tan xdx or i) cot xdx 


1.82 0 


when n is odd and which are In|sec x| or In|sinx| 
respectively or will depend on 


[tan? xdx or [ cot? xdx 


Le. [ (sec? x —l)dx or J (cos ec’x — l)dx 


which are (tanx — x) or (— cotx — x) respectively. 
For example, 


6 4 2 
tan’x tan’x tan’x 
| tan’ xdx = In|secx|+ C. 
6 4 
5 3 
6 tan-x tan’ x tanx 
fran xdx = + x+C, 
5 3 1 


Obtain the reduction formula for 


I, = [sec? xdx. 


I, = [sec” xdx = [sec”™ x. sec” xdx 
Integrating by parts, 

I, =sec™?x. tan x 

- | (n—2) sec™3 x sec x . tanx . tan x dx 


In order to put this equation into the desired form, let 
us replace tan?x by sec” x — 1 in the new integral to 
yield 


= sec"? x tan x—(n—2) | sec™? x (sec?x — 1)dx 


= sec"? x tan x—(n-2) [ | sec"x dx — | sec”? x dx] 
= sec”? x tan x—(n-2)I, + (n-2)I, 5 
Transposing and simplifying, 
sec" xtanx n-—2 
= + n-2 
n-l n-1 
This is the required reduction formula. 
With the aid of this formula, using it several times, we 


can integrate any positive integral power of the secant. 
For example, assuming, n = 3, we get 


I 


n 


[sec xax 7 5 (seextanx + [secxdx} 


1 
7 3 (see x tan x + In |secx + tan xl) +C; 


Assuming n = 4, we get 


[sec’ xdx = 5 (see? xtanx + 2] sec” x dx) 


1 
= (sec? x tan x + 2 tanx)+C, and so on. 
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Evaluate | sec’ xdx , 
Using the above reduction formula, 


5 
- 7 _ sec” xtan x ) 
I, = [sec xdx = —————__ + 6s 
i sec’ x tan x x i 

4 4 
i sec x tan x ‘ 2 
2 2 


I,= [secxdx = In|secx + tanx|, 


I _ sec xtanx 5sec’xtanx 3.5 secxtanx 
7 6 6 4 46 2 
+——In | secx+tanx|+C, 

2.4.6 


Example 4.) Find the reduction formula for 


1,= [ xsin" xdx . 


L= [xsin" xdx =[xsin™? x sin xdx 


Integrating by parts. 
I, = (x sin™ !x)(cosx) 


+f cosx{sin"!x +x(n—1l)sin" * xcosx}dx 
I, =—xcosx sin™!x + fsin™! x COS Xdx 
+(n-1) } xsin" * x(1—sin? x)dx 


pices b 


n xX 


I, =-x cosxsin™ !x + +(n—1)(1,_,-I,) 


sin” x 


(1+ (n—1))I,,=—xcosx sin™!x+ +(n-1)I, 5 
sin" x 


xcosxsin™! x 
a) 


or, [xsin" xdx = 
n n 


n tiga 
+ [xsin" > xdx 
n 


This is the required reduction formula. 


Finda reduction formula for the integral 


| sin nx 


—— dx, 
sin X 


sin nx 


Lett,= fe 


dx 


We havesin nx —sin(n—2) x =2 cos(n— 1) x sinx 


sin nx sin(n — 2)x 
—— =2.cos(n- 1)x + — 
sin x sin x 


Integrating both sides we get 


{ a DX. 2sin(n — 1)x P { Sin(n —2)x ae 
sin x (n-1) sin x 
2sin(n -1 
™ sin(n — 1)x Pi 
n (n _ 1) nh. 


Above is the required reduction formula. 


Example 6.) IfI,= fxrv a’ —x° dx, prove that 


‘ 7 xt l(g? — x7)? (n+1) 
- (n+2) (iD) 


I= Jee a 
= [x ova? —~x"} dx 


Applying integration by parts we get 


mee, (a2 S x2)? 
: 3 


2 2\3/2 
+foo-pxr2 | - 2" ba 


x™1(g? — x23? 


3 
1 
real x02 (q2_ x2) Va’ —x” dx 
aegis xt lg? — x7? _ = la? I (a=), 
: 3 3 Ca 
(n-1) 
1++——l, 
u: 3 
n-l7.2 3/2 
1 
__x (a° — x’) pe Ja? Lo as 
3 3 
(2) aa Yaka (ene Fats Va’, 
an fs 3 3M 
; xa? — x2)? (n— Da? 
AEB Shad) (ie oy 
Example 7. | Finda reduction formula for the integral 
f dx 
(x? +k)"" 


To obtain a reduction formula, we 


OO 1.83 


integrate 1/(x? + k)"~ ! by parts, taking unity as the 
second function. 


S( ae 
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Thus, I, , (+k) 
ae ete 
(x? +k! (x? +k)? 
xX (x? +k)-k 
=> I, i> (x? re ky! a 2(n = 1) ea 2 ky? dx 
=> a 
n-1 (x? =f ky! 


dx dx 
Te) | (+k K] (x? aa 


x 
Shea eager OD ak), 
x 
2k (n—-1)I = + $2(n—1)-1¢1 
( ) n (x? +k! { ( ) } n—1 
x 
=> 2k(n-1)I, = +(2n—3)1 
( ) iD (x? +k)" ( ) n-1 
Hence, — 
(x +k)" 
Xx e (2n-3) dx 


~ 2k(n—-DO? +k) 2k(n—-DN4 +k) 
This is the required reduction formula. By repeated 
application of this formula the integral shall reduce to 


1 1 ( x 
= Se : ie ee A eee 
that of (2 +k) which is Vk tan VES 
dx 
(‘Example 8.| Evaluate |(—s G43)" 


By the above reduction formula, we get 


{ dx x r 3 { dx 
(x7+3)°  12(x7 +3)? 124 (x? +3)’ 
[Putting n = 3 and k = 3 in the formula] 


x 1 x 1 dx 
= In, aden 2 = | 2 
12(x° +3) 4 (6(x° +3) 6% (x* +3) 
[On applying the same reduction formula by 
putting n=2 andk =3] 


x x 1 x 


= t + —l 
122 43)? | 242 43) avg BD Te: 
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(x + 2)dx 


(‘Example 9.) Evaluate | 557 4,435 +4x43)°° 
[Solution] Here (d/dx) (2x?+ 4x +3)=4x +4. 


F(4x+4)42-1 


| (x + 2)dx 


(2x? +4x +3) Q(x? +4x +3) 


(2—1)dx 


2 
G +2x+5) 
2 


= zJax + 4x +3)2(4x +4) dx 


- Al (4+ 4)dx =| 
(2x? +4x+3)° 


1 1 dx 
4Qx2+4x43) 4 1)" 
for? +5 


Now put x + | = t and then applying the reduction 
formula, we get 


1 
I= 42x? +4x +3) 
2) a+ 


5 + V2 tan Y2(x+D) aC 


(x+1)° ee 


Example 10.) IfI,,= J (sin x + cos x)™ dx, then 


show that m I, = (sin x + cos x)™~!. (sin x—cos x) +2 
(m-— 1) I 35 


L= J (sin x + cos x)™dx 
= J (sin x + cosx)™~!. (sin x + cos x) dx, 
(applying integration by parts.) 


=(sin x+ cosx)™ ! (cos x + sin x) — i) [(m—l) sinx 


+ cos x)™~?, (cos x —sin x) . (sin x —cos x) Jdx 
=(sin x + cos x)™~ ! (sin x—cos x) + (m—1) 


i) (sin x — cos x)™-? (sin x + cos x)? dx 


Since, (sin x + cos x)? + (sin x— cos x)? = 
I= (sin x + cos x)™~ ! (sin x — cos x) 
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+(m=1) [ [(sinx + cos xy"? 
{2—(sin x + cos x)? ] dx 
= (sin x + cos x)™~! (sin x — cos x) 


+(m-1) i) 2(sin x + cos x)™-* dx 


—(m- 1) i) (sin x + cos x)™dx 
I, = (sin x + cos x)™~! (sin x —cos x) 
+(m— D1, 2 ~(m-1)I, 
=> (m-l)I,+ 
Odin s Bey '(sin x—cosx)+2(m-1)I 


=> mI, = (sin x + cos x)™~! (sin x —cos x) 
+2(m—)I, 


Example 11, Obtain a reduction formula for 
J x™(In x)" dx where m, n are positive integers). 


Here, since two parameters m, n are 
involved, we shall denote the integral by the symbol 


m—2 


Lea tj x™(In x)" dx. Integrating by parts, 


m+l 


i. 
: m+l m+ 


1 
—x™ dx 
x 


; | n(Inx)"” 


= rh y- 2 J x" nx)" "dx 
m+1 
= Inx 
( ) 1 m,n-l 
m+ 
> I In - I 
m iS ) 1 m,n-l 


m 
%-.|Note: 
with I 


1. Here we have connected [,, ,, mn_1 and by 
successive change the power of In x can be 
reduced to zero, i.e., after n operations we shall 
get a term I 


ai gh Less i x™ dx, which is easily 
integrable. Thus, by step by step reduction, I, , 
can be evaluated. It may be noted that when two 
parameters are involved this is the usual practice. 

2. Students must be cautious in denoting these 


integrals. For example, I, , #1, ,,in general. 


Obtain reduction formulae for 
i) x™(1 —x)"'dx. 
Solution) LetI,, ,= 
m+l n-l 
“Js .(1— x)" dx 


7 Maye 
+1 m+ 


i x™(1 — x)"dx 


m+1 n 
_ x (x) , n 


“fxd x)" {1-(1 — x) }dx 


m+1l m+ 
m+ n 
x (l1-x) n 
= + I I 
m+l1 sae a ma]. 


Transposing and simplifying, 
m+ n 
_ x (d-x) : n 


m+n+l m+n+l 


Find the reduction formula for 


l= [cos™ x sin nxdx 
mn 


Integrating by parts, I... 


cosnx cosnx m-l : 
= costs{ i }+J a .m.cos. x(—sin x)dx 


m,n m,n-l. 


Ccosnx 


=_cos™x s m Jeo x(cosnxsinx)dx | (1) 


Now sin(nx—x) = sinnx cosx — cosnx sinx. 
“.  cosnx sinx = sinnx cosx — sin(n — 1)x. 
Subtituting in (1) 

_ cos” xcosnx 


fcos™ x sinnxdx = 
n 


ait i) cos™! x[sinnx cosx — sin(n — 1)x ]dx 
n 


cos” xcosnx _m 
n n 


f cos™ x sin nxdx 


4+ im i cos™! x sin(n —1)xdx 
n 
Transposing the middle term to the left, we get 


i cos™ x cosnx 
cos” xsinnxdx = ——— 
m+n 


+ | cos™' x sin(n —1)xdx 


m+n 
Reduction formulae for Jsin™@ cos"6 d@ 
J sin™9 cos"@ d@= J cos"-'9 sin™d (sind) 
Consequently, if we assume 
sin™*' 0 
m+1’ 
The formula for integration by parts gives 


u=cos"!0, v= 


j aad ieee cos™' @sin™*! 0 n—-1 
sin COS aad T m+1 
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J sin™20 cos"20 dd (1) 
In like manner, ifthe integral be written in the form 


- J sin™'0 cos" 6 d (cos 0), 


we obtain 
m-1 
i) sin™@ cos"@ dd = ——J sin™? 6 cos™?6 dO 
n+l 


+ ml n+l 
_ sin Ocos"” 0 Q) 
n+l 

It may be observed that formula (2) can be derived 
from (1) by substituting (m/2 — o) for 8, and 
interchanging the letters m and n init. 
Case of one Positive and one Negative 
Index 
The results in (1) and (2) hold whether m or n be 
positive or negative. Accordingly, let one of them be 
negative (n suppose), and on changing n into — n, 
formula (2) becomes 


sin™ |! 6 


~ (n—1)cos"'0 — 


in™ 0 
Joao 


m-—1psin™’0 


m6) 
m-1/ cos"? 0 8) 
in which m and n are supposed to have positive signs. 


sin” 0 
cos" 6 
depend on another in which the indices of sin 8 and 
cos 8 are each diminished by two. The same method is 
applicable to the new integral and so on. 

If m be an odd integer, the expression is integrable 
immediately. 

If m be even, and n even and greater than m, the 
substitution of tan @ = x is applicable. 

Ifm =n, the expression becomes Jtan™@ d0, which can 
be treated as before. 


By this formula the integral of is made to 


Ifn <m, the integral reduces to that of ‘ sin™™ 9 dé. 
Again, ifn be odd, andn > m, the integral reduces to 
f dé sin™ "*' 0d® 
cos" 8’ cos@ 
The mode of finding these latter integrals will be 
considered subsequently. 
Again, if the index of sin 0 be negative, we get, by 
changing the sign of m in (1), 


and ifn < m reduces to i) 
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cos” 6 ag _ os" 10 
sin™ 0 (m—1)sin™!6 
2 
2 Aa 1 cos” cos. ~0 de (4) 


m-1° sin™* 0 
We shall next consider the case where the indices are 
both positive. 


Case of both indices being positive 
If sin™@ (1 — cos?0) be written instead of sin™? 0 in 
formula (1), it becomes 


os" | @sin™! 9 


m+l1 


J sin™9 cos" ao = © 


n= 7 i) sin™ 6 (cos™ 20 — cos"@) dO 


st -l m+l 
= £08 a O aa sin™ 0 cos"20 d0 


n-l oe Fe 
are | sin™ 8 cos"d dé. 


Now, transposing the latter integral to the other side, 


and dividing by + we get, 


m+l 
n-l : m+ 
J sin™9 cos" do = £28 nee 2 
-1 7 my n-2 
re] i) sin™@ cos" “6 dO (5) 


In like manner, from (2), we get 


i) sin™O cos"@ dO = = a J sin™ 26 cos"@ dO 


- m-l n+l 
_ sin’ 6cos "0 6) 
m+n 
By aid of these formulae the integral of'sin™ 0 cos" 0 is 
made to depend on another in which the index of either 
sin8, or of cos, is reduced by two. By successive 
application of these formulae the complete integral 
can always be found when the indices are integers. 


Case of both indices being negative 


It remains to consider the case where the indices of 
sin 9 and cos @ are both negative. 

Writing — m and —n instead of m andn, in formula (1), 
it becomes 


{ dé = -l 

sin™ @cos"@ (m+n)cos™’ @sin™ 0 
n+l do 

sen ee: ™ §cos"*? 6 
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or, transposing and multiplying by =? 


re 
—_— : 
sin™@cos™?@  (n+1)sin™'Ocos"*' 0 
m+n do 
(7 
n+l Pacer @ 


Again, if we substitute n for n + 2 in this, it becomes 


f de _ 1 
sin™ Ocos"@ (n—1)sin™! cos" '0 


min?| dé 


n-1 “sin™ @cos" 6 (8) 
Making a like transformation in formula (8), it becomes 
( ee: =i 
sin™ Ocos"@ (m-—I)sin™' cos"! 6 


+menn?i do 


F (9 

m-1 4 sin™*@cos"0 ©) 
In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive 
applications of the formulae, the integrals are reducible 
ultimately to those of one or other of the forms 


dé 
J cos and 


do ca 
lise and these can be easily integrated. 


; do do 
The formulae of reduction for | <a and | a 
sin” 0 cos" 8 
are given as follows : 
j—ao_ -__sind +n=2 J (10) 
cos"@ (n-l)cos™!'@ n-l a = 
[= do -cos@_ + n=2 228 (11) 
sin"® (n—1)sin™!6 n-1° sin"? 6 


It may be here observed that, since sin20 + cos?0 = 1, 

we have immediately. 

= Bs +f ® S12) 
sin" 9cos"@ J sin™*@cos"@ ¢ sin™ Ocos”” @ 

and a similar process is applicable to the latter integrals. 

This method is often useful in elementary cases. 


Application of Method of Differentiation 


The formulae of reduction given above can also be 
readily arrived at by direct differentiation. Thus, for 
example, we have 


d/( sin" 0 \_ msin™!6 ‘ nsin™ 6 
dO\ cos" 0 cos" 16 cos" 9 ° 
and, consequently, 


a _ 1sin" 6 ave 

cos"! ncos"@ n/cos"'@ 

Again, 

7 (sin™8 cos"@)=m sin™ '6 cos"*!6—n sin™ 6 cos™'6. 


If we substitute for cos"*!@ its equivalent 
cos" !6 (1 —sin?0), we get 


ae (sin™@ cos"8) =m sin™!6 cos™"!68—(m +n) sin™*!6 
dé 


cos"!, hence we get i} sin™*! @cos" | 6d0 


sin” @cos" @ ,__m fsin™ 1 @ cos"! Odd. 
m+n m+n 
We can simplify the following forms using 


trigonometric substitutions : 


; x" dx 
(i) Ie 2 x2)? 
We put x =a tan 0, 


a transforms into 


; x™dx 
the integral Ie +x) 


O 1.87 
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i sin™@ cos™™ 76d0 (neglecting a constant 


fo 


(ii) laa x2)0? 


Ina rie ae the substitution x =a sin 9 transforms 


j x™dx a™™*! sin™ @d0 
into | 
(a° = xj? cos"! 0 


and, ifx =a sec 9, the integral | 2 


x"'dx 
_ a2 yn 2 
cos"? 6d0 
sin"'0 
(neglecting the constant multiplier). 
A similar substitution may be applied in other cases. 
x'dx 
(2a ax —x Alle > 
let x = 2a sin20, then dx = 4a sin 6 cos 0 dO, and the 


transforms into | 


For example, to find the integral | 


transformed integral is anlar f sin?" 6 dO, which can 


be solved easily. 


Practice,Problems M > 


1. Derive the reduction formula 
1 Hi 3 4 n-l = 
[cos" x dx = —cos" 'xsinx+“— [ cos” >xdx, 
n 


2. Obtain a reduction formula for the following 
integrals 


() [x’e*ax (n21) (ii) [an x)" dx(n > 1) 
3. Evaluate the following integrals : 


do 
() f tan‘oao (ii) leer 


do 
a ‘ Z 
(iti) leas m (iv) J cos°0d8 
4. Evaluate the following integrals : 


i | ae 
® J sin cos” @ 
(ii) J cos?Osin*6d6 


in) Pe sin? a 0 
5. Evaluate the following integrals : 


j— ‘i f x'dx 
ae eee (ii) (a2 +x?) 


3 
x dx 
i ae iV [Sar 
a oe ke ( ) (a7 +x?” 
6. Show that 
Jeo’ ane cot® xX cot® x cot* xX cot? x 
4 2 
+ In|sinx| + C 
cot’?x cot?x cot?x 
7. Show that [ cot® xdx + 
7 5 3 
+cotx+x+C. 


8. Derive the formula 


sin"! x 1 sin" x 
m+1 dx = 
COs x 


n f sin"! x a 
m/ cos™! x 


m cos™ x 


9. If Tae (x cos nx dx (n#0), then show that, 
_ x™sinnx | mx™!cosnx m(m-—1) 
an n ; n n m-2,n° 


10. Ifl,= [cos nx cosec x dx, then show that , 


_ 2cos(n—1)x 
n n2- n-1 
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1l—cosnx 
cre dx, then show that 


2sin(n — 1)x 
ioe n-l ~ 


i. If1,= J 


x” 
12. If] = | —>> dx (n= 2), then show that 
7 ace dx n22) 


ate? aad 
n n n n-2° 


1.15 INTEGRATION OF 
RATIONAL FUNCTIONS 
USING PARTIAL 
FRACTIONS 


A rational function (a ratio of polynomials) is found 
by combining two or more rational expressions into 
one rational expression. Here, the reverse process is 
considered : given one rational expression, we 
express it as the sum of two or more rational 
expressions. A special type of sum of simpler fractions 
is called the partial fraction decomposition ; each term 
in the sum is a partial fraction. In this section we 
show how to integrate any rational function by 
expressing it as a sum of partial fractions, that we 
already know how to integrate. 
To illustrate the method, observe that by taking the 
fractions 2/(x — 1) and 1/(x + 2) to a common 
denominator we obtain 

2 1 2(x+2)-(x-1) © 

x-l x+2 9 (x-D(x+2) x? +x-2 

If we now reverse the procedure, we see how to 
integrate the function on the right side of this 
equation : 


f x+5 ax={[ 2 1 ) 
x7 +x-2 x-l x+2 dx 


x+5 


=—2In|x—1|—In|x+2|+C. 
There are four types of partial fractions : 
. Seaer 
tefles A ele . 
PSS > 
(ii) (x —a) (ka positive integer > 2), 


(iii) 4px (the roots of the denominator are 


imaginary, that is, p?—4q <0, 
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a demi 
13. Prove that ae ~— (n—1)bx"! 


(2n—3)a Jz a ; 
- + 
(2n—2)b Nees: ne): 
14. Deducethe st Acane formula for 


dx 


7 andhence evaluatel, =| (+x) * 


dx 
ehress 


Ax+B 
(iv) (x? + px +q)* (ka positive integer > 2; the roots 


of the denominator are imaginary). 

These are called partial fractions of the type (i), (ii), 
(iii) and (iv). 

It is known that every proper rational fraction may be 
represented as a sum of partial fractions. We shall 
therefore first consider integrals of partial fractions. 
The integration of partial fractions of type (1), (1) and 
(111) does not present any particular difficulty. 


A 
(i) Fs dx = Aln|x-a|+C 


A 
ii) | a 
een +C 
~ (l=k)(x-a)*t 


zosee[s-2) 
d 


(x = ay <1! 


-k+1 


dx = A[(x-a) ‘dx=A +C 


(iii) | Ax+B -{+ 2 x 
x°+px+q x’ +px+q 
=A] ASD dx+ (p_ “ _—<— 
2 “x +pxt+q x° +px+q 
=F Inx?+ px + ql 
-( -*P) dx 
2 ( 2 2 
(x+B) +[a- 
2 4 
_2x-p | 


——=_ + C 


Atn| 24 1 |4 2B—Ap 
»« px + qj 
2 V4q-p’ far V4a- Pp 


The integration of partial fractions of type (iv) requires 
more involved computations. Suppose we have an 
integral of this type : 


; | Ax+B 
(iv) (x? +px+q)* 
We perform the transformations : 


FOx+p)+[B-P) 
ae 


Ax+B 2 
J 2 g ax J 2 k . 
(x° + px+q) (x° + px+q) 
2 A dx 
= | 7 aaa 7 dx4 [B a 5 : 
2° (x +px+q) 2 (x* + px+q) 


The first integral is considered via the substitution, 
x?+ px +q=t, (2x+p)dx=dt: 


{ 2x+p 
(x? +px+q)* 


dt os tet 
dx= Jx-Je dt = ie +C 


1 
= 5 mrte 
(1—k)(x* + px+q) 
We write the second integral (let us denote it by I) in 
the form 


d 
fo reeesory ae We 


_ { dt 
~ J (t?+m?’)k 


assuming x + 5 =t,dx=dt,q a =m 
We then do as follows : 

=| dt 1 p(i+m’)-t 
kJ (@4m)f m2! (+m) 


2 


1 t 
laine 


a 
ae (+m) 
tdt 
Integrating by parts we have | ————-— 
g g byp | (2 +m)" 
1 c 1 -| dt 
 O(k-1) L(t? +m?)* 4 (t? +m?)*T 
Putting this expression into (1), we have 


dt 1 dt 
if = = 
k Ie +m2)* om? ee +m?) 


F re | 1 f dt 
m2 2(k -1) (Ge + m*)! (t? +m’*)K1 

7 t 2k-3 
2m*(k-1(t? +m*)*!  -2m?*(k-1) 


{ dt 
(+m) 
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On the right side is an integral of the same type as I, but the 
exponent of the denominator of the integrand is less by 
unity (k — 1); we have thus expressed I, in terms of ],__,. 
Continuing in the same manner we will arrive at the 
familiar integral. 

1G i y= ae eee 

t"+m° m m 

Then substituting everywhere in place of t and m their 
values, we get the expression of integral (iv) in terms 
of x and the given number A, B, p, q. 
To see how the method of partial fractions works in 
general, let’s consider a rational function 


fix)= 20 
Qi) 

where P and Q are polynomials. It is possible to 
express fas a sum of simpler fractions provided that 
the degree of P is less than the degree of Q. Such a 
rational function is called proper. 
To form a partial fraction decomposition of a rational 
expression, we use the following steps: 
Step 1 : If fis improper, that is, deg(P) = deg(Q), then 
we must take the preliminary step of dividing Q into 
P (by division) until a remainder R(x) is obtained such 
that deg(R) < deg(Q). The division statement is 
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fix) = 2%) = s(x) + ROD 
Qix) Q(x) 
where S and R are also polynomials. For example, 
4 RB 4 3? 
x ae + 5x _ 2 3x Nena 
x +3 x° +3 


Then, apply the following steps to the remainder, 
which is a proper fraction. 
Step 2 : Factor Q(x) completely into factors of the 
form (ax + b)™ or (cx? + dx + e)", where cx? + dx + 
e is irreducible and m and n are integers. 
It can be shown that any polynomial Q can be factored 
as a product of linear factors (of the form ax + b) and 
irreducible quadratic factors (of the form ax” + bx + c, 
where b* — 4ac< 0). For instance, if Q(x) =x*— 16, we 
could factor it as 
Q(x) = (= 4) (X? +4) = (K—2)(K+2)(K? + 4) 


Note: 


If the equation Q(x) = 0 cannot be solved algebraically, 
then the method of partial fractions naturally fails and 
recourse must be had to other methods. 


1.90 O 
Step 3: 
(1) For each distinct linear factor (ax + b), the 
decomposition must include the term A. 
ax +b 


(I) For each repeated linear factor (ax + b)™, the 
decomposition must include the terms 
A A A 
a Sp m 
ax+b (ax +b) (ax + b)™ 
(II) For each distinct quadratic factor (cx? + dx + e), 
the decomposition must include the term 
Bx+C 
cx? +dx+e° 


(IV) For each repeated quadratic factor (cx? + dx + 
e)", the decomposition must include the terms 


B,x+C, B,x +C, 
cx’ +dx+e (cx? +dx+ e) 
B,x+C, 


(cx? + dx +e)" 

Step 4 : Use techniques to solve for the constants 
in the numerators of the decomposition. 

We explain the details for the four cases that occur. 


Case I: The denominator Q(x) is a product 
of distinct linear factors 
This means that we can write 
Q(x) = (a,x + b,) (a,x +b)... (a,x +b,) 
where no factor is repeated. In this case the partial 


fraction theorem states that there exist constants 
, A, such that 


R(x) Ay A, A, 
= + Hie 
Q(x) a,x+b, a,x+b, a,x +b, 


These constants can be determined as in the following 
example. 


x? +2x-1 


(EGP Evaluate (4% 
(Example 1.) Evaluate | 55, dx 
Since the degree of the numerator is 


less than the degree of the denominator, we don’t 
need to divide. We factor the denominator as 

2x3 + 3x?—2x = x(2x?+ 3x—2)=x(2x—1)(x +2) 
Since the denominator has three distinct linear factors, 
the partial fraction decomposition of the integrand 
has the form 


x? +2x-1 A B C 


1OR=DGGD) x Dee ee (I) 
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Method of Comparision of Coefficients 


To determinator the values of A, B, and C, we multiply 
both sides of this equation by the product of the 
denominators, x(2x — 1) (x + 2), obtaining 
x? + 2x—1=A(2x—1)(x +2)+Bx(x +2) 
+ Cx(2x—1) ..(2) 
Expanding the right side of Equation 2 and writing it in 
the standard form for polynomials, we get 
x’°+2x—1=(2A+B+2C)x’ 
+(3A+2B-—C)x-2A (3) 
The polyomials in Equation 3 are identical, so their 
coefficients must be equal. The coefficient of x? on 
the right side, 2A + B +2C, must equal the coefficient 
of x? on the left side — namely, 1. Likewise, the 
coefficients of x are equal and the constant terms are 
equal. Ths gives the following system of equation for 
A, BandC. 


2A+B+2C=1 
3A+2B-—C=2 
—2A=-1 


1 1 
Solving, we get A= 7 B= 5 and =— , and so 


10 

- = 11 1 1 1 1 
f suet 1 ae i Jo 
2x? +3x? —2x 2x 52x-1 10x+2 


1 1 1 
=> + — —1|- In |x+2|+ 
5 In |x| 10 Inj2x—1| 10 In |x+2|+k 


Method of Particular Values 


{ dx 
Evaluate } 77 —HG4 24) 


dx 


ie Ie —1)(3+ 2x) 


=] dx 

(x + 1)(x-1)(2x +3) 

et 1 A,B, C 
(x+1)(x-1)(2x+3) x41 


x-1 2x+3 
or 1=A(x-1)(2x+3)+Bx+ 1) (2x+3) 
+C(x+ 1)(x-1) 


Putting x = 1,—1,-— = successively, we get 


2 
1=B-2°5, 
1=A(2)°1, 


B : A Ld : 
10’ 2° 5 
re a + z + e dx 
x+1l x-1 2x+3 


1 1 2 
= + 1/4 —|j+= +3}+ 
5 In|x+1| 10 In|x—1| 5 In |2x+3|+k. 


Heaviside Cover-up Method for Linear 
Factors 
When the degree of the polynomial P(x) is less than 
the degree of Q(x), and Q(x) is a product of n distinct 
linear factors, each raised to the first power, there 
is a quick way to express P(x)/Q(x) into partial 
fractions. 
Find A, B, and C in the partial 
fraction expansion 
x’ +1 A. B Cc 
= a + .(1) 
(x-1)(x-2)(k-3) x-1 x-2 x-3 


Ifwe multiply both sides of equation (1) 


by (x- 1) to get 


ee | B(x-1) | C&=1) 
(x —1)(x -2)(x-3) | x-2 x-3 


and set x = 1, the resulting equation gives the value 
of A: 


(1)? +1 
(1—2)(1-3) 
Thus, the value of A is the number we would have 


obtained if we had covered the factor (x — 1) in the 
denominator of the original fraction 


=A+0+0, A=1. 


x +1 
(x —1)(x -2)(x -3) 
and evaluate the rest at x = |: 
Ne (+1 ae 
Oe<Qd-2)d-3) Gb2) 


Similarly, we find the value of B in (1) by covering 
the factor (x — 2) and evaluating the rest atx =2: 


Be (2)? +1 Nee eee 
(2-1) <2(2-3) dy-) 
Shortcut Method : 


Consider x —a, = 0, then x = a,, put this value of x in all 
the expressions other than x — a, and so on, e.g. 
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xt] O41 
x(x-D(k+]1l) x(0-1HO+) 
1+1 1+1 
+ a 
(x-Dd+) -1lC1-D~«+))* 
Case IT : Q(x) is a product of linear factors, some of 
which are repeated. 
Suppose the first linear factor (a,x + b,) is repeated r 
times; that is, (a,x + b,)‘ occurs in the factorization of 
Q(x). Then instead of the single term A ,/(a, x + b,), we 
would use 
A A, A, 
+ Fhe : 
ax+b, (a,x+b,) (a,x + b,) 
For example, we write 
x-x+l A, B.C D E 
2 go a a s at 3 
x°(x—-l) x x x-l (x-ly (x-l) 


Find [2 tet 

P J Rk oe 

The first step is to divide. The result of 
long division is 


x? 2x7 +4x41 4x 


x 2x? +4x41 


x?-x?-x4] ek ak 
The second step is to factor the denominator 
Q(x) = x3- x*—x + 1. Since Q(1) = 0, we know that 
x — 1 is a factor and we obtain 
xe—x?-x+ 1=(x-1)?(x+ 1) 
Since the linear factor x — 1 occurs twice, the partial 
fraction decompostion is 
4x A B C 
= a + 
(=i GH) x41 GH x41 
Multiplying by the least common denominator, 
(x— 1)? (x +1), we get 
4x =A(x—1)(x+1)+B(x+1)+C(x- 1) 
=(A+C)x?+(B —2x)x+(-A+B+C) 
Now we equate the coefficients : 
A+C=0 
B-2C=4 
-A+B+C=0 
Solving, we obtain A= 1, B=2, and C =-1, 


De 22 1 
<0 G1? eet 


= +x+/n|x—1|- In|x +1|+k 


y= 1: - 
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x-l 


+k. 


2 x-l x+1 


&e|Note: The Heaviside cover-up method 


applies recursively to handle the more general case of 
repeated linear factors, as the following example 
illustrates. 


5x-3 ee 5x-3 


(x-1)(x-2)? x-2 (x-1)(x-2) 
a, [ ~2 7 
+ 
x-2\(x-l1) x-2 
~2 7 


> + 
(x-I(x-2) (x-1) 
A 2/0 2), ( 2)/(2 I), 7 


x-l x2 (x = 2) 
2 =o) 7 
— + i 
x-l x-2 (x-2) 
Application of limit 
P(x) = A A, : A. | 
(x- a)’ Ax) (x- a) (x— ay sees Gear Bases (1) 


Now in order to obtain A,, A,, 

are useful. 

(i) To obtain the constant of the partial fraction 
corresponding to (x — a), multiply both sides of 
the identity (1) by (x — a) and then let x > «. 

(ii) To obtain the constant of the partial fraction 
containing (x —a)'in the denominator put x =a in 
the given fraction except for (x — a)" present in the 

P(a) 

Qa) 

(iii) To obtain the other constants, we can multiply 
both sides of the identity again and again by (x — 
a) and then let x > ©, or 
put some particular values of x (say 0, 1, —1 etc.) 
except the roots of denominator in the identity 
thus forming a system of linear equations and 
solving it. 


ses 
Evaluate J RaGeae 


xo 42 A B C D 
a it i gir 3 
(KHeD&=2Y° K=L° K=2) K-27 -HH2) 


... A,, following steps 


denominator. This gives A, = 
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phoney) 
+ 
(2-1)(x-2)° 


P+2 B C 
- ras + ; 
(x-l)(d-2y x-2 (x-2) 
—3 i B és Cc r 10 
=D) x-2 (x2 (x-2) (1) 
To get B we multiply (1) by (x —2) and let x > 00 


ree x42 
So, (x—(K-2)° 
— lim sess ia a e + st 5 
x>0| (x-l) (x-2) (x-2) 
=> 1 34 T B+ T 0+ T 0 — B 4. 


To get C let us put x =0 in (1) 
2 -3 B Cc 10 
y= t+ aid 
(-D(-2) PRO 2 2) 


3 => C=2 


x +2 
(a 
(x-l)(x-2) 


-3 4 2 10 
= + + ae z [dx 
(= x-2 (x-2)° (x-2) ) 


222 ztC 
x-2 (x-2) 


=-3 In|x—1|+4 In|x—2| 


—-x+2 
(ExaMpleS) bra | ye 
x7 -x4+2 
Solution) |, pr & 
x°>-x42 Ax A B C ; D 
(+D(x-l? (+) @&-D «-1P) «-P 
(1) 


x2-x+2=A(x—1)3+B(x+ 1) (x- 1) 
+C(x+1)(k-1)+D(xK+1) 

x=-1>4=-8A>A=-1/2 

x=1>2=2D>D=F1. 

Multiply both sides of (1) by (x — 1) and taking limit, 


lim —xX°=x+2_ 
x30 (x+1)(x-1)’ 


— lim [ABD ens C 4 Ds] 
x>0 | (x+1) (x-l) (x-lD 


1 


; 1 
0 —5 +B >B=%4 


Multiply by (x — 1) again 


lim — =X+2- 
x90 (x+1)(x-1) 


— lim Gana 1)+C+ 25) 
X00 (x +1) (x-1) 


1/,2 L722 
x° +1-2x)4 x°-l1 
a! ) 9! ) 


— lim 1c4—D 
x0 (x +1) (x—1) 
x’ J pep del 
lim 2 2 D 
= x00 (x+1 (x-1) 


— lim | X=!4¢+—2 
xo0 | xt] (x-l) 
1=1+C+0O >C=0 
Now, the integral can be evaluated easily. 
2x +1 


(Example 7.) (Example 7.) Evaluate Fears +2(x—3) 
[Solution] Assume 


2x +1 emer By om (1) 
(x +2)(x-3)° x+2 x-3 (x-3) 
The Heaviside method of determining coefficients 
gives 


441 3 


7 _64+1 7 
(2-3) 25° 342 5° 
Also, multiplying by x, and then making x > ©, we 


3 
find A+B=0 or B= —. 
in or 35 


The integral is therefore 


7 
5(x — 3) 


= 3 
55 In +2) + 55 5 Ink- 3)- EC. 


Method of differentiation 


Example 8.| FindA, Band C, in the equation 
x-1 A B Cc 


(+l? xtl (x4? (xt? 


We first clear of fractions : 
x—1=A(x+1)?+B(x+1)+C. 
Substituting x =— | shows C =-2. 
We then differentiate both sides with respect to x, 
obtaining 
1=2A(x+1)+B. 
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Substituting x =—1 shows B= 1. 
We differentiate again to get 0 =2A, which shows 
A=0. Hence 
x-l 1 2 

(xt? (x41? (x+ 1?" 
Case III : Q(x) contains irreducible quadratic factors, 
none of which is repeated. 
If Q(x) has the factor ax? + bx + c, where b* —4ac <0, 
then, in addition to the partial fractions taken earlier, 
the expression will have a term of the form 

Ax+B 


ax’ +bx+c 
where A and B are constants to be detemined. The 
term given above can be integrated by completing 
the square and using the formula 


i) A y= vtan'{*) + 
x +a a a 


For instance, the function given by 


x 
f(x)= G—-Dae + Dae es) hasa partial fraction 


decomposition ofthe form : 
x _ A 
(x—2)(x? +1)(x2 +4) x-2 


Bx+C Dx+E 
+ 


xt] x?4+4° 


—-x+4 


(Example 9.| Evaluate (a dx. 


x? +4x 


Since x3 + 4x = ee + 4) cannot be 
factored further, we write 
2x?-x+4 A Bx+C 
2 =a 9 
X(x° +4) x x +4 
Multiplying by x(x* + 4), we have 
2x?-x+4=A(x?+ 4)+ (Bx +C)x (1) 
=(A+B)x?+Cx+4A 
Equating coefficients, we obtain 
A+B=2, C=-1,4A=4 
Thus A= 1,B= 1 andC=-1. 
Alternatively, we can put x = 0 in (1) to obtain A= 1, 
and put x = 21 to get 
—4-21 =—-4B+2iC ...(2) 
Separating real and imaginary parts in (2), 
we get B= 1 and C=- 


< = —*Sax= {2+ ya 
ci x? +4x x x°4+4 ie 


In order to integrate the second term we split it into 
two parts : 
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x-l x 1 
dx = dx — dx 
lpcow eae Pare 
We make the substitution u = x2 + 4 in the first of 


these integrals so that du = 2x dx. We evaluate the 
second integral by means of the formula (1) : 


= [= dx+ J * ax Joqe 


1 
5 tan“!(x/2)+K. 


aaa 
x(x? + 4) 


i ! 2 i Ask 
In |x| 4 5 n(x + 4) 


3x7 +5x+8 


Example 10) Evaluate | — Giese 


3x°+5x+8 A _ Bx +2)+C 
(x? + 2x+5)(x — 1) (x? + 2x+5) 


Note : Here we prefer to write B(2x + 2) + C instead 
of the usual expression Bx + C, looking at the needs 
of the integration process. 
Multiplication of both sides by (x? + 2x + 5)? (x-1) 
leads to 3x? + 5x +8 = A(x? + 2x +5) 

+ [B(2x + 2) + C](x- 1) ...) 
If x = 1, equation (1) reduces to 16 = 8A, or A= 2. 
Ifx=-l, 6= 4A-2C >C=1 
Ifx=0, 8= 5A-2B-C>B=1/2. 


=i 


j 3x? +5x+8 
(x? + 2x+5)(x — 1) 


2, 
~ a 
ai 2 ee Cae) dx+{ : 1 
x-l 2? (x° + 2x+5) (x° + 2x+5) 


|, G/2)2x rt ay 
(x? + 2x+5) 


1 
2én|x — 1| + 5 fn (x? + 2x + 4) 


1 x+l1 
+ > tan 3 +k, 


= | & where f(x) isa 


Evaluate [= 

polynomial of degree 2 inx suche — 
£(0) = f(1) = 3£(2) =-3. 

Let f(x) = ax?+ bx +c 
Given f(0) = f(1) = 3f(2) =-3 
f(0) =f(1) = 312) =— 
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(0) =c =-3 
f1)=at+bt+c=- 
3f(2) = 3 (4a+2b+c)=-3 
On solving we get a= 1, b=-1, c=-3 
f(x) =x?-x-3. 


f(x) x°-x-3 
= dx = 
aks leary eae Oe 
Using partial fractions, we get, 
(x? —x-3) A 2% 
(x-1)(x?+x4+1) (x-)) 
where, A=—1, B=2, C=2 
=| 1 ek. aa 
x-l (x°+x4+1) 
=—In|x-1]+ eake +{ 
(x°+x4+] 
=—In|x—1|+In(x?+x+1) 


Bx+C 
(x? +x41) 


1-dx 
x 4x4] 


+f dx 
(x +1/2)? + (V3 /2)? 


| x (x x ) / tan V3 C. 


Case IV : Q(x) contains a repeated 
irreducible quadratic factor 


If Q(x) has the factor (ax? + bx +c)‘, where 
b* — 4ac< 0, then instead of the single partial fraction, 
the sum 
A,X+B, A,x+B, A,X+B, 
ax>+bxt+ec (ax’+bx+c)° (ax? +bx+c)' 
occurs in the partial fraction ore 


Example 12) Find | ax 


L 2x? +3 Ax+B  Cx+D 
et eal 41) (+1) 
Then 

2x*+3=(Ax+B)(x?+ 1)+Cx+D 


Ax? + Bx?+(A+C)x+(B+D) 
Compare coefficients : A= 0, B= 2,A+C#=0, 
B+D=0. Hence, C =0, D= 1. Thus, 
2x? +3 2 1 
eeaye™ Ferstane recs is 
1 
(x? +1) 


=2 tan !x+ If 


In the second integral, let x = tan 8. Then 


{ 1 7 (= Od0 cos? 9.40 
+17 IS sect 
1 
= 3 (8 + sin 8 cos @) 
1 tan0 1 4 X 
= + 5 = tan x+ 5 
2 tan“ 0+1 2 x +1 
af f 2x? +3 r 5 ae 1 x ve 
us, (+1) x= an x4 x41 + 


1-x+2x?-x? 


Evaluate [33 
The form of the partial fraction 


decomposition is 


1-x+2x°-x? A Bx+C . Dx+E 
x41 (x? 41) 
Multiplying by x(x? + 1)?, we have —x3+2x?-x+1 
= A(x? 1)?+(Bx+C)x (x?+ 1)+ (Dx +E)x 
A(x4+ 2x?+ 1)+ B(x4+ x?) + C(x3+x)+ Dx? + Ex 
(A+B) x*+Cx3+(2A+B+D)x?+(C+E)x+A 
If we equate coefficients, we get the system 


x(x? +1)? x 


A+B=0C=-1 2A+B+D=2 
C+E=-1 A=1 
The solution is A= 1, B=-1, C=—1, D=1, andE=0. 
Thus 
(ae cee i(- x+l x Jas 
x(x? +1)’ x x°+l (x’?+1)° 


7 i Jza® fee 


1 
= In|x|— a In(x?+ 1)—tan! x — e+) +k. 


x-1 
Example 14. lee 


5 (2x+2)4-1-) 


J (x? +2x+3)° 


ae ue ~ dx 2{——& : 
2/ (x° +2x+3) (x° +2x +3) 


x-l 
} 2 7 dx = 
(x° +2x+3) 
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INDEFINITE INTEGRATION 


1 1 { dx 
 % (x? $x 3) (x? +2x43) 
We apply the substitution x + 1 =t to the last integral: 


{ dx - f dx 
(x7 +2x+3) J((x4+1?+2)7 


j dx 1s p(t? +2)-0 
“HC 42P ~ 99° (4 O/ 
2: 


le dtl t 
= t 
oR 2 lea 


11 t 1 tdt 
= 2/2 tan” 5 rane 
Let us consider the last integral 
{ fdt. «5 { t.tdt 
(P +2) 4 (0? +2) 
Integrating by parts 


1 t ler dt 
a les 

: + : tan” : 
+2) 2/2 V2 
We do not yet write the arbitary constant but will take 
it into account in the final result. 


Consequently, 
f dx A eL pal xt] 
(x? +2x+3) 2V2 2 
1 xt+l n 1 tan? Xt! 
2 DA 4O G4 Bye 9/9 aD 
Finally we get, 
f x-l x+2 
2 Picea 2 
(x° +2x+3) 2(x° +2x +3) 
— Deus sh +C, 
4 V2 
(2x + 3)dx 


Evaluate J 374 5y43) 
Here (d/dx) (x? + 2x +3)=2x +2. 


{ (2x + 3)dx = READ 
(x7 42x43) J (x? 42x43)" 
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(2x + 2)dx f dx 
(x7 42x43) J (x? 42x43)" 


1 +f dx 
(x? 42x43) 4 (x? 42x43) (I) 
f dx 
Now let I, = [0c nm 1 4 2p : 


Put x+1= 2 tant, sothat dx = V2 sec?t dt. 


. | V2 sec? t dt = 


5 7 cos’ t dt 
(2tan* t+ 2) 


v2 f1 BO opis 
= ~~ [+ cos21at = ac [t+ 3 sin 2t] 


v2 
Sg [t+ sin t cost] +C 


N t yee 
Ow tan t= V2 
; x+l1 xt+l1 
=> sint= = , and 
Vics? +2) Vx? 42x +3) 
af 


cos t= 
V(x? +2x +3) 

; (5) 
Also t = tan Vo : 


1 
Hence, I, = ae tan"! (= 
2 x+1 2 
8 tex? 42x43)} V(x? 42x43) 


V2 1 (e) 1 x4l 
og a a)? 4 42x43) 
1 

x? 42x +3 


1 x4l aL: 
+ +—t 


4x742x+3 8 


[=— 


an- (2 + 1 
Wp +C, from (1) 


x+1-4 Par) +c 
~ A(x? +2x+3) 8 
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x-3 Paw 44) 
~ A(x? +2x+3) 8 Ae ao 
The Ostrogradsky method 
If Q(x) has multiple roots, then 
P(x) X(x) Y(x) 
d = 
Jama" aclaa@*® 


where Q,(x) is the greatest common divisor of the 
polynomial Q(x) and its derivative Q’(x), and 


Q(x) 
Q(x) = Q(x) ° 


X(x) and Y(x) are polynomials with undetermined 
coefficients, whose degrees are, respectively, less by 
unity than those of Q,(x) and Q,(x). 

The undetermined coefficients of the polynomials X(x) 
and Y(x) are computed by differentiating the identity (1). 


; dx 
Example 16.) Find aaa 
Solution) 


1 Ax? +Bx+C Dx? +Ex+F 
No eel 3 +| 3 
(x -l) x -l x -l 
Differentiating this identity, we get 
1 (2Ax + B)(x* —1)—3x?(Ax” + Bx + C) 
Ce a (x? -1)° 


dx. 


Dx? +Ex+F 
* 3 
x -1 
or, 1=(2Ax+B)(x?- 1)—3x?(Ax?+Bx+C) 
+ (Dx?+ Ex + F)(x3— 1). 

Equating the coefficients of the respective degrees of 
x, we will have 

D=0, E-A=0, F-2B=0, D+3C=0, 

E+2A=0, B+F=-1, 


1 2 
whence A= 0, B 3° 0,D=0, E=0,F 3 
and, consequently, 
J dx 1 x 2 | dx 1 
Gay 3ea seu. 


To compute the integral on the right of (1), we 


decompose the fraction i into partial fractions : 


3 
x 


1 L_. Mx+N 


xe-1 x-l x?4+x41’ 
Thatis, 1=L(x*+x+1)+Mx(x—1)+N(x-1). 


1 
Putting x= 1, we get L= 3: 
Equating the coefficients of identical degrees of x on 
the right and left, we find 


L+M=0; L-N=1, orM=- 


ge 2 
> eo QB 


Therefore, 
dx 1 dx 1 x+2 
= = dx 
ee ear Acer 


24 1 =i 24x41] 
=] Ink—Il- Ein x+1) 


ay —l 2e+1 eG 
ae as 
af dx 1 x Lye te! 
emer 6 co) ee ce Me a Ce 
2 2xtl ig 
= 5 fo V3 


3 _ 3x7 42x-3 


; x 
Example 17. Find | (2 +1)? 
There is a repeated quadratic 


polynomial in the denominator. Hence, 
x? — 3x? +2x-3 _ A\x+B,  A,x+B, 
(x? +1)° Sd! Gea? 
for some constants A,, B,, A, and B.. 
An easy way to determine these constants is as 
follows. By long division, 


x? —3x? 4+2x-3 _ x 
x? +1 
and therefore 


x> —3x? 42x-3 X-3 | x 
(x? +1) 


aL (x? +1) 
Thus A, = 1,B,=-3,A,=1, andB,=0. 
We now have 
x? —3x? +2x-3 
(—=— 5 dx 
(x° +1) 


“\an® Pete 


x 
J (x? +1) oe 
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INDEFINITE INTEGRATION 


1 1 
a 2 _ ie 
5 In (x*+ 1)-3 tan™ x 241) #C. 
Ax+21x°+2x° —3x"-3 
Example 18.) Show that | GT 


dx is arational function. 


This is of the type A/Q?, where 
Q =x’—-x+1, Q'=7x®-1 
and Q, Q' have no common factor [Q = 0, Q' = 0 have 
nocommon root]. 
Hence there are polynomials C and D for which 
A=(x7—x+1)C+(7x®—-1)D (1) 
We choose the degree of C and D to be as low as the 
general theory permits and take C to be degree 5 [one 
less than that of 7x°— 1], D to be of degree 6[one less 
than that ofx7— x+1]. 
If we take C=c,)+ ¢,x+....+¢,%°, 
Ded)t dxt..t dx 
and equate coefficients in (1), we see that our first 
needs are c,+ 7d, =c,+ 7d,=c,+7d,=0 
and that there is probably a solution with 


C,=cC,=c,=d,=d,=d,=0; 
a little work then leads to 
C(x) =-3x?, D(x) =x3+3 


We therefore consider 
2 1 
[Aa = | =e dx+ foe +3) 2 ax 
Q Q Q 
2 3 2 
_ (> a x eae dx 
Q Q Q 


since (Q'/Q?) dx =—d(Q°!). 
Hence the integral is (x? + 3)/Q and is rational. 


Substitutions leading to integral of rational 
functions 


() Ifan integral is of the form J R(sin x) cos x dx, the 
substitution sin x = t, cos x dx = dt reduces this 
integral to the form J R(t) dt, where R(t) isa rational 
function. 

(ii) Ifthe integral has the form | R(cos x) sin x dx, it is 
reduced to an integral of a rational function by 
the substitution cos x = t, sin x dx =— dt. 

(iii) Ifthe integrand is dependent only on tan x, then 


dt 
the substitution tan x =t, i.e.x =tan7!t, dx= fee 
reduces this integral to an integral of a rational 


function : 


dt 
JR(tan x) dx = J R(t) 2 


1+ 


1.98 O 


(iv) Ifthe integrand has the form R (sin x, cosx), but 
sin x and cos x are involved only in even powers, 
then the same substitution is applied : tan x =t 
because sin?x and cos*x can be expressed 
rationally in terms of tan x : 


1 1 


cos2x = 5S = 5 
l+tan°x 1+t 
ie tan” x ie 
sin2x = TT = 5 
l+tan°x l+t 
_ dt 
1+t? 


After the substitution we obtain an integral ofa rational 
function. 


sin’ xX 


C te the integral 

Example 19. Example 19. ompute the integra jax 
(Solution| This integral is readily reduced to the 
form JR (cos x) sin x dx. Indeed, 


f sin? x = (ee: 
2+COSx 2+Cosx 
l-cos’x , 
= — sin x dx 
2+COsx 


We substitute cos x = z. Then sinx dx = — dx 
a) 2 
sin” X 1- za-l 
dx = dz)= dz 
pees IG Ce ls 
2 


= f(z 2+ 3 Je e _27 
Z+2 2 


cos” X 


= 5 —2cosx+3In(cosx+2)+C 


Example 20.| Evaluate 
Solution| f sin Xx dx= | sin xdx 
Solution) sin 4x 2sin2xcos2x 


3In(z+2)+C 


_ f sin xdx 7 Al dx 
Asinxcosxcos2x 4¥/ cosxcos2x 
_ al cosdx 
44 cos2xcos? x 
1 { cos x dx 
(1—sin? x)(1—2sin’ x) 


Now put sin x =t so that cos x dx = dt. 


a Al dt = { dt 
APU a2 st A Het 1) 
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1 i] dt 
— 45 -pae—p | 


resolving into partial fractions 


1p ad A dt 
ea i ae 


a 1 intl) 
4 Oo ed 42012) “t+ d/ v2) 
Lol! nent . 
"ltl ae 2+1)- 
_ il _ ones! 1 In V2 sinx-1 +e 
8 |sinx+l 4/2 V2sinx+1 


dx 
Evaluate | ind 
sinx +sin2x 


dx 


Solution) [== | 
sinx +sin2x sin x +2sin Xcosx 


=/ dx 
sin x(1+ 2cosx) 


{ sin x dx _ f sin xdx 
~ J sin? x(1+2cosx) (1—cos? x)(1+ 2cosx) 
Now putting cos x = t, so that — sin x dx = dt, we get 


{ dt { dt 
~ J -t?)( 4 2t) (1-t)7+t)d+2t) 


om] 
+3 dt 


1 1 
Sainte al Lele = In| 2t|+C 


{ 1 1 
~ + 
6(—t) 20—t 


1 
“6 In (1 —cos x) + ; In (1 + cos x) 


2 
— 3 In|l+2cosx|+C. 


_(+sinx)dx_ + sin x)dx 


(Example 22.) Evaluate sin x(1+ cos x) 


(1+ sin x)dx 


We have I= J sin x(1+ cos x) 


f 1 { dx 

~ 4 sinx(1+cosx) 1+cosx 

7 f sin xdx ; f 1 get Nae 
(1— cos x)(1+ cos x) 2 2 


For first integral put cosx = t 


= dt x 
I Af 7 + tan 
d-td+t) 2 
on integration by partial fractions, we get 


1. l-—cosx 1 x 

~ 4° 1+cosx 2(1+cosx) ee 
1 2X 1 2X x 

= —fntan” —+—sec° —+ tan—+C 
4 2 4 2 2 


Integrate (Shan x dx 
I= i} (tan x)!3 dx 


Put tan x = t?=> sec?x dx =3t?dt 


3t° dt 
= f° 
Put t?=y > 2tdt=dy 
_3 y 
im l+y? dy 
y+1-1 
Lo yt dy 
dy dy 
SS ioe terrae ee 
y -ytl y +1 
aif Gye (oe 
1y _ (3 area 
(y-4) + (3) ee 
nercaer “(75*) ay 34] 
Tae. ea genre) 
Sanaa 
a y-ytl 
y-l 1, @y-)-1 
Now | rh ral y-y+l 
1 1 dy 
Zs 24 > 
gin -yt ls J y -y+l 


el ea aj ot A 
ee agg gene 


1 
tS In(y?-yt+1)+C. 


3 
I= 5 I, where y= (tan x)™?. 


dy 
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1 
Example 24.) Evaluate J (-b? dx. 


1 e 
wehave | Gay &x= [Ep 


dt 
dx, a i) t(t— 1 , putting e* =t so that e* dx = dt. 


1 A.B Cc 
=—+ + 5 
t(tt-l) t t-1l (t-ly’ 
1 =A(t—1)?+ Bt (t—1)+ Ct, (1) 
To find A, putting t= 0 on both sides of (1), 
we getA=1. 
To find C, put t= 1 and we get C = 1. 
Thus 1 =(t—1)?+ Bt(t—1) +t. 
Comparing the coefficients of t? on both sides, 
we getO=1+B or, B=-l. 
1 1 1 1 
2 + 2- 
t(t-l° t t-l (t-l 


Hence hap fea js a Fen: 


=In|t|—In|t—1]-{1/(t-1)} +C 
=In e*—In | eX 1]- (1/(*®-D}+C 
=x-—In]e*—-1|- {1/(e*-1)} +C. 


evaluate f 
=j 
=f a ae = ftan! xx 


-1 ( ! ) i) : ! dx 
wae 3 UO tea eS) 
tan!’x 1 dx 
= 3 t | 3 ke 
3x 3% x°(1+x°) 
Put 1+x?=t 
2x dx = dt 


Now 


tan"! x 
dx. 


I, (1) 


here, I | a= {As 2 +<h a 
Re id matt t=1. (t=1)2 + 
Comparing coefficients we get, 
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A=-1,B=1,C=1 


if i peo | 
Ld) Gea Gabe eh 


1 
==Int=1]- 7 tine 2) 


=1) 
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From (1) and (2), we get 


tan’ x 1 > | 2 
I= + Inx +In(l+x°)-+ 
3x° “| x : Y 
tan! x 1px td 1 
|=- 3x3 6 2 6x2 +C, 


(Piractice:PrObleMSrcccccccn N 


1. 


Evaluate the following integrals : 
‘ J x -1 
@ Ag =x a 

2x? + 41x -91 


(id) les (x+3) (x—4) 


Evaluate the following integrals : 


. x 
o Jape 


 ¢ Ox? -12x4+4 
(ii) |~zGape 


Evaluate the following integrals : 


; Xx 

© J @niesa& 
x*dx 

x +3x7 42 


(iii) {s 


(iv) (z —2x343x?-x+3 
iv 

x? — 2x" +3x 
Evaluate the following integrals : 


(i) J 


Cag 


dx 
OJ ai J xed 
7 { Xt+ = 
Git) ) Ox? 44x43" Pet) | ae 


Evaluate the following integrals : 


; f dx : f dx 
i sin x(3 + 2cos x) (i) sin 2x — 2 sinx 
sin " tan — 2 ae 
(iii) _ —_2 2 
ae: 


; J dx 
GY) J Inx*[ nx)? -3Inx-10] 


6. 


Evaluate the following integrals : 
dx 


y J sin x(3 + cos” x) 
(ii) [sec x. sec2x dx 


cos” x + sin2x 


ci) | 


(2cosx—sin x) 


x 


(iv) Io +3+4+2e° 


Applying Ostrogradsky's method, find the 
following integrals : 


; ( dx . f dx 
® Jaayesy © Jay 
aoe dx 
ai) |e? 

eH 2k2 29 


0) aan 


Evaluate = as integrals : 


Dean 


(il) [7 = 


(a —6x+13) 


+x-1 


(x +2) dx 


a coe Sax 2 

a J e #1y 

(iv) | —_—— 
ier (x on, 


Se the following integrals : 


(ae +x’ eae cae a " { dx 
O JV eapetsan® © Sey 


3x +4 


x’ +2 
(it) J (2 4+x41P BS ty) J x2(x? + 1) si 


10. Evaluate the popovalig integrals : 
2x? +x7+ eae 
@) ececa cc an a 
xo +x? —5x4+15 
(ii) J (x? +5)(x? +2x +3) dx 


1.16 SPECIAL METHODS FOR 


INTEGRATION OF 
RATIONAL FUNCTIONS 


Note that sometimes partial fractions can be avoided 
when integrating a rational function. For instance, 
although the integral 


i x41 fis 
x(x? +3) 

could be evaluated by the method of partial fractions, 
it is much easier, if we put u = x(x? + 3) =x? + 3x, then 
du = (3x?+3) dx and so 


{ x74] i 1 
x(x? +3) ee 


In |x3+3x|+C 


px’ +q 
(x” +a)(x” +b) 
Assume x? as t for finding partial fractions. 


1. Integrals of the form J 


ptt+q — A B 
Suppose that (4 ayt+b) (t+a) (x+b)’ 
then the integral becomes 


J a a) a +] 2 b = 


In general, if the numerator and the denominator ofa 
given fraction contains even powers of x only, we can 
first write the fraction in a simpler form by putting t for 
x? and then break it up into partial fractions involving 
t, i.e., x2, and then integrate it. 


( dx 
Evaluate } 52 (+ x2) 
Treating 1/x?(1 +x’) asa function of x’, 


we have 
1 _ 1 1 
x7(l+x?) x? 14x? 
Hence, j“-+ tan 'x+C 
x°(+x*) x 
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INDEFINITE INTEGRATION 


ze, f dx 

Gi) JG 42x +10) 

x? —x444x3 — 4x7 +8x-4 
(x? +2) 


(iv) | 


2 

Imegate [Sax 
a a 

Putting x? =z, we have 


2 


xX _ Z 
xi4x7-2 247-2 
7 Z _ A 4 B 
GED) F422 7217 


z=A(z—-1)+B(z +2). 


Putting z = —2 and 1, we get respectively 


ee 
3 3 

ee ee 
xi 4x7?-2 3x742 3x7-1 

2 dx le dx 

= + 

sles As 

2 1 an! i! neat 
"3a i oiseee 

x? dx 


(Example 3.) Evaluate a rae 


Regarding x?/(x? + 1)? as a function of 
x’, we find (by inspection) 
x &+)D-1 1 1 
(x? +1" = (x? +1)’ (x? +1) 
x? dx 7 { x dx f x dx 
(x? +1) (x? +1) 
1 


1 2 
= —In(x* + 1) + —.~——_ 
5 ED era 


x +1 


Hence, | Oe | 


P(x) 


2. Integrals of the form le vax where 
x 


Q(x) has a linear factor with high index 
Substitute the linear factor as 1/t. 
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3x4+1 


(Example 4.) (Examples) Evaluate | ——— Ga Rae 
(Solution} Putx—1=1/t > x=1A+1 


dt 
=> dx= =e .Thus, the integral 


3 3+4t 
j (2 +4Jat : ( ; Jat 7 eae 
D?/1 ; ie 20 Vs (2t+1) 
(J (ez}e a) 
t/) \t t t 


2 
(een aff = f(z 1 Ja 
(2t +1) 2 2(2t+1) 


Now, the integral can be evaluated easily. 


3. Substitution 


xm 
(i) Integrals of the form j—~—_ax ; 
(ax+b)" 
m,neN 
Putax+b=t. 
(t= a dt 
The integral becomes aml Ss 


Expanding by the sina ae and integrating 
each term separately the required integral can be 
immediately obtained. 


x2 
(Example 5.) Evaluatet= | 554 
(Solution) Purx+2=t 


2 
Be 7) ee 
1= | 3 at = | —— dt 


fz+4 Sal ink ene 
7 Pq i ae a 


wheret=x+2. 


f (a + bx)? re 
Example 6.| Integrate (a'+b'x) a'+b'x) 
Z—a' 
Solution) Puta'+b'x=z or x= b' 
1 
dx= pd: 
Now the given integral becomes 
b nl 

Ferra as 

Zz b' 
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3 


1 pet ab'-a' by 4 
58 x 


“I< + 2b(ab' — a'b) [S +(ab'— oS | 


58 
b 2b(ab'—a'b) 1 = (ab'-a "by : 
=—~In|z 
b® | | b® Z 2b" C 
2b(ab'-a'b) — (ab'—a'b)” 


b? 
=— In|a'+b'x| 5 5 5 
b' b’(a'+b'x) = 2b"(a'+b'x) 
ee, Note: By the same process we can integrate 


(a+bx)™ 


—_—— dx , where m isa positive integer, n being 
(a'+b'x) 


a rational number. 


(ii) Integrals of the form a mneN 
x™(ax +b)" 
ax+b 
Put =t 
x 
dx 
‘Example 7.) Evaluate I= -S (x42) 
dx 
i 2 
j- (3) 
x>| 274 
x 
x+2 2 —2 
Put 1+ t 7 dx=dt 
x x 
(i= Des 
24 Bt 
Now, the integral can be evaluated easily. 


dx 


Example 8.| Integrate lee (a + bx)? 
a 
Puta + bx = zx, or — +b=z. 


Then -— dx= dz 
x 


The given integral 
--1f dz --if(22)4 
a? x.Z°x? a a Jz 


1 3b> be 
= z—3b+ dx 
a‘ i( z "| 


b? 
=- ak — 3bz + 3b” In|z| + +e 
a’| 2 


2 
a L{4(a+bx) 30(2="*) 
a’ {2 x x 


a+ bx 
+ 


+ 3b7In 


(iii) Integrals of the form | - 
(x—a)"(x—b) 

This integral can be easily transformed into a form 

which is immediately integrable, by the substitution 


eee 
=tlim<n 
b 


(x—b)(1)-(x-a)(1) a-b 
> (x—by dx=dt > (x —by dx = dt 
a—bt 
Also , x= 
1-t 
_ (a—b)t _a-b 
X-a= Int”? x—b= ae 


ety dt 
(a = (5) aaa t™ 
Expand the numerator by the Binomial Theorem, and 
the integral can be immediately obtained. 
For example, take the integral 


The integral transforms into 


f dx 
(x-a)’(x-b)’ 
xX-a é: 

Put 7 =t 


1 1 3 
all? 7 ‘Jat 


2 
za S-aameetlec 
2 ‘aaa 


(a—b)" 
as x-a 
wheret= — | 
dx 
Example 9.| Integrate lz — 1)? (x — 2) 


_1-2z 
1-z 
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Se dz : 
Ga2)y 
Hence, the integral transforms into 
(1-2) 1-32 +32 -2 
i) dn = = dz 


22 asielase- te ec 
Z 2 


2 
ony x-2 — 3In|* 1! 3 x-l ma x-l +C 
x-l x-2) 2\x-2 


x-2 


(iv) Integrals of the form lame 


Here, the substitution of x? = gives 


? alae at+b 
the value of which is obviously 


= inch aes al as rc 
na na \a+bx" 


x2 


2p bet 


(v) Integrals of the form Nee 


X, 


where m and n are integers 
Put ax?+b=t. 
(t—b)"dt 


Jqmtlyn 


The integral becomes | 


a form which is immediately integrable by aid of the 
Binomial Theorem. It is evident that the expression is 
made integrable by the same transformation when n is 
either a fractional or a negative index. 
5 
Xx 
To evaluate I = (—— 7 dx 
(x +1) 

Put x*+1=t =>2xdx=dt 

42 

(t 2 dt 
t 


= es : +2 In|x? +1|+C. 
x +1 A(x? +1) 2 
In general, ifin a fraction, the numerator contains only 
odd powers of x and the denominator only even 
powers, then it is found more convenient to change 
the variable first by putting x? =z and then break it up 
into partial fractions as usual. 
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It may be also observed that the more general 
f(x?)x 
(atcx?)" 
transformation, where f(x?) denotes an integral 

algebraic function of x?. 


Example 10. Integrate | 


1 
x dx= > zdz. 


expression can be integrated by the same 


x? dx 
x* 43x? +20 


2x dx=dz. .. 


e rere z dx 
x7 +3z4+2- 


Z 
Now, 77 43242 (2t+l@+2) 
2 Beg OB: 
Pet Gage ls 


We determine A=—1, B= 2 as usual. 
1 dz dz 
I=—|2 - 
| lea i: + 4 


= 5 2ine+2)—Ine+ DI+C 


1 
5 In(x? +1)+C 


(Example 11.} Evaluate {—*~ 
Put 1+x3=t 


iar 


In(x?+ 2)— 


a 


I= jt axe Ie = P split into partial fractions 


S65) at 
Sla-j t . 
>in ! ink|+2] +0 
2 t 
1 1 
ifm Iisa 
Evaluate | 
a ae 


Multiply above and below by x and 
put x?=t. 


x? 


1+x 
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{ split into partial fractions. 


1% 
=e eee | 
: mes 


-3i(; use Jan 
2-\t (t4+tt+h) 


1 lp 2t+1+3 
= 5 Intl- 5 J 


(1+t+t’) 
1 1 3 dt 
= 5 Init|— inet t+ 1)— al re (aay 
HE 
ei 
= sine nace x24 D2. Foun! —2 +C 
2 2 
eee a V3 gg 2X +1 | 
4 y) SEs 


4. Integration by parts 


dx 
Example 43) Evaluate | py. 
In order to evaluate it we integrate 


1 


2 +h by parts choosing unity as the other 


function. 


1 1 (-2x) 

dx = d 
jaa = (e+) rar . 
ee. pa 

(x? +1) (x? +1)? 


= x +2{ dx f dx 
(x? +1) (el) (x? #1) 


2/ Se ot = fo tant 
(x°+1l° 2 x°4+1 2 

i) = a = Peerage! 
(x°+]l° 2x +1 2 


dx 
[Example 14.) Evaluate I= (= (xp: 
[Solution] We have d(x*—1)= 4x3 dx 


I f 4x3 
~ J 4x3 (x*-1) 


7 dx 


1 -l 3 1 
= "a. a | a 74 dx 
4x” (x'-l) 4x" (x'-]) 


1 3 1 1 
ee = dx 
4x3(x*-1) Wes =) 


1 1 
w | —— dx = |———, —- dx 
ne lay ‘ ane 


1 1 1 
= dx 
lees aa 


Now, the integral can be evaluated easily. 
Here are some more examples on integration of rational 
functions. 


Evaluate 


f 2e* +e** —4e*%* + 4e°* + 2e* 
(e* +4)(e* -1) 
Put e*=y 
ze 1=f 2y* +y>?—4y* +4y+2 
(y* +4)(y? -1)? 
y(y’+4)+(y*-2y’? +1) 
yray-y 


es il +C, 
2(e* -1) 2 


dy 
Example 16.) Evaluate Vazae yy 
Put y= tan 0 


f dy a (eee fs 0)*d0 


y° (1+ yy sin’ @ sin’ 0 
f (1—3sin’ 6+ 3sin* 0 —sin° 6)d0 
sin? 


= J (cosec?0 — 3 + 3 sin? 0 —sin* 0) dO 


1s 
tan” y 


; sin (2 tan! y) 


1 
— sy sin (4 tan! y)+C. 
32 
(x? +1)(x? +2) 


Example 17.| Evaluate dae 
We have 


(x? +(x? +2) _ (y+ D(y+2) 
(x>+3)(x? +4) (y+3)(y+4) 
(y+ Dy +2) A B 


= + 
(y+3)(y+4) Ves: Sea 
resolving into partial fractions. 


, where y = x?. 


Now let 
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INDEFINITE INTEGRATION 


(—3 + 1)(-3 + 2) _ 


We have A= (344) = 2; 
(4+ 1)(-4 +2) 
(443) 00 
(y+ Dy +2) 1 6 
(y+3)(y+4) 9 yt+3 y+4° 


The given integral 


2 6 
= ]/1+ 
i jl x? 4+3 ag |ex 


= ax+2 fe fay 


f wn [Fy)-sen(5} +¢ 
=x+—e— tan’ | 7] - Al T+ 
x BB tan B 3 tan ) : 
Example 18,) Evaluate | @x+1)/{&-1P(&+D}dx. 
Putting x —1=ysothat x =1+y, we get 
3xt+l 30 +y)+l  4+3y 
(x-)'K+) y@ty) y2ty) 


arranging the Nr. and the Dr. in ascending powers of y 


1 | Rvmaee ere ae 
=a [2439 y+ . 


2° 4 
by actual division 
2 1 1 1 1 
= 73 + ,) hens 
y 2y 4y 4 @+ty) 
2 1 1 1 
= ria 5 + 
(x-ly 2x-lY 4QK-D 40K +0 
Hence the required integral 


j| Bs sical Ih. fess Ja 
Sl (x-D? 2x-1* 4(x-1) 4x40) 


s 1 
= _ : Panis 1|+ — In|x+1|+C 
(f-1) -Q@=1) “4 4 

-1 1 1, |x+1 
= n t 

(x-1? 2x-l 4 |x-1 


1.106 O 


Evaluate the integral Joao 
Let x = sec? 0 
dx = 2 sec? 0 tanO dO 
2sec’ Otan 0 dO 
sec’ Otan 0 
[=2 f cos* 6 dd= 2 {(cos” 26) |d0 


1+cos20]° 
=a] 5 | dé 


= 1= | = 2 cos* 0.40 


= =I cos’ 20+ 2cos20)d0 
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z 5| [40+ Joos? 20 40+ 2{ eos 20 a0 


7 5 f(t Jao 07 
2 2 2 


- fond 4 28s sin20] +c 
2 2 8 
6 06 sin40 sin20 
=—+—+ + +C 
2 4 16 2 
30 =sin20 sin40 
=—+ + + C whi =sec’ 0. 
a 5 16 C where x = sec? 9 


Practice,Problems O; 


1. Evaluate the following integrals : 
(3x? —2) dx 
A. Nae eae 

x’ dx 


(ii) ao oe (x2 + 1) (2x? +1) 
(ii) J Pee 
dx 


(iv) J (x? —4x+ 4) (x’- 4x + 5) 
2. Evaluate the following integrals : 


(i) iS x os 


w) peace 
ai J = 


1.17 INTEGRATION OF 
IRRATIONAL 
FUNCTIONS 


Integration by Rationalization 


Certain types of integrals of algebraic irrational 
expressions can be reduced to integrals of rational 
functions by a appropriate change of the variable. 
Such transformation of an integral is called its 
rationalization. 

1. Letn bea positive integer. Any rational function 


(1—x”)dx 
ey x(1+ x + x‘) 
3. Evaluate the following integrals : 
; | dx 
(i) x? (a — bx)’ 
.s { dx 
ai) x*44x° 45x? +4x4+4 
4. Evaluate the following integrals : 
dx 
o J a" + > 
dx 
a) [Gey (lx = ww) | rates ag 
5. Evaluate the following integrals : 


i f foo i) JQp oe 


ofx and Vax +b can be transformed into a rational 
function by the substitution t" = ax + b and thus 
can be integrated by partial fractions. 


. f dx 
(ii) x(a+ bx") 


5 dx 
® ay 


x"dx h . oe 
———x17 » where n is a positive 
(a+ bx)!? ’ R 
integer, we put a + bx = f?, 
2tdt Ha ' = 
a and x= rid . Making these substitutions, 


For example, in f 


then dx = 


2(t? —a)"dt 


<a , which can be 


the integral becomes | 


easily integrated. 


Evaluate [ax 14.Vx4 dx. 


=> d=3t? 
t=) (1 +ti7,32at=3 | t3(1 + t4)"7 dt 


Put 1+t4¢=X7 
=> 4t6dt=7 X6dx 


(= 3 [1x7ax iN 56 iG 
4 32 


21 
Therefore, I = rae + x43)87 4.0, 


[1 +X 
Integrate | i 


Rationalizing the numerator, we have 


14+x 


[= 


ae °) cee x) 
Put 1—x?=z? in the second integral, so that 
—2x dx = 2z dz 


The second integral = — f dz=-z=-(1- x’) 
I=sin!x— J(] — x?) +C. 
Note: Integrals of the type [|= ay 


#0, c#0) of which the above is a particular case can be 
evaluated exactly in the same way. 


OG 


xdx 


Evaluate 555 GOT 
Put x2-1l=t? = xdx=tdt 


So a 


tdt f dt | dt 
(20° +5)t 32745 ° 2), 5 


oa ( G¥e=)+c 


2. Integrals of the form |/—— —— 


Here we put ax"+ b= t?, 
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dx 
Evaluate | —————.. 
P res 
Put exe, 


nx"! dx = 2tdt. 
=| ae : ae Z| a since x"= t2— | 
nx” xt nét— 
Bi Pee NE SL 
n2 jt+l n V(1+x")+1 
3. Integrals of the form era 
1 ; 
Here, we put x = ; and the integral becomes 
tdt 1 
- +C 
J (at? fe co)? a(at? 1 c)? 
f dx = x 
So, (a+ cx? i a(at xy? zac: 
: ; { dx 
Consider the integral (at 2bxt+exr)” +2bx +ex2)” 


This can be written in the form 


j o-dx 

{ac— b* +(cx+b)’}o? 

which is reduced to the preceding form by 
substituting cx + b=z. 

Hence, we get 


f dx 
(a +2bx +cx?)*”” 

b+cx 
~ (ac —b?)(a + 2bx +cx”)" 


ag © 


xdx 
(a + 2bx + cx? ) 


3/2 


4. Integrals of the form } 


1 
We substitute x ae The integral becomes 
J —dx 
(az? +2bz+ ae 
xdx 


(a+ 2bx +x’) 


Hence, | 3/2 


a+bx 
(ac — b*)(a + 2bx + cx”) 


v2 +C 
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Combining this with the previous result, we get 


f (p+ qx) dx bp — aq + (cp — bq)x 
(a+2bx+cx?)!?  (ac—b?)(a+ 2bx + cx”) 


[oe 8 
Evaluate I= [=x 
Xx 
dt 
re 


Hence, I= -| Jase =_ [evar —Idt 


mtC 


»dx =— 


Now make one more substitution Va7t? —1 =z. Then 
2a%tdt = 2zdz and 


l= u Jee=-=, Z+C 


a’ a 


Returning to t and then to x, we obtain 
(a2 — x2)? 


3a7x? 
Example 6.| Find J 
1 
Solution) Pux-+ 


d 
The substitution yields dx =— < ,VK-x? = 
Z 


a=1(-S 


I=~— or Qe 


VX 


2 
—x 
7 
x 


vz-l 
Z ° 


Vx—-x° Z *) 
and [ x dx= | Ve = ~[zvz—1 dz 
Let z—1 =s2. 


Then — | zVz—1 dz=— [(s” +1) (s) (2s ds) 


See 
=-2 5. 3 +C, 


5/2 3/2 
=o] =? {@e) }+c 


5 3 
d—x)? d—x)?” 
= 5x52 3x3/2 


5. Ifthe integrand isa rational function of fractional 


Pi Px 
powers of x, i.e. the function Rs a ds | , then 
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the integral can be rationalized by the substitution 
x = t™, where m is the L.C.M. of the denominators 
> Ioy--+--s Gy of the several fractional powers. By this 
means the integration of such expressions is reduced 
to that of rational functions. 

For example, to find 


(+x!) dx 
14x 
Let x = z*, where 4 is L.C.M. of 2 and 4, and the 


transformed integral is 


3 
z (1+ z)dz 
4) eee 
J l+2° 
Consequently the value of the integral is 


3/4 
Ax” +2x12— 4xll44 4 tan!(x"/4)—2 In(1 +x!2)+C, 
3 


Example 7) Find |x ys 
xampile /. In re) 
Because 6 is the L.C.M. of 2 and 3, we 


set u=x!/6, so that uS= x and 6u5 du =dx. We now have 
f dx { 6u°du 
gio wel? (a)? + (ud)? 
( 6u°du 7 { 6u°du = ( 6u'du 
wt u’(u+1) 1l+u 

When the degree of the numerator is greater than or 
equal to the degree of the denominator, division is 
often helpful. By long division, 


6u° —6 
“= 6u2—6u+6+ — 
l+u l+u 


3 —= 
j= a = fu" -ou+6+—* | du 
l+u l+u 
=2u3 — 3u2+ 6u—6 /n|1l +ul+C 


= 2(x1/6)3 — 3(x1/6)2 + 6x6 — 6 Inf + x|+C 
=2x1/2— 3x13 + 6x"6— 6In(1 + x!) + C. 


xt VF 45 
Example 8.) Evaluate I= Vas 


The least common multiple of the 


numbers 3 and 6 is 6, therefore we make the 
substitution : 
x = t6, dx = 6t° dt, 


(to +t? +00? poe 


ids) 1+ a 


3 
= > t4+6tan!t+C. 


-6[ vars la5=5 


2 
I= ox +6tan-! x +C. 


6. Again, any algebraic expression containing integral 
powers of x along with fractional powers of an 
expression of the form a+ bx is immediately reduced to 
rational functions, by the substitution a + bx = t™ 
where m is the L.C.M. of the denominators of the several 
fractional powers. 

I 


j (2x —3)2dx 
1 


Example 9.| Evaluate I = 
(2x-3)3 +1 
The integrand is a rational function of 
9/9x —3 . Therefore we put 2x —3 = t® > dx = 3t5 dt 
ib i 
Also (2x—3)? =t3and (2x—3)3 =t2. 
si" 

I= |>— dt 

2 Ie +1 q 
dt 
=3 fos-t+e-1yat+3 Jo 


5 3 


t 
=3 3 coe 3t+3tan!t+C. 


5 


lg 36 44 00x 3)2 
5 3 


1 a 
=) tx 3)6 


1 1 
~(2x —3)° + tan |(2x — >] +C 


dx 
Find | 5 pe 


The substitution 2x — 1 = z4 leads to an 
integral of the form 


dx 2z° dz 2 dz 
=e ser OA ees ee 
1 

=2f{zets oe 
= (1+ 42x-1) +n(42x-1-1) +. 


; =(z+1)?+2 Injz-1]|+C 


OO 1.109 


dx 
Evaluate | g—"— 
valuate | 
dx 
Let I 
arrears 


=| a 

(x+1)? +(e +1)” 
The least common multiple of 2 and 3 is 6. So 
substitute x +1 = t® 


INDEFINITE INTEGRATION 


=> dx=6tdt 
- f 6tdt _ fs 
Pat 1+t 


1 
~6f 2 =te1=-—_ 
= I oft t+1 ; at 


Feet 
=> [=6| —-—+t-In|t+1]]+C. 
Bh #2: 


On substituting t = (1 + x)!/6, we get 


ice (+x)? (+x)? 
3 2 


+(14+x)"° -In((x+1)° + i) +C, 
(x+) 7? +(x4+)*" 


Bvaluatel 
valuate xa 


The common denominator of 1/2 and 3/4 
is4. 
Putting x + 1 =t* and dx = 4t3 dt, we have 

8 


tt 
ie 
eax 
1l+t dt 
= — dt= 
tN eCEy 
il 1 a 
—2NG4 a)” 
dt 2t dt 
=2(-Jea%-le5 
= 21n |t—1| —In(t?- 1)—tan-!t+C 


=2 In |\(x + 1)!4- 1|-In[&« + 1)!2+ 1] 
—2 tan"!(x+ 1)I4+C, 


-At3 dt 


x6 _ 5516 
—x””)dx 


Example) | 2,5 ye 


Gr = x) dx 
i) x! x18 (x? +x+ 1)?- x(x? +x+ 1)? 
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j (1-x’) 
_ xo? (x24 x+ 1?- x93 (x? +xX+ 1)? 


7 dar 


1 
( putting xto=t > (1-< Jax =at) 


{ dt 
> ete = (RD 
(putting (t+ 1)=u9 


Zs f 6u°du 


w -w 


3 
=-6 J 2 du, (putting u— 1 =z) 
u-l 


so ee 


Z 


6 (aes 
Z 
~6|{zi+3.+3+2) dz 
Z 


3 2 
=-6 FL BE ey ints aC, 
3 2 


1 1/6 
where z= [x+ 5 +1) —] 


7. If the integrand is a rational function of x and 
fractional powers of a linear fractional function of the 


ax+b 

form 
cx+d 
eo ax+b 

effected by the substitution 
cx+d 


the L.C.M. ofthe denominators of the several fractional 


powers. 

dx 
Example 14) Evaluat : 
Example 14 valuate | ay 


Rationalizing the denominator, we have 


f dx —— 
V(xta)+VJ(x+b)? (x+b)—-(x+a) 


, then rationalization of the integral is 


= t™, where m is 
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pee ~(x+a)!? 
= dx 
b-a 
1 
~ b-a 
2010 
= Ateaay 


2 372 _ 2 3/2 | 
—(x+by"" -~(x+a 
< De EH) 


(x + b)32— (x +a)32] +, 


dx 


Baitate | (5 
vatuate | {75 ) aaa: 
Put <2" 


oF =i 1 2-27 


$40: ~ 


> x 2+ andx+3= 
1=z 1=2? 1=z7 
= = 2zdz 
(l-2’y 


2zdz (az) 277 dz 
I=|z. = 
fz (2 "(2 S2") eae 


2 4 
= dz 
(a a 


=, tz Jainlk222 +C, 
-2Z V2 -z 
(4) 
where z = ; 
x+2 


(1—sin x)(2 —sinx) 


dx 

Example 16.) Evaluate rf os 
1l-sinx cOSX 

Wehave 1% ~ 
1+sinx 


~ 1+sinx 
I= [ cosx  {2—sinx dx 
1+sinx ¥2+sinx 
Let 1+sinx=y 
=> cosxdx=dy 
2-sinx 2-(y-l) 3-y 
2+sinx 2+(y-l It+y 


1 /3-y 
—|)/—- j- ~ Id 
I (tf) 

3-y 


=22 _y=t24+ 22 
Pt Say t? >3-y=ttty 


=> y(1+t2)=3-2 > y= =o dy 
1+t 
_ W4+DE2H-G-C)2t _ -2t-6t 
a+ey = Gary tt 
_ -8t 
deep 


1+t?  t(-8t) i 
= . dt —_ 
: (3 ) : 8) amar" 


= d 
lene s 
i? A B 
t 75 2 2 +735 
(t -3)(t° +1) (t?-3) (t?4+D 
t2=A(t2+ 1)+ B(t2—3) 


1 3 
A+B=1, —-4B=-1>B A 
ere coe | 
v 3 , 1 
(7? -3)(7 +1) 4(t?-3) 400? + 


1 3 dt 
=g.— | |———dt+ 
Now, I= 8 4 Jat J] 


-2/3 x5 = + wr 


= mtix3 +2tan(t) +C. 
t+v3 


2 4{2-x 
Example 17.) Evaluate I = aes, rs dx 


The integrand is a rational function of x 


2-x 
and the expression ? me therefore let us introduce 
+X 


the substitution 


3 = =3 
2+x 2+x : 
990° 4t 
3. => X= 
l+t 1l+t 
d aut dt 


_ (es ?)?t.12t? 4 
fer deey 
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3 pdt 3 


IB 4 


Ret t ae Ga)» +C 
eturning tox, we ge 7 


Example 18) Evaluate I= |- ie 
Since V(x-1)(x +2) 


=(x—1)(k+2) ¢ 


—1)°(x+2)° 


, the integrand is a rational 


: x+2 : 
function of x and ¢ i ; therefore let us introduce 
\ x-— 


the substitution 


4[X+2 = 


x-l as x-l 


1 
| =>dx= (t* —12 dt. 


f (t* —1t* — 12 dt 
S3r italy 


=> x+2=74 


Hence, I =— 


4 
Returning to x, we obtainI = —¢ 
3Vx+2 


Alternative : 


x-l 
Here we put =t 
x+ 


dx dt 


3 _dx__dt 
Go ey 


-|——< 
= 8 
(25) (x +2) 
=| dx 
3/4 ad 


v4 _1 4 
pte ->(+ | +C 
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Note: The integrals of the form 


Y(x—a)?(x—b)? 


x-—- 
comfortably using the substitution as 


dx 


shown above. 


dx 
Example 19.) Evaluate leer ; 


, where p+ q = 2n are solved more 


a 
=t 
b 


dx 


I= |p qca 


1. 


p 


Evaluate the following integrals : 


i/o =. bag 


(iii) J — dx 


Evaluate the following integrals : 


yp vx +ix 
() racer rcs 


e, xdx 
Soo 


—2/3 


oe x 
(ii) per +(x—18 dx 


a dx 
(iii) (———. 
(2 + po 


Evaluate the following integrals : 
xdx 


. 1 F 

() aaa (ii) \ox+a™ 
5 dx 

@loae wlaar 


Evaluate the following integrals : 


(i) dx 
J (+xp? +4 xy? 


. —— 

(i) sx 4 [5—x 

= f dx 

Gi) td + fx+D 
: fx +1+2 

ty) ie eae a 
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=| dx 
15/16 
(23) (x4) 


Gs eee ynad [2—P=09)) ana 
XxX 


-4 (x-4) 
dx dt 
(x-4" —-7 
-l ¢ dt 


Pi 
1.18 INTEGRALS OF THE 
Type [oS 
PvQ 
Where P and Q are linear or quadratic 


expressions 
1. Integrals of the form 
dx 


Ve +b) J(ex +d) , where (a# 0,c#0) 
dx 
To find the integral i) PJa , where P and Qare linear 


algebraic expressions of x, we put Q= t?. 


dx 
(ax + b),/(cx +d) 


Thus, to integrate } 


Put cx+d=t2 


cdx = 2tdt. 
The integral then reduces to 
2, t dt dt 
J 2 ~ 2 2 
c [a -d at? + (be — ad) 
a +b/.t 
c 


which can be easily evaluated. 


dx 
J (2x +1)/(4x +3) 
Put 4x + 3 = t2, so that 4dx = 2t dt and 


2 2 Dr 
2 ie Pd Se ie! 
4 g 2 


(2x+1)= 


as tdt 


eccoe re Dt 


dt 
- J (t? -1) 


_14,lt=! oe “tt 
2 |t+1 2 f(4x+3)+1 


dx 
franglo! (x a8 aay »B 


=>dx=2tdtand B-x=B-a-t? 
2tdt dt 
=2 
ee. a—t’)} le-5 


where k?= B —a, 

x-Q 

B-a © 
x°dx 


Evaluat 
(Example 3.) Evaluate | 7. 
(Solution) Put (x+2)=t?, sothat dx =2t dt. 


Alsox=t?—2. 


{ 
=2 sin! tC =2 sin“! 


f x°dx _ p(t? —2)°.2t dt 
(x—Daf(x +2) (t? —3).t 
t*-4t? +4 
= 2|—,———-dt 
J =3 


=2f (e-p+s— male 


dividing the numerator by the denominator 


i 
‘ll 


]+C 


t 

pi 
Vx+2)- 3 
(x+2)+¥3 


! ae In 
= — 3 
zs [3 pire a5 
=2 (x+2)"" (x +2) 4 : In 
3 2/3 


2. Integrals of the form 


dx 
J (px’ + qx+r)Vax +b 


dx 
We now consider the integrals acl , where Pisa 
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quadratic algebraic expression ofx and Q is linear. 
To find the integral, we put Q = t?. 
The substitution (ax + b) = t? transforms the integral 


INDEFINITE INTEGRATION 


into an integral of the form 


dx 
J (px? +qx+r)Vax +b 


dt 
| ee ea which can be easily evaluated. 


dx 
Example 4.) Evaluate ea 
Put (x + 1) =t2, so that dx = 2t dt. 


Alsox=t?—1. 


f dx =| 2t dt =2{ dt 
xelxtl %(?-b*.t (aye 


i eras ae eee 1 
=J2) Gp? GD Gp a-p|* 


by partial fractions 


lp dt lp dt lp dt rp dt 
Hear aso ate ae 


1 1 
~~ ote) 12 > Inte At—-) ~ 2 MRI’ 
1 1 [te 
a lGad Gp! > BlpaltE 
V@+D 1, V@rD+1 , 
ee aN Cane 
x+2 
Evaluate a 
le x? +3x +3) x+1 
x+2 


le oe 


Putting x + 1 =t?, and dx = 2t dt, we get 


f (t? +1) 2t dt 
Te? 430? Dp +3We 
pee 
dt=2 j—+ dt 
sl 


t'+ > +1 
t? 


(t? +1) 
th+t?4+1 


> l= 


T=2 h qe 
=> =2/ ; Wheret— > =u. 


uw’ +(V3) 
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me “(| eee 
=> Tai ee B +CS "jy wan BS EC 
2. ; (a4 
=> [= a t V3 +C 


2 x 
= 3 tan-! |ean| +C 
3. Integrals of the form 
dx 


(px+q) (ax? + bx+c) 


Here, we consider the integrals } where Q isa 


dx 
P/Q’ 


quadratic algebraic expression of x and P is linear. 


dx 
(px + q)v (ax? +bx+c) 


1 
Bawa ae 


To evaluate i 


1 
we put P= é Le. 


dt 1/1 
so that pdx 7 and x = s| 
t pit 


The given integral then reduces to 


1 dt 


Lane? 
yet 


1 


oT: 
\[sa 


which when simplified takes up the form 


dt 
-| > +S , which can be integrated easily. 
(At? + Bt + C) 
Example 6.| Evaluate ——— 
(1+ x)V(1-x?) 
Put (1 + x)= 1A, so that dx =—(1/12) dx. 


dt 


dp ti qoe a} 
P 
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Also x=(1/t)-1. 
-(1/t?)dt 


j——-J 
(1+x) (x?) (1/t)/[1—-{(1/t)- 17] 


= { dt --| dt 
Wi@-a-071  * V@t-1 


_ =| at 142. 2a=- V@t—-))+C 


d 
Example 7. | Integrate ie ra - ; a 
x + x’ +3x+ 


1 I 
Put2x +3= > => 2dx=—"5 dz 


1 dz 
> dk=— 5 
1/1 1 
and x =—|—-— 3], = 
2\z 2x+3 


J 


1 
ee Egil | ———— 
sin-!z+C sin (45) +C; 
Alternative : 
1=f dx 
(2x + 3) [ee +12x+ »} 


dx 
le. + 35 (Ox 43) =f) 


Put 2x+3=z 


1 
=> 2dx=dz>dx= 7 dz. 


dz 
te LS sec-!z+C'=sec"(2x + 3)+C' 
z(2? = 1) 


Although apparently the forms of the two results are 
different, it can be easily shown (by using the 
properties of inverse trigonometric functions) that one 
differs from the other by a constant. 


dx 
Evaluate | 6 seq y a 
dx 
[= 
| (x—a)y(x? -a) 


1 1 
Put x-—a= . > dx=— a dt. 


1 l+at 
Also, x = -~+a= 

t t 

ae (hatha — 1+2at 
=> xX*-a= 2 = 2 
1g 

= -(/—_+— 

1 J+ 2at) 

t t 


~2 (1+ 2at) +C 


755° 


1 [1s 2a = [2) +c 
a\ x-a a\ x-a 


4. Integrals of the form 


dx 
J (ax? + b) (cx? + d) 


Here we have integrals of the form Feet where P 


aoe 


and Q are pure quadratic expressions. It means that 
they do not contain terms of x, i.e. they are of the type 
ax?+band cx?+ d. In this case put x = 1/t and then the 
expression under the radical should be put equal to z2. 


(Example 9. | Evaluate re ee 
J (x? —1y(x? +1) 


Put x = 1/t, so that dx =—(1/t2) dt. 
{ dx 
(x? —DyV(x? +) 
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=| —(1/t”)dt 


{/t?)-}W{d/t?) + 


= { t dt 
d=Cwde?) 
Now put 1 + t?=z? so that t dt =z dz. Then 
d dz dz dz 
l= —_ cant: 
rama ee loae5 
oe in2=¥2] - 
2/2 |z+/2 


(+t?) 


Ja+e ark 


In 
2d] 


1+(1/x’) 


1 

- In 
2/2 as ol 
1 in Vit G2) -xv2 | 


Example 10.) Show that 
f dt 
(x? +a°)Vx? +b? 


2 1 a |x’+b’ Cc 
eer cos"! DV aay ? 


if b? > a2, C being the constant of integration. 


be Sart 


(Solution) Put x +b" =t’, sothat x2= —~——— 
ta v1 


2x dx =— [2 (b?— a)t/(t? — 1)?] dt. 
ee: 
Also, x? + a2 = 7a + a2 = (b2—a2)/(t?- 1), 
Bat 
24+ )2= + 2 
x2+b aa b 
= (b?— a?) t2/(t2— 1). 


dx 
J (x? + a2) x2 +b? 
1 f dt 
VOPsa se Jbeoate 


Sah 
aV(b’—a 


cos"! (at/b) + C, 
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1 {2 +b? 
2 Ta cos + 
av b2 -a? i bY x? +a’ C. 


5. Integrals of the form 


dx 
lee + qx +r) a{(ax” + bx +c)" 


Here we shall consider two cases only. 

Case I: Ifpx2+ qx +r breaks up into two linear factors 
of the forms (mx + n) and (m'x + n’), then we resolve 
1/{(mx + n) (m'x + n)} into two partial fractions and the 
integral then transforms into the sum (or difference) 
of two integrals. 

Case II: If px? + qx +r is a perfect square, say, (Ix +m), 
then the substitution is Ix + m= 1/t. 


Evaluate 
I= f dx 
2xv1—xV(2—-x)+v1l-x 


dx 
Here, I= 
= Pe, xV(2—-x)+v1-x 


2t dt 


J= 
eee +t 


dt 
ron rer 


dt 
lane +t+1 


-5i( 1 1 dt 
24/(t-1 t+ fate 


1 1 ue. ) 
C=NCED Akt: €41 


1 1 1.dt 


1 
= dt 
| peace 7A ore 


1 1 
Let, [= 3 I- 3 I, (1) 


dt 


(t=Dvt? +t4+1 


where I, i) 
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and I, = i) 


dt 

(t+)vt?+t+1 
1 

Put (t—1)= e for I,, 


-1/27dz 


i=] 
1 fie?) (tet) 


=—In 


..(2) 


(243 Ver eae+3 


1 
For I,, put (t+ 1)= — 
u 


.B) 


2 


2 


I=- aueana 3)} 


+—In 


+C, 
2 


i 1 
where z = and u = —_____.. 
VI-x-l Vi-x+l1 


6. Integrals of the form 


dx 
le —k)' Vax’ +bx+e 


: 1 
Here, we substitute, x —k = - 


Evaluate {= 
(x—3) vx? —6x +10 
1 1 
Put x-3= , => dx=- : dt 
f dx 
(x -—3) Vx? —6x +10 


, where re N 


j -1/t'dt 
1/Ja/t+3) —60/t+3)+10 


[vi+e at 


f tdt _ f dt 
Vl4+t Vl+t? 
=In|t+ V1+¢? I-53 ive -Sinieevise |+C 


Vi+t2 +C 


2) 
vx S80 


[x-3/ 


1 t 
—In|t+ e|-5 
eet Vi+t | 5 


i), 
ay |e 


Integrate 


dx 
eee ee TaeS 
i reerae 


(x {(x — 1)? +2} 


dz 
= | ——_.,, putting z=x-1. 
eareae 
{ V2 sec? 6 d0 


2tan?0. V2 sec »P 


14x? —6x +10 
|x—3| 


utting x = /2 tand. 


= ee cot6d60 = SU ogeuacne: 
2 2 


ve +2) 
Loe —2x+ ahs 


x-l 


Since tan0 = i Z, cosec 9 = 


Lal(z? #2) is 


7. Integrals of the ceca 
| (ax + b)dx 


(ex+d)\/px’ + qx+r 
Here we put (ax + b) = A(cx + d) + B, and find the 
values of A and B by comparing the coefficients of x 
and constant term. j (4x +7) 


Example 14.) Evaluate (x+2) Rayer 
Let 4x + 7=A(x+2)+B 


= A=4,B=-1 


So. af dx { dx 
Vx7+4x4+8 * (x+2)Vx?+4x4+8 
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= 4in(x+24Vx? +4x +8] 


1 1 1 1 
+—fn + 
2 |x+2 V(x+2)? 4 
8. Integrals of the form 
{ ax’ +bx+ce 


(dx +e),/px* oe 
Here, we write, 
ax? + bx +c =A(dx + e) (2px+ q)+ B(dx +e) +C 
where A, B and C are constants which can be obtained 
by comparing the coefficients of like terms on both 
sides. 


Evaluate [ 
Let 


2x2+ 5x+9=A(x+1)(2x+1)+B+1)+C 
=> 2x2+5x+9=x2(2A)+x(3A+B)+(A+B+C) 
=> A=1,B=2,C=6 
by comparing the coefficients of like terms on both 
sides. 


2 
2x° +5x4+9 ae 


(x+)Vx2+x41 


2x7 +5x+9 


Thus, | ————=—. dx 
le +x4+1 


(x+DQx+) 


(x+DV¥x?2+x41 


dx 
+2 6 | oS 
loa x +x4tl aa 
=f 2x+1 dx+2 f dx 
Vx’ +x41 Vx? +x4+1 


dx 
6 
| eae 


dx 


Ja +2J are 6 j—— 
Ye oe 


1 
where u=x2+x+4 land | =xt1 


=2vx°4+x41 +2In|(x+1/2)+ Vx’ +x41| 
dt 
6] 
V(t-1/2)° +3/4 
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[x+3) +Vxtex 


=2 yx? +x4+1+|2In 


[ep eta 


—6ln +C 


INTEGRAL CaLcuLUs FoR JEE Main AND ADVANCED 


=2 Jx?+x4+14+2In 


[x+3) Vite 


tC, 


(Practice PrODlCM Sic Qf 


1. 


2 


3. 


Evaluate the following integrals : 


0 | = 

(2x + 1) J(4x + 3) 
: i 
wy) aa ce 


Evaluate the following integrals : 
: d 
@ | 2 

X/ (9x? + 4x +1) 
(i) { dx 

(1+ x) J +x-x?’) 
(i) = 

(1+ x)V¥1+2x—x? 

2x dx 

(iv) iF 


(x? - 1) 


eae fie iota integrals : 
o |“ 
(x24 ee 
@) J (x? rarer 
cu) rare Sh +1 


1.19 INTEGRATION OF A 


BINOMIAL 
DIFFERENTIAL 


Integrals of the form | x™(a + bx")P dx 


Expressions of the form x™(a + bx®)P, in which where 
m, n, p are rational numbers, are called Binomial 
Differentials. 


The integral J x™(a + bx")P dx is expressed through 


elementary functions only in the following situations : 


4. 


Evaluate the following integrals : 
dx 


0 J (3+4x")(4—3x")'” 


7 ae: eee V1+x7dx 
w | Qxt+Dvi-x © J ee 


Evaluate the ne integrals : 


y oesirans *44x)/4—x? 

(ii) J (4x? + 4x + 1) Tae + 4x +5) 
dx 

ti J (x2 42x 42)Vx2 +2x—4 

f dx 

OY) Faye 43x42 


Evaluate the paee integrals : 


w ie =e ~4x 43 


(x? + 1)dx 


(i) J (x? +2x +2) /(x +1) 


(2x + 3)dx 


(i) J (x? +2x+3)V¥x7+2x+4 


p is a positive integer. Then, the integrand is 
expanded by the formula of the Newton binomial. 
p is anegative integer. Then we put x = tk, where k 
isthe L.C.M of the denominators of the fractions m 
and n. 


m+l 


is an integer. We put a + bx®= t, where a 
is the denominator of the fraction p. 


m+l 


+ p is an integer. We put a + bx" = tx, 


where o is the denominator of the fraction p. 


EvaluateI= | /x(2+Vx)" dx. 
1 1 
I= [x3(2+x2)? dx, 


Here p = 2, i.e. an integer, hence we have 
1 1 4 fy) 1 
I= [Px 4x? +4)dx= foe +4x® + 4x3) dx 
11 4 


ae += x6 43x3+C. 
7 1 


2 2" 
esate foc'[ex') 
Here, p =— 1, is a negative integer and 


m andn are rational numbers. 


Put .- 3 
= dx 3t?dt 
~2 2\-19,24, _ f dat 
Sep ft dei), St dt= | 


= 3tan'(x'?)4+C. 


Evaluat (2. 
valuate |p5— dx. 
Xx 


2 11 


I= [x 3(1+x3)?dx. 


7 2 1 1 
erem=— 3,N=3,P= 5 
Ce 
m+l 3 . : 
= = 1, 1.e. an integer. 
n u 
3 


\ 
Let us make the substitution 1 + x* = t2 


<2 
=> 3° 3 dx = 2t dt. 


1 3 


Hence, I= 6 [ edt=28+C=2 (1+x3)? +C, 
i 

Example 4.} Evaluate [xtdext 2 ax, 

H = # 

ee pes. 5 


is a fraction, 
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m+1_ —-Il+l 
n 4 


5 
as 3 also a fraction, 
m+l 3: 
pye 
Dd: 
We put | + x4=x4t?. Hence, 


but = —3 is an integer. 


1 > jt 2 


5 
(1)? 2 =1)4 

Substituting these expression into the integral, we 

obtain 


x= 


ah 2 2 
=( t t dt 
eG n*(a55) 5 
at? -1)4 
i ne ae cman | 
= t° -1l)‘dt = + +C, 
aK 10 3 2 


Returning to x, we get 
Wisse P4 a +x‘) 
x 


bet 1+x*4+C. 
2x 


i-__! 
10x'° 


dx 
Evaluate | Pyarx) : 


3 
x 
We have m =-3, n= 3, p=-1/3. 


# integer, but 


m+1 
Here, 


m+l 


+ p=—1, (an integer). 


We put 1 + x3=z3x3. 


1 
> *@-)=1, >x "(Hie - 
2 
Zz 
=> dx=- ep? 
Z 
The denominator = x4z = @p™ : 


2\2/3 
10427? | 


5. ee C. 


I [zaz see = 
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Practice,Problemis R 


Evaluate the following integrals : 


x? dx (1—x*)dx 
la + x)? 2. [aq + x2)? 


3, [xtde xi) dx 4, [las ey dx 

a aE pee an 
1.20 EULER’S SUBSTITUTION 
Let R(x, Va + 2bx + cx? ), denote a rational algebraic 


at+2bx+cx?, 


function of x and 


Integrals of the form [Ro Vax’ +bx+c) dx are 


calculated with the aid of one of the three Euler 
substitutions : 


l. Vax? +bx+c =t#Va isa>0, 
2 Vax? +bx+c0 =tX+ Ve ife>0, 
3. Vax? +bx+c =(x-a)t 


ifax? + bx +c=a (x—a) (x—) i.e. ifo is real root of the 
trinomial ax?+ bx +c. 


The integrand in R(x, Vax + bx +c) dx can be made 


rational in several ways, which we consider in order : 
1. Assume Vax? +bx+c =t-xVa (1) 
Then bx +c=t2—2xt Ja 

bdx = 2tdt—2 Ja (xdt + tdx), 


or dx(b+ 2t Ja )=2 dt (t—x Va )=2dt Vax? + bx +c 


dx 2dt 
= (2) 
Vax? + bx +c b+2tva 
Al 2 WRC 3 
sO. X= pana ...(3) 


This substitution obviously renders the proposed 
expression rational. 


2 
t'-c 
When b=0, we get __9X__ dt andx= 5 


Vax? +c tVa’ 


2 Jaco x! os 8. [aie dx dx 


9. i "42 + 3x? dx 
x!3(1 —2.Vx dx 

11. J x34 (1 +x78)!2dx 

12. J x (1+ 8x*)!8dx 


dx 
For example, to find } (pean) h; i 
4 t-1 . dx _ 2dt 
ere X = ——., an 
2t (p+qx)V1+ x? qt’ + 2pt—q 


i dx 1 yf getp- ype +a? @ 
“S(ptqxyvltx? yp? tq? (qzt+p+yp?+¢7 
When the coefficient a is negative the preceding 
method introduces imaginary numbers : we proceed 
to other substitution in which they are avoided. 


Assume Jax? +bx+c = Vc +tx (4) 


Squaring both sides, we get immediately. 
ax+b=2tJe + xt? 
dx(a—t2) = 2dt (Jc + xt) =2dt Vax? +bx+c. 
dx 2dt 


> 2 
x7+bxt+c a-t 


2tVce —b 
And x= ase ...(6) 


This substitution also evidently renders the proposed 
expression rational, provided c be positive. 
For example, to find 


{ dx 
xv1—x? 
Assume /1—x? = 1 —xt, and we get 
{ dx {< 1-V1-x? 
———— = }]— In} ————— |+C 
xV1-x? t x 
3. Again, when the roots of ax? + bx + ¢ are real, 
there is another substitution. 


For, let a and B be the roots, and the radical becomes 
of the form 


Hence AP ...(5) 


=In|t]|+C= 


a(x - a)(x—B), or sfa(x-a)(B—x), 
according as the coefficient of x2 is positive or 
negative. 


In the former case, assume /x- a = t,/x—fB, and we 


2, 
getx= oe hence x— B= of 
dx — 2tdt 
x-B parte 
Accordingly, 
dx dx 2 dt 


Jac—ayx—p) tx—Pwa vai-7 


In the latter case, let /x-a =t,/B-—x, and we get 


a+Bt? 
~ 14h 
and or nent ...(8) 
Ja(x- a)(B — x) valet? 
f dx 
For example, the integral (p+ax) oa 
; 2dt 
transforms into Vaca 
; t?-1 
on putting x = aa : 


It may be observed that in the application of the 
foregoing methods it is advisable that the student 
should in each case select whichever method avoids 
the introduction of imaginary numbers. 

Thus, as already observed, the first should be employed 
only when a is positive: in like manner, the second 
requires c to be positive; and the third, that the roots be 
real. 

It is easily seen that when a and c are both negative, 
the roots must be real; for the expression 


V-ax? + bx—c 
is imaginary for all real values of x unless b?— 4ac is 
positive i.e., unless the roots are real. 
Accordingly, the third method is always applicable 
when the other two fail. 
From the preceding investigation it follows that the 


expression R(x, Vax’ + bx+c ) dx can be always 


rationalized. 
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7 dx 
Evaluate I= nar 


Here a = | > 0, therefore we make the 
substitution Vx’ +2x+2 =t-—x. 


Squaring both sides of this equality and reducing the 
similar terms, we get 


2x + 2tx =t?-2, 
_v-2 _t+2t4+2 
=~ 2(1+t) 21+ t) 
t?-2 17 4+4t+4 
1+ V¥x?4+2x+2 =Il+t = ae 
2d+t) 2(1+t) 


Substituting into the integral, we obtain 


f 2(1+ t)(t? + 2t+2) ae f (t? + 2t+2)dt 
J 44t442040? ~— 2 +0042) ° 
Now let us expand the obtained proper rational fraction 
into partial fractions : 
+2t+2 A. B D 
= + + a 

(t+1)(t+2) t+1 t+2 (t+2) 

We find: A= 1, B=0, D=-2. 


Hence, 
2 
{ t ret? at=| dt -2{ dt : 
(1+ t)(7.+2) t+l1 (t+ 2) 
In|t+ 1|+ 2 +C 
Be to 
Returning to x, we getI=In(xt+1+ Jy? 49x42) 
2 
+ + 
X+24Vx74+2x42 
dx 


Evaluate [= 5 — 
X+ 1 


X°-—X+ 
Since here c = 1 > 0, we can apply the 
second Euler substitution /x?_x+] =tx—l, 
2t-1 


=> (2t-1)x=(®-1)x? >x= Gai 


1.122 0 
Substituting into I, we obtain an integral ofa rational 
—2t?-2t-2 
fraction J- a = ( t(t—D(t +)? 
-2t7-2t-2 A B D E 
y=Tt + rae ; 
t(t—D(t+1) t t-l (t+l° t+l 


-x+l1 


1 3 
We find A=2;B ;D=-3;E : 
2 2 
Hence, 1=2 [& 17 3f dt =| dt 
t 2/t-l (t+1° 24 t+1 
ied ail ee eC 
nlt|- > dnt 1+ —>-5 ditt 1+C, 
me 2 
Ve aes 
x 


dx 
Find |S 
Let x2+x+2=(z—x). Then 


Vane) 2(z* +z+2)dz 
1+2z +22)’ 
2 Z+z+2 
Vx7 4x42 = 14+2z 
(2? +z+2)dz 
J =|5 Gite). 
and = =0. 7 4749 02 
1422 14+2z 
(— in 
=2 Zz -2 =F \eeeale e 


Vx? 4x424x—-V2 


1 


xdx 
Example 4.) Find le 4x—-x2y?* 


Let 5 —4x —x2=(5+x)(1—x)=(1—x)?z2. 


qeee ae _ 1ede 
1+z (+27) 
45 —4xe x? —U—x)2= or 
14+z 
z-5 122 
x dx l+2? (+27) 
and | (5—4x—-x’)? =| BG ar 


(l+z7)° 
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( 3) C DEG 
= Z +C= EC; 
18 Zz 9V5—4x-x? 


x dx 


Evaluate I = : 
lee yes 
In this case a < 0 and c < 0 therefore 


neither the first, nor the second Euler substitution is 
applicable. But the quadratic trinomial 7x — 10 — x? 
has real roots a = 2, B = 5, therefore we use the third 
Euler substitution : 


V7x—-10—-x” =V(x—2)(5-x) =(x-2)t. 


=> 5-x=(x-2)? > x= a 
1+t 

6t dt 

> = a+t?) 


5+2t? 3t 
Also (x-2)t= 2 yt 


140 l+t 
6 ¢542t? 
Hence, I=— ~— 2 
I > 49 )db=== (> +28 | 
94\t OL t 
-_ _ 2 
qnaepe 
x-2 


dx 


Example 6.) Evaluate | ——=—. 
(x +VxX°- 4) 


dx 


(« : Vea)" 


Put x+vx2—4=t = | 1+—2— |ax=adt 
Vx? —4 
Also, xtV¥xX°-4=t => yx?-4=t-x 


2 
t+4 
ae 
2t 


| 
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2 
See on ee oy ee ee 
2t t 
2 tracti t 
t* 4164812 —16t2 (<4) Subtracting we get, 
= ; - ' 
os at 2V1+x? a aa 3) 
S 1={ se or 
0; 2? pe 2 1 : oi 
1 1+x? ir 
= 5] Pae—2fc Pat 
cae oe ) From (1), (2) and (3) we get dx = al 
= 2 +C = = Ul-t7]+C, , 8 ae 
2-2/3 -8/3 4 
2 
where t=(x+Vx?=4) ee ose en ee 
. I=] aks ra (t+ 1-2) dt 
(Example 7.) Evaluate erred 
n+l n-1 
(x +V1+x’ _l\t t LC 
2}n+l n-1l 
x dx 


(Solution) [7 —~—— —> 
(1+ xe + vx? +1} => Le Faas (1+x’) tl 
Put 1+x?=t? > —-2x3dx=2tdt 
tdt 1 , tf / 2yr-14+C 
l+t (0-5) n= OENOTEY) | 
=t-In(1+t)+C 
; ; (l-vl+x+x°) 
fee a mie 


na{ 2 Vx? +1 Let Vl¢+x+x? =xt+1, then 


+C. 
r 2t-1 
1+x+x2=x22+ 2xt+ 1,x 7 


Example 8.} Evaluate [@tviex? )? dx. 1-t 


2 
Let I= [(x+V1+x7)" dx = 


xX 


Put x+ vV1l+x’? =t (1) 


tt -t4l 
> [1+ +28] ax=at V1+x+x7 =xt+1 > 1-v 
QWV1+x? 


t 

[ 2 

eee) dx =dt ..Q) 1- Vitex? = ~ 
V1+x? ~ 


ree 5 Putting the expressions obtained into the original 
e have t=xt V1l4+x 


xe eage z, (oe 
a4 px ole a integral, we find ee © dx 
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f (20? +t)? (1-t? Pt? )(2t? — 2t + 2) a 
Ler Ot The Stade ye 


i l+t 
=2 [pdt =—2t+ Inf 


+C 
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x+Vl4¢x4x? -1 


x—Vl+x+x’? 41 


Qx+2Vl4+x4+x? +if+e 


+C 


Avl+x+x' -) 
xX 


_ WV1+x+x? -1) ae 
xX 


Practice: PrObleMS a: Sf 


Evaluate the following integrals : 
{ dx 
" x—-Vx°+2x+4 


3. —- 
(2x — xy 


1.21 METHOD OF 
UNDETERMINED 
COEFFICIENTS 


| dx 
Vine? =i 


To find | P.(xje“dx where P,(x) is a polynomial of 
degree n, we have to perform integration by parts n 
times. We then get Q,(x)ekx, where Q,(x) is a 
polynomial of degree n. 

Knowing this, we need not perform integration by 
parts n times. We calculate the integral using the 
method of undetermined coefficients, the essence of 
which is explained by the following example. 


Let us find [xe*ax . 


Let [xe*ax (a)x2+ a,x + ag)ex+C 
On differentiating both sides, we get 
x2eX = [x2a, + x(2a, + a,) +a, + ag] ex 
Equating the coefficients of identical powers of x in 
the polynomials on the right and left, we get 
a=1 
2a,+a,=0 >a,=-2 
a, t+aj=0 >ay=2 
Finally, we get 


[x7e*dx = (x?—2x + 2)ex+C 


Applying the method of undetermined 


coefficients, evaluate I = | (3x? —17)e7*dx , 


ie | (3x3 —17)e2%dx 


6. i xdx 


x-a/x?-1 
8. | x-Vx2-4 dx 


dx 
e lee —x+2) 
7 ( dx 
; col, 


(Ax3+ Bx2+ Dx+E) e*+C. 

Differentiating the right and the left sides, we obtain 

(3x3— 17)e?x = 2(Ax3+ Bx?+ Dx + E)e2* 

+ (3Ax?+ 2Bx+ D)e2x 
Cancelling e2* we have 
3x3— 17 =2Ax3+ (2B +3A)x2+(2D+2B)x+(2E+D). 
Equating the coefficients of equal powers of x in the 
left and right sides of this identity, we get 

3=2A, 0=2B+3A, 

0=2D+ 2B, -17=2E+D 
Solving the system, we obtain 


oe 4? 4’ 8 
Hence, 
[ Gx? -17)e*dx = Se ea acceie LC 
2 4 4 8 : 


Ze. |Note: The method of undetermined 


coefficients may also be applied to integrals of the form 
| P, (x)sinaxdx , i) P. (x)cosaxdx , 


where P,, (x) is a polynomial. In both cases the answer 
is of the form Q,(x)coskx + R,(x)sinkx, where Q,(x) and 
R,(x) are polynomials of degree n (or less than n). 


Evaluate I = es +3x+5)cos2xdx , 
Let us put [@ + 3x + 5)cos2xdx 


=(A,x* +A,x +A,)cos 2x 


+(B)x° +B,x +B,)sin2x+C 
Differentiating both sides : 
«« 2+3x +5) cos2x 
=—2(Apx?+ A,x+A,) sin2x + (2Apx + A,)cos2x 
+ 2(Box2 + B,x + B,)cos2x + (2Bpx + B,)sin2x 
[2Box2 + (2B, + 2A,)x + (A, + 2B,)]cos2x + 
[-2A 9x2 + (2By-2A,)x + (B, —2A,)] sin2x 
Equating the coefficients at equal powers of x in the 
multipliers cos2x and sin2x, we get a system of equations: 
2Bp>=1, 2(B,+A))=3, A,+2B,=5, 
—2A)=0, 2(Byp-A,))=0, B,-2A,=0 
Solving the system, we find 


Ey ts ns, 3 9 
rd De See Aen oh 


Ay=0, Bo 


Thus, [@ +3x+5)cos2xdx 
a ress cos2x + dg Ske sin2x+C 
2 A 2 2 4 


P(x) 


Jax? + bx+c¢ 


Integrals of the form | dx 


where P,,(x) is a polynomial of degree n. 
P(x) 


Put —— 
afax? ee 
=Q,_ Ox)yax? +bx+c +K[/>———— 
fax? +bx+e. 


where Q,, (x) is a polynomial of degree (n — 1) with 
undetermined coefficients and K is a number. 

The coefficients of the polynomial Q, (x) and the 
number K are found by ar ee aie (1). 


(Example 3. Evaluate I = (-— 
Vx? +2x+2 
Here P,,(x) =x3—x- 1. 
P.n_1(k)=Ax?+ Bx+D 
We seek the integral in the form. 


1=(Ax2+Bx+D) Vx? +2x42 en 
Vx? +2x+2 


Differentiating this equality, we obtain 


3 
x -x-l 


ax? +2x4+2 


I'= 
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=(2Ax+B)J/x? 42x +2 


+ (Ax?+ Bx+D) ea + us 
Vx? +2x+2 Vx? +2x+2 
Reduce to a common denominator and equate the 
numerators 
x3—x —1=(2Ax + B)(x2+2x +2) 
+ (Ax2+Bx+D)(x+1)+K. 
Equating the coefficients at equal powers of x, we get 
the following system of equations : 
2A+A=1, B+4A+B+A=0, 
2B+4A+D+B=-l, 2B+D+K=-1 
Solving the system, we obtain 


1 5) 1 1 


Thus, 


-(32-2 —=xXt+ pe 2x42 +3 —— 


3 


Vx? +2x+2 


where } 


dx 
Vx7+2x+2 
= (n(x+14+ Vx? +2x+2)4+C. 


_ dx 
earn 
Jeyx? + 4ax 


x? 4 Ay? 


(Solution) fal fx? +4dx = [=~ ae = 
(Ax?4 Bx2+ Cx +D) yx" +4 


Differentiating both sides, 


hors 


xt + 4x” 
eae : 5 
(P44 (3Ax2+2Bx+C) ./x? +4 
< (Ax? + Bx? + Cx + D)x | Xr 
Vx +4 alee +a 
Multiplying by ,/x?+4 and equating the coefficients 


of identical degree of x, we obtain 


1 
77D 0, A=-2. 
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Hence, 


[xe yx? +4 ax 
_ x) +2x Se ee 44 —2In(xtx?4+4)4+C 


Differentiation under the sign of Integration 


The integral of any expression of the form f(x, a), 
where a is independent of x, is obviously a 
function of a as well as of x. Suppose the integral to be 


denoted by F(x, a), i.e. let F(x, a) =] f(x, a) dx, then 


d 
ae {F(x, a)} = f(x, a). Again, differentiating both sides 
with respect toa, we have, since x and a are independent, 
WF(x,a)_df(%a) (#21) _ df(xa) 


dadx da dx da da 
Consequently, integrating with respect to x, we get 


d F(x,a) = joae d 


z) 


da da 
df 
— J fix,aydx= [FE W 
In re words, if 
du df 
dx, 
u= | fx, a)dx, then —— as =|; Xx 


provided a be independent of x; in which case, 
accordingly, it is permitted to differentiate under the 
sign of integration. By continuing the same process 
of reasoning we obviously get 

d"u = (SAG) 

da" da" 


dx, (2) 


where u= i) f(x, a)dx, a being independent of x. 


. dx Ts pK 
Consider the formula i) 7p = fan, 
x'+a° a a 


On differentiating w.r.t. the parameter a, 


{ 2adx ss | 1X x 
ea + ay a’ a a(a? + x’) 
and so, on dividing by 2a, we get 
f dx Sed tan = 4 x 
(x? +a) 2a? a 2a*(a* +x°) 


We now proceed to consider the inverse process, 
namely, the method of integration under the sign of 
integration. 
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Integration under the sign of Integration 
If in the last section we suppose f(x, a) to be derived 
function with respect to a of another function v, i.e. if 


f(x, a) =. then v=] ffx, a) da. Also, we have 


7 f vdx) = fJoax = J fx, a) dx = F(x, a). 
Hence | vdx= J F(x, ada. In other words, if 

F(x, a) = | x, a) dx, then 

J F(x, a) da= [({tc, a)da)ax. (3) 
Integration of Implicit Functions 


Consider the integral | R(x, y) dx, where R(x, y) isa 


rational function ofx and y. 
Assume that we can find a variable t such that x and y 
are both rational functions of t, say 


x=$O(t), y=y(t). 


Then, J R(x, y)dx= [REOH, WO} HO dt, 
and the latter integral being that ofa rational function 
of t, can be easily evaluated. 


(Example 5.) Ify(x —y)?=x then prove that ims 
~3y 
Solution) 


1 
= 5In(x-yy- 
Put x-y=t>x=tty 


x—3y 


1)+C 


yWe=x>y=tty>y 7] 
ie t t—t+t t 
a en eee ee, ea 
(t? GIs t(2t) 3t*-3t? -2¢7 
Oe ae aie aay 
ot s3t 3y= v _ 3t 
~ (ey es os a 
G -l) ¢-3t 


t* -3t? 
| 2 dt tx ~ Zz 
(t“ -1) t-3t t-l1 


a f (t® —3t) = t(t? —3)dt 
(7-1)? -3) 4 (e? -1)0? -3) 
a2 j 2t dt 
(t? -1) 
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=?-l=u>2tdt=du 
ip ae 
2 


=> In(x-y- 


1 
75 In(t?—1)+C 


1)+C 


Practice,Problems Te 


1. Find polynomials P and Q such that 
| (Gx—1)cosx +(1—2x) sinx} dx=P cosx+Qsinx+ C. 
Oeesee2, ~3x°+ 2 ax 


2. Evaluate (-——— Vae=2xt1 


x 6x? +11x- 6 


Evaluate | ———- (eae 


Prove that, when x >a>b, 


f dx 
(x —a)°(x—b) 

1 x—b 1 
“Gah  s-a GebiGaa © 


5. Use the formula } e**dx = a-le* to prove that 


X—-a 


1.22 NON-ELEMENTARY 
INTEGRALS 


Given a function f(x), has it necessarily an indefinite 
integral F(x)? Ifsome functions have indefinite integrals 
and others not, what property of f(x) will ensure that 
the function has an indefinite integral? 

In our elementary work we were not concerned with 
such generalities; we concentrated on finding an explicit 
formula for the integral, if we could. The one useful 
general answer that is readily available to us comes 
from the theory of the definite integral and is : every 
continuous function f(x) has an indefinite integral F(x). 


Theorem = Anyfunction f(x) continuous onan interval 
(a,b) hasan antiderivativeon that interval. In other words, 
there exists a function F(x) such that F’(x)= f(x). 
Knowing that a given function f(x) has an indefinite integral 
F(x), can we find an explicit formula for that integral? 


— 2 . . . . . 
Consider f(x) = e~* . Since fis continuous, its integral 
exists, and if we define the function F by F(x) 


=[eeFat then we know (to be dealt in the next 
0 


-1 


(i) [xe"ax =e™(xa-a7)+C 


(ii) [xe"ax = =e™(x’a |—2xa*+2a°)+C 
(iii) [ xe*dx =e(x-1)+C 


6. Use the integral | (x? +a’) dx to prove that 


dx x 
} = A aS 
(x* +a°) a(x" +a*) 


7. Ify2(x—y)=x2, then prove that 


dx y 
Ih =In EC, 
3y —2x y-x 
8. Find a substitution to reduce the integral 


[R(x y) dx when (x2+ y2)?=a2(x2—y2). 


chapter) that F’(x) = er. Thus, f(x) =e has an 
antiderivative F, but it has been proved that F is not 
an elementary function. This means that no matter 
how hard we try, we will never succeed in evaluating 


2 
| e* dx in terms of the functions we know. 


The functions that we have been dealing with are 
called elementary functions. These are the 
polynomials, rational functions, power functions, 
exponential function, logarithmic functions, 
trigonometric and inverse trigonometric functions, 
hyperbolic and inverse hyperbolic functions, and all 
functions that can be obtained from these by the five 
operations of addition, subtraction, multiplication, 
division, and composition. For instance, the function 


2 
x -l 

XK )= ——————— 

tx) x°+2x-1 


function. 
Note that if fis an elementary function, then f’ is an 


+In (cos x) —xesin2x is an elementary 


elementary function but [feo dx need not be an 


elementary function. 
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For instance, (./x)' = 1/(2Vx), (K3— 3x2)! = 3x2- 6x, 
and (tan x)' = sec2x. But if you start with an elementary 
function f and search for an elementary function F 
whose derivative is to be f, you may be frustrated — 
not because it may be hard to find F — but because no 
such F exists. 

It is not easy to tell by glancing at f whether the desired 
F is elementary. After all, x tan x looks no more 
complicated that x cos x, yet it is not the derivative of an 
elementary function, while x cos x is. 


As another example, cos Vx looks more complicated 


than cos x2. Yet it turns out that cos/x is the derivative 
ofan elementary function, while cos x? is not. [It is not 


hard to check that (2Vx sin Vx +2cos Vx)' is cos Vx ] 


Some integrals can be expressed in the form of an 
e™ dx 

Xx 
obtained in terms of a finite number of elementary 
functions; it however may be exhibited in the shape of 


an infinite series. By expanding e™ and integrating 
each term separately, we have 


infinite series. The integral [ cannot be 


m’x? m°x 
=Inx+ + 7+ se 
Xx Pe D2e  W23 
Even though an integral is non-elementary, we can 


f e™ dx mx 2x? 


study its properties. Consider F(x) = fewax : 


dF(x) __y : ; 

Gee e ~ > 0 for arbitrary x, it follows that 
F(x) is an increasing function. The derivative has a 
maximum at x = 0; hence, at x = 0, F(x) has a maximum 
angle of the tangent line with the x-axis. For large 
absolute values of x (positive or negative), the 


Since 


dF 
derivative = is very small. This means that the 


function is almost constant. The graph of the function 


F(x) = ie dx is shown in the figure (for the sake of 
0 


definiteness, the lower limit has been chosen equal to 
Zero). 

Extensive tables have been compiled for this function 
and so computations involving this integral are not 
much complicated. 
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Non-elementary Integrals 


The integrals which cannot be expressed using 
elementary functions in finite form are called non- 
elementary integrals. 

In all such cases, the antiderivative is obviously some 
new function which does not reduce to a combination 
of a finite number of elementary functions. 

Such functions are said to be non-integrable in 
elementary functions (non-integrable in finite form). 
It is known that the following integrals are non- 
elementary: 


jz ae [ sincx? ax 

[cos(e*)ax [ver dx 

je ae f a 4 

po de [Vi-K? sin? xdx , (0<ke<1) 


We have seen that for some functions f(x) it is easy to 
discover an indefinite integral F(x), for others a difficult 
and lengthy affair; and for certain functions f(x) we 
shall find that an explicit formula for F(x) can be 
obtained only if we invent new types of function in 
addition to the types of function used in the definition 
of f(x). 

Let us discuss this issue in more detail. Suppose we 
limit ourselves to using all the basic elementary 
functions except logarithmic. Then many integrals 
whose expressions we know should be regarded as 
"inexpressible in elementary functions". 


: ; dx dx 
For instance, the integrals j=. | a cannot now 
xX ¢ xo 


be expressed "in finite form". For among the remaining 
basic elementary functions there is no function whose 


ot al 1 ‘ 
derivative is equal tor or (since we cannot 


x SI 
use the logarithmic function). But if the logarithmic 
function is included it becomes possible to find these 
integrals in finite form. 

But there is nothing surprising in the fact that some 
other integrals remain non-integrable in elementary 
functions. To make them integrable it is necessary to 
extend the class of basic functions which we agree to 
use. This is exactly what is done in mathematical 
analysis: the non-elementary functions determined by 
the most important integrals inexpressible in terms of 
elementary functions are thoroughly investigated and 
tabulated. These new functions extend the variety of 
our techniques and make it possible to express the 
integrals of a number of formerly non-integrable 
functions. 


x2 


2 
Consider the function f(x) = =e" 
Vn 
One of the antiderivatives of this function, 


2 2 
—|e* dx+ 
ee 
which vanishes for x = 0 is called the Laplace function 
and is denoted by ®(x). Thus, 
2 x . = 
Dx) = fe ax+C, iFO)=0. 
This function has been studied in detail. Table of its 
values for various values of x have been complied. 
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We note that f(x) = Jd=k? sin? x), (0<k2<1) 


involves in its definition only trigonometric functions 
and a square root sign; being continuous it has an 
integral F(x); but there is no formula for F(x) in terms of 
root signs and trigonometric functions. In order to 
write down a formula for F(x), we must use a new sort 
of function, namely, an elliptic function. 

One of the antiderivatives of f(x) i.e. 


| 1—k?sin?x dx+C 


which vanishes for x = 0 is called an elliptic integral 
and is denoted by E(x). 


E(x)= | 1—k? sin? x dx +C’ ifE(0)=0 


Table of the values of this function have also been 
complied for various values of x. 
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Chebyshev's theorem 


(i) Consider the integral xp(1 —x)4dx, where p and q 
are rational numbers. Chebyshev proved that 
there are only three cases for which the 
antiderivative in question is elementary, which 
are: 

(A) ifp is an integer, 

(B) ifqis an integer, 

(C) ifp+qisan integer. 


In particular, | vx@1-x dx and | Vx-—x? dx are not 


elementary. Chebyshev's theorem also holds 
for | xP(1 + x)dx. 


\Conce puProbléii Ej 


1. Two of these antiderivatives are elementary 
functions; find them. 


(A) Jinxds @ [== 
dx 
© f= 


2. Two ofthese three antiderivatives are elementary. 
Find them. 


(A) [vil-4sin?6 do (B) [ ¥4—4sin’@ ao 
(C) [V+ cos dé 


3. Two of these three integrals are elementary; 
evaluate them 


(A) |sin?x dx (B) fsin Vx dx 


(©) Isinx? dx 
4. Only one of the functions VxVI-x and 


V¥1—x¥1—x hasan elementary antiderivative. Find 
the function. 


5. Three of these six antiderivatives are elementary. 
Find them. 
COS X 


(A) I xcos x dx ‘B) | 5 dx 
© f= ©) [ax 


©) [vx-1vxvx+Tdx 
(F) [Vx-Ivx+1x dx 
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Practice,Problems U. 


6. Assuming that Icey x) dx is not elementary (a 
theorem of Liouville), prove that i) 1/In x dx is not 
elementary. 

7. From the fact that Ix tan x dx is not elementary, 
deduce that the following are not elementary. 


(A) fx sec? x dx (B) J x’ tan’ x dx 
© f x°dx 


1+cosx 
8. From the fact that [sin x)/x dx is not elementary, 
deduce that the following are not elementary : 


(A) | (cos’x)/x?dx (B) J (sin2xy/x?dx 


(© [sin eX dx (D) Joosx In x dx 

9. Chebyshev's theorem : the integral J xP(1 —x)*dx, 
where p and q are rational numbers is elementary, 
(A) ifp is an integer, 
(B) ifq isan integer, or 


(C) ifp+qisan integer. (1) 
(i) Deduce from (1) that | 1-x3dx is not 
elementary. 


(ii) Deduce from (1) that fa —x")'™ dx, where m and 


n are positive integers, is elementary if and only if 
m=1,n=lorm=2=n. 


(iii) Deduce from (1) that | sin x dx is not elementary. 


(iv) Deduce from (1) that J sin’x dx, where a is rational, 
is elementary ifand only ifa is an integer. 


(v) Deduce from (1) ) sin? x cos*x dx, where p and q 


are rational, is elementary ifand only ifp or q is an 
odd integer or p + q is an even integer. 


(vi) Deduce from (v) that I sec? x tan’ x dx, where p 
and q are rational, is elementary if only p + q orq 
is odd, or if p is even. 

(vii) (A) Deduce from (1) that | (x/V1+x")dx, where 


n is a positive integer, is elementary only 
when n= 1, 2 or4. 
(B) Evaluate the integral for n= 1, 2 and 4. 


(vili(A) Deduce from (1) that (x? / V1+x")dx, 
where n is a positive integer, is elementary 
only when n = 1, 2,3 or 6. 
(B) Evaluate the integral for n= 1, 2,3 and 6. 
(ix) (A) Using (1) determine for which positive integers 
nthe integral | (x" /V1+x")dx is elementary 
(B) Evaluate the integral forn =3 andn =S. 


(x) Leto = | ea 


Iv r° = oad 


integral is easily evaluated by the substitution.. 
(A) What substitution should we recommend? 
(B) Using (1), determine for which positive inte- 


gers,n, [ce /(r"\/r° —c’)) dris elementary. 
There are two values of a for which 
[ Vi+asin? 6 dO is elementary. What are 


they? 
(ii) From (1) deduce that there are two values of 


vVl+ax? 
Jiax 


1-x 


where c is a constant. The 


10. @ 


a for which [ dx is elementary. 
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Problem 1,) Evaluate { : 


sin(x — a)cos(x — b) 
1 
I= 
sin(x —a)cos(x — b) 
cos(a — b) dx 
~ cos(a—b) sin(x — a)cos(x — b) 
1 jae 


~ cos(a—b) ; sin(x — a)cos(x — b) 


1 pe Bs 
cos(a — b) sin(x — a)cos(x — b) 

sin(x — b).sin(x —a) 

sin(x — a) cos(x — 2) 


= conan [ {cot (x —a) + tan (x—b)} dx 


cos(a—b 


= MOG b) {In |sin(x — a)|—In |cos(x — b)|}+ C 


1 
- cos(a — b) In 


sin(x — a) 


+C. 


cos(x — b) 


cos5x +cos4x 


Problem 2.) Evaluate J “7 —2c083x 
Gelatin) [Soret eos tN a 


1-—2cos3x 


_ f sin 3x (cos 5x+ cos 4x) 


sin 3x — sin6x 


3x 3x 9x x 
2 sin —cos— || 2cos—cos— 
[2sin eos 5] [2es5 e083] 


9x 3x 
—2 cos — cos — 
2 2; 


3x x 
= [2c0s - cee ae [ (cos 2x + cos x)dx 


= -( “= +sin s| +C. 


Problem 3.) Evaluate (-—-—— isa 
: V(x? Sy 


(x? + 2x + 3)-(x- 2) ax 
V(x? +2x +3) 


I 


jy f x+2 


Jee +2x+3) 7 Cas 
=| JOP +243) dx 5 (es 


x +2x+3) 
= [VG@+D? +2 dx 


= | (2x+2)dx -{ 
2° fx? 42x43) * f/{(x+1)? +2} 
Denoting the integrals by I,, I,, I, respectively, 


1,-1,=[ yx’ +a’dz-— asec 


(where z=x + 1, a2=2) 


a2 +0" + se In(z+,/z? +a”) 


dx 
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—In(z+/z? +a’) 


=F0eH) KEIR Sy 


on restoring the value of z and a2. 
For I,, we put x2 + 2x + 3 =z, so that (2x + 2) dx =dz, 


i QVz = 2x? +2x43 
Z 


I= Seen +2x+3 - yx? 4+2x+3 +C 


= 5x0 x 49x43 $C. 


dx 


Probl 4,| Evaluate : 
J Jsin(x + a) cos*(x —) 


Substitute x — 8 => dx = dy. Given integral 


— 
i cos? ysin(y+B+ a) 
dy 
I 0=a+ 
~ J cos? ysin(y + 9) eae 


- { dy 
cos? a : cos 6+ cos ysin 8) 


a cos! ra Otan y + sin ®) 
f sec’ ydy 
(cos Otan y + sin ®) 


Now write sin 8 + cos 6 tan y =z? 
=> cos 0 sec? y dy = 2z dz 


ee 257 eee 


=sec 0./sec0+cosOtany +C 


in(y +0 
=2sec 0 SEY 96 
\ cosy 


=2sec(a+f). ee +C. 


Problem 5.| Let a matrix A be denoted as 
A=diag. (5.5 5 then compute the value of the 


integral | (det A)dx. 
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x 0 0 
A=|0 5° 0 [=5%5%-5* 
0 0 5° 


I= [o%5? 5° dx. Puts® = 


(5° -In5-5°-In5-5* In5)dx= 
1 t 5 
= dt } — 4 
In? 5 J In5 Inds 


Problem 6.) For any natural number m, evaluate 


I= i) (x3m+ x2m+ xm) (2x2m+ 3xm+ 6)!/mdx, x >0. 


T= f (x3 x2m-+xM) (2x24 3xm+6)imax 


2 3m 3 2m 6 m)yl/m 
J exams x2ms-xmy 4 xo" +3x°™" + 6x") a 
Xx 


= J (x3m- 14 y2m-1+4 ym— i) . (2x3m+ 3x2m-++ 6x™m) Vm dx 


Put 2x3m+ 3x2m+ 6xm=t 
=> 6m (x3! 4+ x2m-1 + xm—!) dx =dt 


pam 
I/m t 
ve jem Say . 
1 ud 
= 2 aoe aia) lk ala OF 
6(m +1) 


Eval te| cos x — cos’ x re 
Problem 7.) Evaluate cers 
LetI i cosx — cos’ x dx 
SS eee 


-( vVcos x(v1- = a dx= f Vcosx.sinxdx 
v1l- (cos*” x) Jl- (cos*” x) 


3 
[Put cos?2 x =t => 3 cos!/2x,(—sin x) dx = dt] 


> 


I =a dt Di: “EEC 
3 Wie 3 sin T 


2 
I= = sin-! (cos? x) +C. 
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dx 
Problem 8.) Evaluate ee x’ 
dx sin xdx 
sete ee recs 
1 cosx.sinx+1 
cos x + — 
sin x 


= { 2 sin xdx =| 2 sin xdx 


2+2sinxcosx 2+sin2x 
f [(sin x + cos x) + (sin x — cos x) ]dx 


2+sin2x 
_ psinx+cosx sin X — COSX 
J 2+sin2x J 2+sin2x 
_ ff sinx+cosx sin X — COS X 
\ eas : lanes 
-{ sin X + COS X f sin X — COS X 
3 —(sinx —cosx)” ; 1+(sinx +.cosx)* ; 


Put sin x —cos x =s and sinx +cosx=t 
=> ati i x) dx = ds and (cos x — sin x) dx = dt 


= 5 = 


| ie f dt 
(V3)? -(sy? J 140? 
= Ming NBS 
2/3 |V3- 


V3 +sinx—cosx 


—tan!t+C 


a log 
2V3 


—tan-! (sinx + cos x) +C. 
dx 
‘Problem 9. 9.) Evaluate I= ; 
J (a+ dx*)Vb —ax? 
Substituting ax? = b sin? 0 
b 
=> dx -/° cos 8d 
a 
cose do 
I= | me: 
be . 5 a 
[a+ Psin 0) fo= bin 0 
a 


f cos 0d0 
(a* + b’ sin? 0).cos®@ 


V3 —sinx +cosx 


do 
= va : 
J a’ +b’ sin’ 0 
dividing Nt and D' by cos? 0, we get 


sec’ 6 dO 


= al Put tan 0=t 
a” sec? 0+ b’ tan” 0 


dt dt 
me an 
laa lease 


Va { dt 
a+b?s , a? 
t+ 7 5 
a+b 
_ Va Va° +b? tan”! tva’> +b? +C 
a- +b? a a 


1 _{ xVa? +b? 
=—————. . tan | ————— | + C 
Ja(a* +b’) aVb—ax? 


{since, t= tan 0 = x }. 
Vb—ax’ 


Problem 10.) Evaluate 


2 


x 
1=[ — dx 
(x cos Xx — sin X)(xsin X + COs X) 


Put x =tan 0 > dx=sec20 dO 


| tan” sec” 6d0 


[(tan 8 cos(tan 8) — sin(tan 8) ][tan @sin(tan 8) + cos(tan 8)] 


tan? Osec” Ocos” 6d8 


= J [sin 8cos(tan 8) — cos O@sin(tan 8)][sin Osin(tan 8) + cos Ocos(tan 8)] 


Pu 


+ 


Put 


j (sec? 0—1)d0 

~ J [(sec(@ — tan @)]cos(0 — tan @) 
| (sec? 0—1)d0 

~~ 4 sec(tan@— 0)-cos(tan 0 — 0) 

tan0-O=y 


= 2 | gy. = 2 | cosee2y dy 
2sinycosy 
2y=t 


= ~2 feosectat = — In(cosec t — cot t) + C 


l-cost t 
—In : +C=—/n| an>]+C 
sint 2 


—/n (tan y)+ C=—/n [tan(tan 8 — 6)]+C 
=— In[tan(x— tan-!x)]+C 


tanx —x 


1+xtanx 
=— in 1+tanx—x 


}ec=in 


tanx —x 


INDEFINITE INTEGRATION 


xXsin X + COS x 
=In 


: + 
XCOS X — SIN X 


Alternative : 
f(x) =x cos x—sin x => f'(x)=—xsinx 
f'(x) =—x sin x + cos x—sin x 
g(x) =xsin x+cos x > g'(x)=xcosx 
g' (x) =xcosx+sinx—sinx 
f(x): g'(x) +g) f @)=-X 


d 
oe ree {= ae 
F(x)g0) a 
[£(x) g(&%) =F (x)] 
= In(F(x)) +C=Mm(f(x)-g(x)) +C. 


sinx +sin2x 


Problem 11.) Evaluate |_—_ x 
Vcosx + cos2x 
(Solution) I 
lee 


Put cos x =t then — sin x dx =dt 
I- f 1+2t 4 ajo 
V2? +t-1 2! fo +t-1 


sin x(1+ 2cosx) 


dt 
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1 je 1 


24 (2t? +t-1 =) ae +t -2) 
2.2 


1 (2t? +t seb eile 


2 a4 


N 


=—./cOSx + cos2x 
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a 4 sce ats ores +C i ae _ sie Me Boncile -_ 
mor re ri a) . Putting 7 —-l=t>2 z 2 dx=dt 
ao 4 { dt ae C 
Vcotx —vt i t 
Problem 12. Evaluate I= | —K— dx 2vt 
1+3sin2x 
1 xi +x? 41 
(1— tan x)dx =,|x> + yt+1+C EC, 
1-] : ; 


~Vtan x (1+ 6sin x cos x) 


(1— xsin x).dx 


Problem 14.) Evaluate xd — xe) ° 


f (1 — tan x)dx 2 
= 5 sec* xdx 
tan x(sec” x + 6tan x) (1—xsin x)dx 
Putting tan x = t? and sec?x dx = 2t dt, we have LetI= (xe) * 
(2 - 7 ae Put xes* = t so that (xes* . (—sin x) + e°s*) dx = dt 
je (Get 2tde _ i i j dt j dt 
EEO, tae lag ” T’yia-8) 7 J ta-paste 2) 
t 
(4+ Bey aa 
— - 2 t 
a{t+?) t 1 e 1+t+t 
a 5 dy Comparing coefficients we get : 
=-2/— [a 
fe +4 ee AaieSe lc ai : 
t : 3° 3° 3 
[putting t+ 1/t=y] [-3:-3] 
dt 1 ¢ dt 3. 3 
2. 
\ y 41 « IeJo+, f= +f 
ee eee ee =~ tan-! | —— |+C t 1-t ° 
2 5 tan (2) +c tan rH ) 3 1+t+t 
1 1 
bead ve = In| t| 3 Ini t| 3 Infltt+P|+C, 
Te eae where t = xeoss, 


b tan? x 
2s ies [eet veore Problem 15.) Evaluate [sindxe dx 
Let I= | 4sin x.cosx..cos 2x. ¢'™*xgx 
4 
= = —si an? x 
Problem 13.) Evaluate I= (.-—— dx 4 | tan x . cos? x (cos? x sin? x). @!@"" qx 


evxt ex? 41 . 
= 4 f tan x . cos? x (1 — tan? x)e™" *dx 


7 —1)(x? +1 
[= | a js 


5 (1 —tan2x)e"™ Xdx 


x +541 (sec” x) 
a Put tan? x =t > 2 tan x.sec? x dx =dt 
t t 
GG See FOES oy (MEO 
{ X ere (l+ty 2 (1+t) 


i; 2e'—(1+ te! 
+—| -l = 
\( ] 2] (+t) o 


2fe| — — Jat ie 
= et 
(+ty (+ty 7+ iF 
{using fex{f(x) + f(x)} dx = e* f(x) +C} 
Feta x 
~~ (1+tan? x) 
=—2cos4x .e%* +C. 
(eer 
Problem 16.) Evaluate cos x(1+cosx) 
1—cosx 
x dx 
Let J cos x(1+ cos x) 
Let cos x = y. 
1l—cosx _ tI-y ! 2 


cosx(1+cosx) y(lt+y) y I+y 
1 2 


cosx 1l+cosx 


f 1—cosx 
cos x(1+cosx) 


1 2 
Bier: lao 


~ _— | ——~——_dx 
=> I=Jsecxdx emer 


= sec x —J sec? x/2 dx 
= [=In|secx+tanx|—2tanx/2+C. 


Problem 17,| Ifthe primitive of the function 


2009 


1 | ae 
= sy 21006 w.r.t. x is equal to aoe 


then find (m +n) (where m, n € N). 
2009 


fi)= | ards 


Put 1+x?=t>2xdx=dt 


ed pe Li ‘ l or I ee 
1006 2 t 2 
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ie0s 2 1005 
ae ar gle x Cc 
010 | 1} 0 2010 (14x? 


=> m=1005,n=2010>m+n=3015. 
Problem 18.) Suppose f(x) is a quadratic function 


f(x) dx 
such that f(0) = 1 and f (-1) = 4. Tl (x4) 


rational function, find the value of f(10). 
f(x)dx 
gx)= [== 


x (x +1) 


7 isa 


Now ax)= | i ag D jax 
x x x+l (x4+l) 


+Cin(x4 )-— 


B 
g(x)=Aln|x|-~ 
Since g (x) isa satGiial function, A=C = a 


f(x)dx _ & D ard 
g(x) = lee 2(x +12 - | (x+1) 
Hence f(x) must of the form f(x) = B(x + 1)2+ Dx? 
f(0)=1>B=1 
f(-1)=4,D=4 
f(x) =(x + 1)2+4x2 
f(x) =5x2+2x+]1 
f(10)=500+20+1=521 


Problem 19.) Evaluate 


Vl+vx -1 a 
Vl+vx +1 


Lav =tan*o 
xeE(0,1), 0€(0, 2/4) 
x= tan4 0=> tan 0=x!/4 
dx = 4 tan} 0 sec? 6 dO 


Also, ¥1+ Vx =sec0 


4 ele =I 
ale 41 


sec 0-1 
sec0+1 


a an(2 tan”! [un 2)} =tand 


T= [tan 2tan"! 


=> tan| 2tan 


= tan 2 tan! 
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I=| tan 6-4 tan? 0 sec? 6 d0 


= tan56+C= 4 454) FG: 
5 5 


Problem 20.) Evaluate 


(= eee 
x(x +1) 


i= ~1)Vx! +2x3-x? 42x41 
x (x +1) 


ies x? 42x14 244 dx 
{ x xX xX 


x°(x* +2x +1) 


1 1 
put aS -12(*-5] dx = dt 
(psa aft +2t-3 
. (t+2) (t+2) 
=f a 2te3 dt 
(t+2)Vt? + 2t—3 
7 j t(t+2)dt j j dt 
(t+2)Vt? +2t-3 (t+2)Vt? +2t—3 
[=1=3) ay 
t dt t dt 
where, I and I 
t°+2t- (t+2)vt + 2t-3 
1 Be 2 3 2 i) J+ 2t—3 
=| t dt 
V(t+1)°-4 
put t+l=z 
(z- ~ dz 
I Se 92 ot roe 


= 72 9? ae 
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= Jt? +42t—3 —In|(t+1)+ vt? +2t4+3| 


a] 1 > 1 
ere 
erm af ay 1) 
roe OTD 


,putt+2= 


-~ 
K |e LY 


1 yea] 1 5+t 
=F sin! 3 |= sint (3 
v3 2 ey (S*) &) 
3 
T=,2 494-3 —In(t+ 1+ vt? +2t-3) 
—./3 sin-! (SS )+c wnaeieeee 
t+2 i x 


2x 
Problem 21.) Evaluate [- at Ds ay 


cue 
X (2X 
i ns 
x +1 
Put x*= y> xx(Inx+ 1) dx=dy 
2 
+1 
= d 
I yal y 
y Le 
=| - dy = x dy 
y +z eras 
y [y 1) +2 
Yao go 


+C= tan 


ane tan™ X—|+C 
v2 V2 V2 V2 


e* dx 


Problem 22.) Evaluate } 


(sine* +e-* cose*)” 


claee. 


e “(sine* +e * cose”) 


f dx f e** -e* dx 
= a z tees : 
e >* (e* sine* +cose*) (e* sine* +cose*)* 


Put ee-=t> e*dx=dt 


j t’ dt 
~ J (tsint+cost) Putt=tan 8 


f tan” Osec” 0d 
5 (tan 0 sin(tan 8) + cos(tan 0))° 


_ f tan’ 0cos” Osec* 6d0 
(cos(tan 8)cos6 + sin(tan 8) sin 0)” 


{ (sec @—1)d0 
~ J cos*(tan@— 6) 
Put tan 0-0 =y= (sec20— 1)d0 = dy 


= ee = [sec? yay 


=tan y+C=tan(tan 0-0)+C 
=tan(t—tan!t) + C = tan (e*—- tan“! ex) +C. 


Problem 23.) For x>0, evaluate 
tan! x 2 re 
J E 5 (sec v1+ x] + cos” u = dx 
+x") 1+x : 


Note that sec"! 1+x? = tan-!x 


{=x 
cos~! Es =2tan-!x, forx>0 


2 etan |x kg “1 
I= f ie ((tan x) +2tan x) dx 


Put tan-!x=t 
=fe' (t? + 2t)dt 


=et {2= elm (tan x) +C. 
Problem 24) Evaluate | (sin(101x)-sin® x)dx 
1= | (sin(100x + x)-(sinx)” dx 


= } ((sin(100x) cos x + cos100x-sin x)(sin x)” ) dx 


= [sinaoox) cos x: (sin x)” dx 


u Vv 


+ | cos(100x)-(sin x)! dx 


__ sin(100x)(sinx)'” 
100 


= | cos(100x)(sin x)! dx 
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: 100 
+ J cos(L00x)(sin x) dx 


_ sin(00x)(sinx)'? e 
100 fac 
Problem 25.) A function f (x) continuous on R 


and periodic with period 27 satisfies f (x) + sin x - 
f(x +2) = sin2x. Find f(x) and evaluate } f(x)dx, 


f(x) + sin x - f(x +7) = sin2x (1) 


X>XTT 
f(x+2)+sin(a+ x): f(x +27) = sin2(a+ x) 
f(x +7)-—sin x f(x) = sin2x (2) 


sin’ x— f(x) 


From (1),—f (x + 2) = - 
sin x 
From (2), f(x + 2) =sin2x + sin x - f(x) 


- 2 = f 
sin2x + sin x: f(x) = eee 
sin xX 
sin3x + sin2x - f(x) = sin2x— f(x) 
f(x) [1 + sin2x] =sin2x (1 — sin x) 


fiy= sin? x(1—sin x) 
() 1+sin? x 
Now, 


2 (1+ sin? x) —(1-sinx) Ge 


4 9: ¥y 
j= x(1—sinx) ig 


1+ sin? x 1+ sin? x 


dx 


[a 
=x— 2 
1+ sin’ x 


1 sin Xx 
=x — | ——~—dx + | —————dx + | sinx dx 
ms ence ears J 


2 2 
sec’ X 1 sec* X 

=| ; 7 dx = dx 

1+tan* x+tan* x 2 


Put tanx=t 


1p 
2 oak 
2 


= 5 V2 tan 21) 


1 sin x 


“fd 
Put cosx=t 
f dt 1 inx2tt 
eps Oe ase 


I= tan'(J2-tanx)=1= [ 


2 
2—cos’ x 
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- 1 inv2 t808X Put tan x= bsin 0 
bcos 
ie “YR eos = sec?x dx = bcos dd => dx= Tob? sin? 
I= x +605 %—— tan ‘(V2 tanx) 40 
1- J - —p? sin? 6)(1 + b’ sin? 6) 
a 1 In fe +COSX : ‘ 
22 Tacos jez sin? dO) + 4b sin®) gg 


x4 
Problem 26. Evaluate | — 


eae 
6 


(Solution) Putx =t4=> dx =4t3 dt 


i 4 [fea raf “5 i 


-af" -16+5t? +16 Pr 


=4 [dt+ 


= 4t+5 In(t4— 16) 4 64 | 


=4t+5 In (t4— 16) + sf 


t*-16 


sfx 


at +64 fo 


Se +4) 


+4)-(0 -4) , 
—4)(t? +4) 


dt dt 
rarsme wre a re +4) 


=4t+5 In(t4-16)+8- 5 nt 


t-2 
t+2 


gt eat ee 
WPF Re 


V4 
x 
=4x!4+5 In (x—16)+2 in( 2] 


+2 


y/4 
—4 tan! (| +C, 


Problem 27. 


ls J (a? —tan? x)Vb? — tan? x 


ii 


dx 


(a>b). 


bcos@ dé 


(1+b’ sin’ @)(a* —b’ sin’ @) - bcos 


aa (a? —b’ sin’ ®) (1+b’ sin’ 0) 


_ 1 J dé +f dé 

~ (i+a’)L’1+b7sin?6 a’ —b’ sin’ 0 
4 i sec’ 6 dO | i sec’ @ dO 
~ (l+a’)[*1+(b? +1)tan?6@ a’ +(a? —b’) tan’ 0 
Put tanO=t 


1 { dt + f dt 
“eka? Db a ee? Sb jt? 
1 


1 ore eer 
= ale (i 1+b?] 
1 vya?-b? ae tV¥a? —b? | 
a 


+ 
(a* —b*) a 


1 


tan (Virb tan) 
_— —_| —=t 1+b*° tand 
. Tyas 7 - 


+——_—_¥_ 

ava’ —b? 

where tanx = bsin#@. 
xsin XCOSX 


dx 
Problem 28. Evaluate | (a cos” x +b’ sin? xy 
| Xsin XCOSX 
24.49 : 


(a° cos’ x+ b’ sin? x) 
Integrating by parts taking ‘x’ as the first function 


sin X COS X 


and > as second function. For 


(a* cos’ x +b’ sin? x) 
the second integral put a2cos2x + bsin2x = t 


1 
=> (b?—a?)sinx cosx dx = % dt 


So, I[=x: d Z 
, a’ cos’ x +b’ sin’ x 2(b? —a’) 


1 1 
+ 1. dx 
2(b? —a’) J a’ cos? x + b’ sin? x 


—x 


~ a’ cos’ x+b’ sin’ x - 2(b’ —a’) 
zn 1 f sec’ x dx 
2(b? —a’) a’ +b’ tan? x 


—xX 


a’ cos’ x+b’sin’ x - 2(b? - a’) 


1 sec’ x dx 


ay 2(b? — a? 5 | (2) 


+ tan? xX 


1 x 
2 (b* —a*)(a? cos” x +b’ sin” x) 


1 b _;{ atanx 
hoor a -tan 
2b*(b“ —a*) a a 


1 1 _,( btanx 
= = tan 
2(b* —a“)| ab a 


x 
(a* cos’ x +b’ sin? 5| 


V1+x? 
Problem 29. Evaluate [ ‘pao 


I= f Vex dx. Putx=tan 6 
+ 


i sec’ 0d0 dé 
=P 2p ) 
2+ tan’ 0 cov of 20 88) 
cos’ 0 
{ dé 
a cos0(2cos’ 0+ sin’ @) 
f cos0d0 
ay Te cos’ 0(2cos” 0+ sin’ 0) 


f cos8@d0 


—J sin? @)(2— sin? @) Putsin®=y 
dy dy 

l= = _ 
a Tey Io er 
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yo2 
24 


sin8—2 


1! sinO—1 oe 


x—2V14+x? 


x-v1+ x? 
Problem 30. tal; Px)g)— 8 CEC) 
(f(x) + g(x) ) ¥f(xg(x) — g7(x) 


= al foe), C, where m,n € Nand 
ng(x) 


Cis constant of integration (g(x) > 0). Find the value 
of (m?+ n2). 


Let 
7 f {f'(x) g(x) — g(x) f(x) Jdx 


(f(x) + (x) We(x)(F(x)- g°(x)) 


Heenan 
| dx 


=In +C. 


(g(x))” 


Osa) [Fo 
g(x) g(x) 


£'(x)g(x)— g'(x)F(x) 
dx = 2tdt 
2 (a(x)! 


I= [a a Fear [ : J+ 
(t7+2):t V2 2 


Paw" FX) -t}ec 
2g(x) 2 


2 Sava} fore}, 
2g(x) 


Hence m=2,n=2. 
m?+ n2= 8. 


Problem 31. ff icinan + In(In(n %)) dx 


= g (x)+C then find the value of g (e®). 


f(x)= In (In(in x)) 
1 Teecel 
ee In(Inx) Xx) ‘Inx xX X 
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1 
Inx:In(Inx) 
I= xIn (Indn x)) +C 
a 
g(x) 
“ g(e)=0. 
Problem 32.) Evaluate 
[cosec*x én (cos x — ¥cos 2x )dx 


LetI= [cosec*x én (cos x — ¥cos 2x )dx 
=—cot x /n(cosx—~/cos2x) 


( F ee) 
cot x} —sin x —-————— 
d 


x f' (x)= 


Vcos2x 
(cos x — cos 2x) 


=—cot x (n(cosx—~cos2x) 
+f cosx(2cosx—VcCos2x) 
Gan oe 
=—cot x (n(cosx — ¥cos2x) +1, 
nbs i cosx(2cosx—VCos2x) 
aa a Wise CaS 


=f cos x(2cos x — ¥cos2x) y OSX + VCOS2X) 4 
(TRC (cosx + tae 


cos x(1+ cosxvVcos2x ) 
= | 2 dx 
cos 2x sin* x 


+ 


dx + [eot? x dx 


7 { cos x 
vd —2sin’ x) sin? x 


1 1 
Put sin x=— > cos x dx =" dt 


dt 
t? 
=| cotx—-x+C 
(t?7-2) 1 
e 2 
t dt 
cotx-x+C 
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=—t? —2 —cotx-x+C 


=> I =—cotx én(cosx —Vcos2x)- 


—cot k-x +C. 


Problem 33.) [flna= 


that (m+n) I,,,=cos™x .sinnx +m Tay) 1): 


We have 


7 sin nx 
In a= [cos x.cosnx dx =(cos™x) 
> Ss ee n 
u v 


cosec’x —2 


J cosmx. cos nx . dx, show 


; sin nx 
— | Mcos™-!x(C sinx).—— dx 
n 


1 m 
=— cos™x. sinnx+ =| cos™! x 
n n 


{sin x . sinnx} dx 
We have 
cos (n—1)x=cosnx cosx + sinnx. sinx 


1 . 

Tan =— COS, X. sin x + = [cos a 
n n 

{cos (n— 1)x-—cos nx . cos x} dx 


1 . m 
=— cos,,X.Sinx+ =| cos™-!x. cos (n—1)x.dx 
n n 
m 


— —| cos™x.cosnx dx 
n 


1 : m 
=— cos™x.sinnx+— Jy _-17 inh 
n n 


gene | 
nom. 


> I 


m,n 


1 : 
= —[cos™x.sinnx+mI,_ | ,-1] 
A , 


m+n 
=> n Tea 


1 . 
=— [cos™x.sinnx+mI,- 1 y_4] 
e ; 


cos™x .sinnx + mI 


= (m | n) Tan m-—1l,n—1. 


Problem 34. IfT,denotes | z%el’dz, then show that 


(n+1)!T,=Iptel4(1 !z24+2!23+...4+n! 29th), 


I= if zel/z dz, applying integration by 


parts taking e!/2 as first function and z® as second 
function. We get, 


; eZ 7m! f _ ( 1 ) gat ; 
(net 3° 2?) ng 
ellz nl ! 1 f ‘ i 
Gel). Gly = 2" 
eo I, ; 
~ (n+l) a +1) 
el/Z gntl Tes eZ 72 1 
= + +—I,, 
(n+1) (n+) n n 
ez (zn el (z)P » 1 
(nt¢l (n+ Dn (n+ Dn 22 
el (zy rf e” (z)" . el” (zy 
(n+1) (n+1)n (n+1)n.n—-1) 
1 


Gre DnGe= 1 23 


el (zy 


(n+1)n 


eZ (zy 
(n+1) 
1 
+ I 
(n+ 1)n(n—1)...3-2 
Multiplying both sides by (n + 1)! We get, 
(n+1)',=(e'. zt! nt+elZ.z2(n—-I)l+... 
t+el2.73,(2)!+elZ. 272.1) +I) 
=> I,+1)!=I[)t+e!4(1 224+ 2!2z3+.... 


Problem 35.) Evaluate 


dx 
7 aaa re ae 
Here, we have 7x — 10—x2=(x—2)(5—x), 
therefore put 7x —10-x* =(x—2)t 


=> (5-x)(k-2)=(x-2)t?? 
=> (6-x)=(x-2)? 
2t7+5 

+1 


: el (zy 
(n+1)n....3-2 


+n! zat), 


=> X= 


O 1.141 


INDEFINITE INTEGRATION 


(t? + 1)4t—(2t? +5)2t 4e= -6t 


=> dx= 
i (t? +1)’ (t? +1)” 
roe 207 +5 3 
pope {+1 Pel 
and 1+./7x-10—x? =1+(x-2)t 
3th +3tt 1 
eed Fea 
Hence, we have 
ie ae ae -6t 
=| me) aaa, OF 
3 t°4+3t4+1 (t+) 
j 2tdt Isa 
+3t+1 +3t+1 
2t+3 
7 a errer ier? at+3 J 
G ye 
=In|t2+3t+1| 
3 
Wiles ae eal" 
ace _v5 t+— /+— 
2 2) 2 
In |t2+3t+ 14 aie 2t+3—v5 +C 
V5 


where Aas 7 


Let f(x) and g(x) are differentiable 
functions satisfying the conditions : 

(@) £(0)=2,g(0)=1 

(il) f" (x)= g(x) and 

(ii) g’ (x) =f(x). Find the functions f(x) and g (x). 


f(x) =g@) 


g' (x)= fix) 

adding, f" (x) + g'(x)= f(x) + g(x) 
f'(x)+ g(x) _ _ 
FOuEG). =1 => /In(f(x)+ g(x) )=x+e 


Since, f(0) = 2, g(0) = 1, putx= Oto getc=/n3. 
Hence f(x) + g(x) =3e (1) 
Similarly subtraction gives 


1.142 O 


F(x) + g(x) 
Integrating In( f(x) — g(x) )=-x+e 
Since, c=/n(1)=> c=0 
=> fix)-g(x)=e* (2) 
On adding (1) and (2) we get f(x) and on subtracting 
we get g(x): 


=% x —X, 


fix) == and g(x) = 


Problem 37.) Let fbe an injective function such 
that f(x) f(y) + 2 = f(x) + fly) + f(xy) for all non negative 
real x and y with f(0) = 1 and f(1) =2. Find f(x) and 


show that 3 J f(x) dx — x (f(x) + 2) is a constant. 
We have f(x) f(y) + 2 = f(x) + f(y) + f(xy) (1) 


Putting x = | and y= Ithen f(1) f(1) +2 =3f(1) 
we get 
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f(1)=1,2 
f(1) #1 
Thus f(1) = 2 


(.. f(0) = 1 and function is injective) 


1 
Replacing y by - 


f(x) (=) + 2= f(x) 4 {=} + f(1) 
=> f{x) {=)=109+1{4] 


Hence f(x) is of the type f(x) = 14x" 
f(1)=141=2 (given) 
f(x) = 1+ x®and f(x) =nx®"-!>f(1)=n=2 
f(x) = 1+ x2 


in (1) 


(-- £1) =2) 


3] fx) dx—x (Rx) +2)=3] (1+x2) dx—x(1+x2+2) 


x? 
-3[x+<] —x(3+x2)+C 


=C =constant. 


eon DUDE S,tO,R eMC: eC le 


1. Rules of integration 

(A) | cf(x) dx=c] f(x) dx for any constant c. 
(B) J(f&x) + g(x) dx=J fx) dx + | a(x) dx, 
(C) J(f(x)— g(x) dx =] x) dx + J g(x) dx. 


2. Integrand f(x) Integral fe (x)dx 


(i) fax =kx+C, where k is a constant 


n+l 


x 
ae x"dx = 
wy J n+l 


+C, wheren # 1 
1 
(iii eg 


(iv) fa ae a a , where a> 0 
(v) fer dx=e+C 

(vi) [sin x dx =— cos x +C 

(vii) [cos x dx =sinx +C 

(viii) [ sec” x dx=tanx+C 


(ix) J cosec*x dx =—cotx+C 


(x) [secxtanx dx =secx+C 


(xi) [ cosee xcotx dx =—cosecx +C 


1 
lee 7 dx =sin'x+C 
—X 


B 1 
(an) J 1+x? 


dx =tan'!x+C 


1 
(xiv) lanea dx =sec!x+C 


We have some additional results: 
1 
(xv) ( tan x dx = én sec|x|+C 
Bes 
(xvi) i) cot xdx = - én sin|x|+ C 
(xvii) i) sec x dx = (n |sec x + tan x|+C 


airtel *]+C 


re BI 
=— fn |sec x—tan x|+C 


If | f(x)dx = F(x), then 


[fax + b)dx = Dns +b) 
a 


(ii) 


11. 


(i) 


(ii) 


J feex)e"@o) dx=Fle(x))+C. 


fool 
n+l 


[lfcor'f'@odx +C n¥-1 


f f'(x) 


Fx) dx = In| f(x) |+C 


gy) 
x in| 22 +C 


jms (= sO0F'C | 
f(x)g(x) 


Taking x" common : 


For } 


1+x™=t. 


dx 
x41) °2 N, take x" common and put 


Positive integral powers of sine and cosine 


Any odd positive power of sines and cosines 
can be integrated immediately by substituting 
cos x = z and sin x = z respectively. 

In order to integrate any even positive power of 
sine and cosine, we should first express it in terms 
of multiple angles by means of trigonometry and 
then integrate it. 


. Positive integral powers of secant and cosecant 


Even positive powers of secant or cosecant admit 
of immediate integration in terms of tanx or cotx. 
Odd positive powers of secant and cosecant are 
to be integrated by the application of the rule of 
integration by parts 


Integrals of the form f sin” x cos" xdx 


If the power of the sine is odd and positive, 
save one sine factor and convert the remaining 
factors to cosine. Then expand and integrate. 


Odd 


J sin?**! x cos" xdx 


Convert to cos ine Save for du 


| (sin? x)* cos" x sinxdx 


If the power of the cosine is odd and positive, 
save one cosine factor and convert the 
remaining factors to sine. Then, expand and 
integrate. 


(itt) 


(iv) 


(v) 


12. 


(ii) 


(itt) 
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Odd 
“sa 


2k+1 


| sin™ x cos xdx 


Convert tosine — Save for du 


2 k 
= [sin xX (cos’ x)*cosxdx 
If the powers of both the sine and cosine are 


even and nonnegative, make repeated use of 
the identities 


5 1—cos2x F 1+cos2x 
—— —— _ and cos* x = ————— 


2 2 
Ifin the expression sin™x cos"x, m+ n is anegative 
even integer, then one should make the 
substitution tan x =t (or cot x= t). 


sin? xX = 


Ifin the expression sin™x cos"x, m+n is anegative 
odd integer, then one should multiply the 
integrand by suitable power of (sinx +cos’x) and 
expand it into simpler integrals. 


Integrals of the form [sec™ xtan" xdx 


If the power of the secant is even and positive, 
save a secant-squared factor and convert the 
remaining factors to tangents. Then, expand 
and integrate. 


Even 


[sec °K x tan" xdx 


Convert to tan gents Save for du 


2 yk 2 
=f (sec x)*" tan" xsec” xdx 


Here, we put tan x =t. 
If the power of the tangent is odd and positive, 
save a secant-tangent factor and convert the 
remaining factors to secants. Then, expand and 
integrate. 

Odd 


“_ 
2k+1 


| sec™ x tan xdx 


Convert tosecants Save for du 


1 2 yk 
= [sec™ x (tan’x)’ secxtanxdx 


Here, we put sec x = t. 

If there are no secant factors and the power of 
the tangent is even and positive, convert a 
tangent-squared factor to a secant-squared 
factor; then expand and repeat if necessary. 


Convert to secants 


————S 
[tan’ xdx = ftan’? x (tan? x) dx 


= fran’? x(sec? x — 1)dx 
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(iv) Ifthe integral is of the form [sec™ xdx , where 


(v) 


13. 


14. 


15. 


m is odd and positive, use integration by parts. 
If none of the first four cases applies, try 
converting to sines and cosines. 

A similar strategy is adopted for 


[co sec™ x cot" xdx. 


Suppose R denotes a rational function of the 
entities involved. The integral of the form 


(i) [Ro vb? ax" )dx 
is simplified by the substitution x = sin 0 
(ii) [RO Va?x? +b? )dx 
is simplified by the substitution x = tan 0 


(iii) [Ro va?x? —b?)dx 


ee wee b 
is simplified by the substitution x = —sec® 
a 


When integrand involves expressions of the 
form: 


a-x 
(i) ee put x =acos 20. 
x 
(ii) ae put x=asin°0. 
x 
(iii) us put x=atan’0. 
x-a 
(iv) \b-x or ./(x—a)(b- x) 
put x=acos’0+ b sin’ 
ws 
(v) = r 4/(x—a)(x—b) 


put x =a sec’0 — b tan’0 
Some Standard Integrals 


@ Joo 


tan!'— +C 
a 
2 f dx 1 |x-a 
(ii) x? a? 2a In X+a ¥C 


*n: dx 1 
(iii) ) Pee =5, In 


16. 


17. 


18. 
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| 
=} 
x 
+ 
: 
Ne 
| 
poe) 
nN 
+ 
(oe) 


2 

xX a Xx 

rs 2 24 in!'— +C 
a -x sin 

2 2 a 


Gai | qx tar d&=5 Line 
2 
+> I [x+vx? +a?) +c 
; x 
(ix) i) x? a2 dk=> x2 a2 


2 
oe In k+ 
2 


x? =a? 


+C 


px + q 


= =x, 
ax’ +bx +e 


For integrals of the form } 


(--- px+q 


Vax’ oe 
[ox + q)Vax’ + bx + ¢ dx 


we write (px + q) = (2ax +b)+m 
For integrals of the form 


X and 


px’ +qxt+r 


Vax’? +bx +e 
f@r +qx+r)\/(ax’ + bx +c) dx 


we express px’? + qx +r 
[(ax*+bx+c)+m(2ax+b)+n 
ax’ +b 
For integrals of the form epee dx 
+px° +1 
we express the numerator in terms of 
(x? + 1) and (x? 1), then divide N' and D' byx’, 


dx , and 


2 
x°+qx+r 
Pp : q dx, f 
ax’ +bx+ce 


1 
and then put x + ao t. 


19. For integrals of the form 
dx 


mf | , 
w acos” x + 2bsin x cosx + bsin? x 


ay eer “ aa x 
we divide the N' and D' by cos?x or sin*x and then 
put tanx =torcotx =t. 

20. For integrals of the form 


o J[—— wf —A@— 
a+ bsinx a+ bcosx 


(ii) J 


dx 


a+ bsinx+ccosx 
x 
use the substitution tan 5 =t 


; acosx + bsinx +c 
21. For integrals of the form ——_—_— x 
dcosx + esinx + f 


we write acosx+bsinx+c 
=p(dcosx+esinx +f) 
+ q(-dsinx+ecosx)+r 

: ae*+be *+c 

22. For integrals of the form [ ee dks 
pe’+qe +r 

we writeae*+be*+c 
=/(ae*+be*+c)+m(ae*—be*)+n 


cosx+sinx 


23. For integrals of the form J f(sin2x) 


put sinx = cosx=t 


24. For integrals of the form [ sec” xtadx , 
[ Veosec*x tadx [Vtan?xta dx : 
[ Veot? xtadx 

For the first integral write sec? xta = 


sec? Xx COS X 


sec? xta 1 + acos? x 
In the first part, put u = tanx and in the second 
part, put v= sinx. 
For others proceed as above. 
25. Formula for integration by parts 


J uv dx =u | vdx |< fy ax lds 


The order of u and v is taken as per the order of 
the letters in ILATE. 


2 
sec ta 


sec” xta 
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26. finx dx =x Inx—x+C. 


ax 


27. (i) i sin bx dx= qeaRe (asin bx—bcos bx) +C 


ax 


(ii) i e* .cos bx dx = ahh (acos bx +b sin bx)+C 


28. (i) Jerr» + f¢(x)] dx=e*. fx) +C 


(ii) i) [f(x) + xf ¢(x)] dx =x f(x) +C. 
29. Multiple integration by parts 


| uv dx = uv, —u'v, + u"v,—u"'v, +... 


Heh at ly Ely | u"v, dx. 


ion f la for | = — 
30. Reduction formula for I = +k" 
x (2n—3) 
I= 2 aor nl. 
»  2k(n—-1)(x* +k) 2k(n-1) 


31. Reduction formula for I= | sin™@ cos"8 dO 


cos"! @sin™'! 6 


n-l . 
l= | sin™8 cos™ 26 do. 
2 m+1 m+1l 
32. Consider a rational function f(x) = EG) : 
Q(x) 


Factor Q(x) completely into factors of the form 
(ax + b)™ or (cx? + dx + e)", where cx? + dx + € is 
irreducible and m and n are integers. 

(i) For each distinct linear factor (ax + b), the 


ws : A 
decomposition must include the term ———. 
ax +b 


(ii) For each repeated linear factor (ax + b)™, the 
decomposition must include the terms 


A A, on 
- 5 - 
(ax + b) (ax + b)™ 


(iii) For each distinct quadratic factor (cx? + dx + e), 
the decomposition must include the term 


Bx +C 
cx? +dx +e 


ax +b 


(iv) For each repeated quadratic factor (cx? + dx + 
e)", the decomposition must include the terms 


Bx +C, Bx +C, 
cx? +dx+te (cx?>+dx+e) 
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B,x+C, 
(cx? + dx +e)" " 
Use one of the following techniques to solve for the 
constants in the numerators of the decomposition. 
(A) Heaviside Cover-up Method for linear factors 
(B) Method of Comparision of Coefficients 
(C) Method of Particular Values 
(D) Application of Limit 
(e) Method of Differentiation 


33. Special methods for integrating a rational function 
px’ +q 

(x? +a)(x? +b) 

assume x’ as t for finding partial fractions 


(i) For integrals of the form } 


P(X) 
(ii) For integrals of the form lee dx 


where Q(x) has a linear factor with high index, 
substitute the linear factor as 1/t. 
(iii) Substitutions 
x™ 
——— dx +b= 
(A) | (ax+b)" Putax+b=t. 
dx axt+b _ 


B) baaee Put x =f 


7 j——. pip ce 
(C) (x—a)"(x—b)" ut, tim n 


f dx 
©) x(a+ bx") aa 
2m+1 
Xx 
——_——_ dx 24+h= 
() laa +b) Put ax*+b=t 


(iv) Integration by parts 
34. Integration by irrational functions 


Substitution : 
eh eee Put ax"+b=t? 
= J xVax" +b : . 
2 dx 1 
(ii) laa Putx = - 
a xdx 1 
(itl) J (a+2bx+ cx? a oe ~t 


Pi Pe 
(iv) Ifthe integrand is of the form Rs x4 xk | : 


then put x = t", where m is the L.C.M. of the 
denominators q,, q,,....., g, of the several fractional 
powers. 
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(v) If the integrand is of the form 


Pi De. 
Rs (ax+b)",....,(ax+b)™ | , then put ax +b 


=t™, where m is the L.C.M. of the denominators 
Q)> Qyo-+++5 9, of the several fractional powers. 


(vi) If the form 


Pi Px 
2 (=e) ea ax+b 
Rr cxtd) ~  “\ex+d 2.) ere in 
t™, where m is the L.C.M. ofthe denominators q,, 
Q,»---» q, of the several fractional powers. 


; f dk 
(vii) Integrals of the form J, (x—a)?(x—b)?? 


where p + q =2n are solved using the substitution 


integrand is of the 


x—a 
=t, 
x-—b 


dx 
35. Integrals of the form le 


Put cx+ d=t? 


dx 
le + b) V(cx + d) 


(i) | is 
(px? +qx+r)Vax +b 
dx 1 
& eee rete 
© eealet roy PTE 
; dx 
(iv) 
J (ax? + b) (cx? + d) 


the expression under the radical should be put 
equal to z. 


dx 
(v) ; 
le +qx+r) (ax? + bx +c) 


Case I: If px? + qx + r breaks up into two linear 
factors then we resolve 1/(px?+ qx +r) into partial 
fractions and the integral then transforms into 
the sum (or difference) of two integrals. 

Case II: If px? + qx + 1 is a perfect square, say, 
(Ix +m)’, then put lx +m=I/t. 


. dx 
© | ayers” 
1 


Put x—k= — 
t 


Put ax+ b=t? 


Put x = 1/tand then 


wherer € N 


(ax + b)dx 


o leeds +qx+r 


Write (ax + b)=A(cx+ d)+B 


‘iy | ax’ +bx+c¢ 
(up) (dx +e)/px* + qx +r S 


Write ax? + bx + c = A(dx 4 
B(dx+e)+C 


e) (2px + q) + 


. Integrals of the form J x™a + bx")? dx 


(@) pis a positive integer. Then, the integrand is 
expanded by the formula ofthe Newton binomial. 

(ii) p is a negative integer. Then we put x = t’, 
where k is the L.C.M of the denominators of 
the fractions m and n. 


(ii) m+l 


a is the denominator of the fraction p. 


is an integer. We put a + bx"= t’, where 


m+l 


(iv) 


+ pis an integer. We put a + bx"= t*x”, 


where ais the denominator of the fraction p. 


. Integrals of the form [RG Vax’ + bx +c) dx are 


calculated with the aid of one of the three Euler 
substitutions : 


1. vax? +bx+c =t+va isa>0, 
2. Vax? +bx+c =txtVe ife>0, 
3. Jax? 4bx+e = (k—a)tifax?+bx+c=a 


(x—a) (x—b) Le. ifa is real root of the trinomial 
ax?+bx+e. 


. The method of undetermined coefficients can be 


applied to integrals of the form : 
(i) | P. (x)e“dx = Q (x)e+ C, where P (x) and 
Q (x) are polynomials of degree n. 
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(ii) [P.00 sin axdx or | P.(x)cosaxdx = Q (x) 


coskx + R (x)sinkx + C where P_ (x) is a 
polynomial of degree n and Q (x) and R (x) 
are polynomials of degree n (or less than n). 


f P(X) 


dx 
ax? + bx +c 


(itt) 


; ; dx 
= Q,_(x)VJax? tbx+c 4 id Ferg : 


where P. (x) is a polynomial of degree n and 
Q__,(x) isa polynomial of degree (n — 1) with 
undetermined coefficients and K is a number. 


. Differentiation under the sign of integration 


<I, ijde2 ja ,a) 


. ae under the sign of integration If 


F(x, a) =] f(x, a) dx, 
then JF(x, a) da= fc f(x, a)da)dx. 


. Integration of Implicit Functions If R(x, y) is a 


rational function of x and y, then, 
R(x, y) dx =| R{f(t), y(t} F(t) dt, assuming that 
x=fO),y=y(. 


. Itis known that the following integrals are non- 
elementary: 
(~ dx [sinc )ax 
Xx 
ids [vx +1 dx 
sin X 
ea i 
[= [VI-e sin* xdx , 
(0<k’<1) 


Objective.Exercises 


1. 


If f be a continuous function satisfying 


1 for O<x<l 
f(Inx) = . ft Lee and (0) = 0, then f(x) 
can be defined as 
if x<0 
) a te e if x>0 
@ f= { if x<0 
e*-1 if x>0 


© t= {: if x<0 
e if x>0 
wy 10)= iB if x<0 
e--l if x>0 
The value of f = i is 


6 


(A) nf ae 
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He OT eZee, hs . e* 
C 
©) st x° ja 1a se © 1+sinx ©) 1+cosx 
é Vx 
C ty a 6 -2)4¢0 8. Pare dx is 
( ') 6 n xo +X bert + x( x+ x) 
(D) None of these (A) tan agate (B) Inx+(Yx +1)|+C 
J \(1 + cos? x) .sin2x.cos2x dx is : i 
C) n= tC) CUM) none of these 
4 23 2 ( (Vx +1)° 
—yi(l —2 
“ 10 HOA) GeO 9. Let f(x) bea function satisfying f(x) = f(x) and f(0) 
2 2.) 2 f(x) 
—/(1+cos° x) (3+2cos* x)+C =2. Then | ———— 
8) vl yi cil ee 
2 (A) 1/4In(3+8e%)+C (B) 1/8In(3+8e%)+C 
(© 5 (1+cos* x) (3—2cos* x)+C (C) 1/2In(3+8e*)+C (D) none of these 
(D) None of these ia f Inx dx ij ii 
esa, . . sal ena X 1S equal to 
J sin? x oe (A) 1/3(1+Inx)?—V14+Inx +C 
2/3 (1 + In x)?—V1+Inx +C 
(A) es ON Es (B) C+ AO ear ®) aa sk 
5 5 (C) 2/3(1+Inxy?-2V14+Inx +C 
4v2 (D) none of these 
(Cc) C-—Veot*®x (D) None of these eaeee cite cc 
5 11. (a dx is equal to 
ee X(X + COSX) 
|e i X + COS X 
ght soiet (Aci x +cosx ees §{B) dn x ee 
xoxo + . 
(A) 6 i‘ 1+x’y (C) In — +C  (D) none of these 
(1+x°) x +cosx 
ase 
®B) gun . ~ ~~ 12 (= is equal to 
xt-x74] Ve‘ +1 
CG h——— (A) 4/21 (e+ 14+C 
(1+x*) (B) 4/21 (e+ 1)? Be*—-4) + C 
(D) None of these (C) 2/21 (e&+1)94+C 
ae a = D4 (D) none of these 
ifs Fi ae) =—In t n t xt—x7 
ae sinx+sin-x 6 t+l 12 2-t 13. Iff{x)= lim~—"— ,x>1, then 
no x" + X 
(A) t=sinx (B) t= tan x/2 
(©) t=2cosx (D) t=cos x jules Vitx?) sequal 
ir dx eae x) V1+x? 
Dy IS—Z f(x 
sin x.(2.cos” x — 1) 2 (A) In(x+ 4x2)-x+C 
Fe inf EYZ C088 4 Then Ly? in(x+ Vix?) -x?] 
n | en f(x) is = = 
6 oes. (B) 5 x“ In\x+v1+x x°I+C 
(A) In 1—sinx (B) In 1+ sinx © (xinlxeviex?)-inlxevie x ac 
1+sinx 1-sinx (D) None of these 


14. 


15. 


16. 


17. 


18. 


| sin? (In x) dx is equal to 


(A) (x/10) (5 +2 sin (2 Inx)+cos(2 In x))+C 
(B) (x/10) (5 +2 sin (2 In x)—cos (2 Inx))+C 
(C) (x/10) (5—2 sin (2 In x)—cos (2 Inx))+C 
(D) (x/10) (5 —2 sin : In x) +cos (2 Inx))+C 


fe ¢(A+nx" —x"") aa 


aes is equal to 
(1—x")v1- 


The value of the integral ls 


1 1-l/n 
() Gon) Gea 
1 1 14+1/n 
®) Gin) ( =) e 
1-I/n 
sla) 
5 ny x 


1 1-l/n 
?) Teas (+5) ee 


Integral of v1 + 2cotx (cotx + cosecx) w.r.t. x 
is 


© - 


(A) 2/n cos 5 +C 


(B) 2 nsin~ 


+ 
5 C 


Bie EE 
(C) 5 n COs 5 
(D) /n sin x - /n(cosec x - cot x) +C 


jini) 


1+x° 
(A) n(x + J1+x?) -x+C 
x x 
(B) ee San er 
+X 


o 
xX 7 x 
(©) ro (x + Jl+x?) + eS 
vyl+x 


dx equals 


Nae 


19. 


20. 


21. 


22. 


23. 
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INDEFINITE INTEGRATION 


(D) n(x + 14x?) +x+C 
(1+1Inx) 


The value of |= oer 


(A) sec™!(x*)+C 
(B) tan(x)+C 


(C) in x+ ()-1]+c 


(D) None of these 


dx 


| +c, then the 
x 


values of a and k are 


(A) 2/5, 5/2 (B) 1/5, 2/5 
(C) 5/2, 1/2 (D) 2/5, 1/2 
The val ee ees i 
e value o  daenese x is equal to 

sin2x  cos3x 
(A) 
(B) sinx—cosx+C 
C sin 2x - cos 3x 
(D) none of these 

1 n+5 x2 -] 
The value of | x+—]. dx, is equal 
x x? 
to 
( l a 
1 n+6 x*- i 
(A) (x+=] +c 4 +—*+—+€ 
x n+6 
( 1 yr 

x+— 

(C) x +C (D) none of these 
n+6 
(l1-cot"™?x)dx 
The value of | a> 1s equal to 
tanx+cotx.cot ~x 


1 

(A) 7 in| sin’ x +cos?x|+C 

(B) ea sin’ 'x +cos™ 'x|+C 
2n 


1 
©) (2) In| sin®-!x+cos™"'x|+C 
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24, 


25. 


26. 


27. 


28. 


29. 


2 
0) = 


5 In|sin® "x + cos" 'x|+C 


dx 
The value of } (+ Je a is equal to 


vx +1) avx -1) 
(A) ae +C (B) a +C 
-2(Vx -1) 


(C) Waar oe (D) none of these 


sec x(2 + sec x) ; 
The value of laa is equal to 


sin xX cos x 


(B) 


—sinx COS X 
+ 


(D) - 


(A) 


2+cOSx 2+cosx 


© 


2+sinx 2+sinx 


x' 42 
The value of fe [ae | dx is equal to 


e*(x+1) e+ x+x') 
(1+ xy? (1+ x)? 
e*(1+x) 


(C) +x)? +C (D) none of these 


al (sin30+sin®) e%° cos Q dQ = (Asin? Q 


+Bcos? Q + Csin Q + Deos Q + E) e"°+ F, then 


(A) A=—4, B=12 (B) A=-+4, B=- 12 
(C) A=4,B=12 (D) A=4,B=-12 
The value of 


fe Gian eicos) {= cos’ x— ASPET OSE) 


x? COS X 
is equal to 
1 
(A) incon [x4 ) +C 
XCOSX 


1 
(B) eX sinx + cos x [xeosx +2 +C 
‘ xX 


1 
x sin x + cos x x-— ile 
Oe . ( XCOSX Cc 
(D) none of these 


The value of (— is equal to 
sec x + cosecx 


30. 


31. 


32. 


33. 


(A) {ins oo0n) , In melee 


V2 Jtanx/2-14+V2 
1 tanx/2--V2 
2 4 (sinx + cosx) 4 In +C 
© ‘ ‘ 7 V2 | tanx/2-+4V2 


2 
tanx/21-V2 
tanxt+V2 


1 oe i ‘A 
(C) 5 (sinx eae 


(D) none of these 


The value of Jaye is equal to 
(dn 1+xe*| (1+xe*) ee 
xe* 
B) Miteset| 1+xe* a 
xe* 
Oa 1+e* F 14+ xe* 


(D) none of these 


dx : 
The value of | ——_——— is equal to 
eee 

1 Xe 
(A) 5 sin’ at ink Va? —x?|+C 

1. x 1 5 a 
(B) 5 sin’ a nk Va>—x° |+C 

1 x 
(C) 5 sin"! qn Ix+ Va*—x? |+C 

1 x | 
) 5 cos! ata ink Va*—x? |+C 

dx 
The value of | (4a) (xb) is equal to 
rm 3 (=) m 
) FGEb)\ eb) 
3 xb? 
®) ls) ° 
7 x—b\” 
© icant 
(D) none of these 
sec x dx 

The value of | JenOx 2 Alena S equal to 


(A) sec A(/tanx+sinAcosA) +C 


34. 


35. 


36. 


37. 


38. 


(B) V2 secA Vtanx.sinA +cosA) +C 


1 
: ty 3/2 + 
(C) [x See A(tan x. sin A+ cos A)??+C 
(D) none of these 


1 Ip -1 
fl =| 2p \Vp+l dp = f(p) + c, then f(p) is equal 
to 


1 
(A) 5 In(p- vpr+1)+C 

[ 008" (oe ) 
(B) >) p ) P|/+C 


1 
(©) Invp+vp’ +1 5 sec'p+C 
(D) none of these 
Ox 5x) > 
(4x +)? dx is equal to 
10 


(A) Cc 


a ae 

xe + xe 4)? 
x? +2x 

8) (xP +x? +1) 

(OC: lni@e xt 1 2x" 45x" °C 

(D) None of these 

| e“"* (x sec? x + sin 2x) dx is equal to 

(A) e#"* (x + sec? x) +C 

(B) e®"*(x—sec? x) +C 

(C) e™*(x sec x +sinx)+C 

(D) e"*(x —cos?x)+C 

Letx =f'(t) cos t+ f(t) sin tand y=—f'(t) sint+ 


— 
1 


CEcl 
f(t) cost. /Then LS 4t dt dt equals 
VThen 

(B) f'(t)h+f"(t)+C 

(D) f(t)-f"(t)+C 


(A) f(@)+P")+C 
© fH+POH+C 


pxP?at = qx?! 


x°PH4d 4 DxPH4 4] 
xP x4 
Nose Oat’ 
x4 xP 
Once Oat 


39. 


40. 


41. 


42. 


43. 


44, 


45. 
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INDEFINITE INTEGRATION 


(1—cos@)~” 


The value of the integral preenc dq is 


11 11 
7(._@)7 7(__@)7 
A) —| tan—]°+C —| cos— | +C 
() (#5) ®) Gas 
11 


Def 7s 
(C) i (sin 4 WE (D) None of these 


jer x (1 ah ges x?) d (cot X) is equal to 


(A) 4 elan |x +C (B) ean x+C 
(C) _xetan'x +C (D) xen x LC 

dx In ‘ 
if Fogg pire ~~ MOOT!" then fx) is 
(A) (1+x" B) 1+x" 
(C) x*+x™ (D) None of these 


fer {zane +cot? (x + *)) dx is equal to 
1+tanx 4 
T T 
(A) e* tan ( = x] +C (B) e* tan E -4) +C 
3n 
(C) e*tan rk X|/+C (D) None of these 


The value of the integral J (x?+ x) (x 8+ 2x)!" dx 
is 


5 
(A) orl (x?+ 2x) 110+ Cc 


12a c 


6 
(C) 7 (x 1)! 1/10 c 
(D) None of these 
(e (x +x3+2x)e* dx is equal to 


1 . \4 1 4 
(A) 5xe e* +c (B) xe +¢ 


1 2 44 1 2 x4 
(C) 7° e* +¢ (D) axe e* +c 


Ina® Inb” 
Jal sare = i dx (where a, b € R’) 
equal to 


a2*b** 


1 
——— —_ 6 2x3 
(A) 6 In a2b? a*b* In +k 
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(Sp ak ee i alee 
Sina ab cab ® “We Teo 
1 1 
Ee 2x},3x 1 
© rar ape ln) +k 6 e( ck }. é 
Vvi4x? Jd4x?)? 
— Jn (a*b®) + kk None of these 
(D) 6 In ab? a2*b* n(a*b*) () 
46 jae Se ee canig 50. Ifl eee ee eT 
i cost x X is equal to : = 4 Gadeony en I equals 
cot Lc tan x % 3cosx+8 
(A) (cos xy 6 (cos xy (A) (3+4cos x) te 
és —(tan x) ic Rg ~s 3+8cosx 
© osx (D) None ress ®) 16 (3+ 4cosx) 
47. Ifxf{x) =3£(x) +2, then © _3+008x_ 
2 (3+4cosx)” 
| 2x° —12xf(x)+ f(x) d 7 
(6f (x) — x)(x? — f(x)? © “N ©) eae, 
I 1 16 (+4cosx) 
——_ +C —>———+C 
) x’ —f(x) 8) x’ + f(x) 51. Ix sin x sec*x dx is equal to 
+C +C AN Ba 2x —t +C 
©) x—f(x) (D) x+f(x) (A) 2 [sec*x — tan x] 
1 1 
48. If | fx) sinx cos x dx= F757 gi Inflx) +C, then (B) 5 [x see*x—tan x] +C 
f(x) is equal to 1 
1 (C) 5 [x sec’x + tan x] +C 
(A) a’ sin’ x +b’ cos” x 1 
1 (D) 5 [sec?x + tan x] + C 
8) a’ sin’ x—b’ cos” { cos x dx ; 
1 2.) (snes 
© a’ cos” x + b’ sin” x (ee) 
1 (A) 2 log 2+sin x ae 
iD) a’ cos’ x — b’ sin’ x Die Sine 
(B) log (=) +C 
49. The value of integral 2+'sinx 
_ 42 1+sinx 
fer d + wma Jos is equal to © tog 5) a 
Vi4x2 +x) 


(D) None of these 


x 1 x cos” x.dx 
€ + me, 53. | ——————_ is equal to 
(A) [4 ead laeercr 7 


54. 


55. 


56. 


57. 


58. 


re | Csin x | 7 | Ccos x | 
eae V1—4sin’ x ey in Vcos 2x 
| Csin x | 


(D) None of these 


po 
© ” /t-4sin? x 


x (nx 
leap dx equals 


énx 


(A) sec! x — +C 


x?-1 


énx 
(B) Bee aa, +C 
x -l 


énx 
(C) cos!x— ; +C 
x -l 
(D) none of these 
a+ bcosx ; 
area dx is equal to 
A sin x 4c COS X 
(A) (b+ acosx) 8) (b+ asin x) 
C sin x se COS X 
© (b+ asinx) ”) (b+ acosx) 


vx-1 .. 
|= dx is equal to 
(A) In|x— Vx? 1 |-tan?x +C 
(B) In|k+ Vx? 1 |-tan'’x+C 
(©) Infx— Vx? -1|-sectx+C 
(D) Inkx+ Vx? -1|-sec!x+C 
| sin’ (In x) dx is equal to 


(A) x/10(5+2 sin (2 Inx)+ cos (2 Inx))+C 
(B) x/10(5 +2 sin (2 Inx)—cos (2 Inx))+C 
(C) x/10(5—2 sin (2 Inx)—cos(2Inx))+C 
(D) x/10(5—2 sin (2 Inx) + cos (2 Inx))+C 


mes dx is equal to 
+e 


(A) In — — +(2x+1)vi+e* +C 
+e%- 


59. If 


60. 


61. 


62. 


63. 


64. 


65. 


O 1.153 


v1 1 
(B) Oxt+ I) Viger —ln — +C 


l+e*-1 
© In ire 1. 
Vviee +1 


(D) none of these 
f sin2x 


INDEFINITE INTEGRATION 


—~Qxt+Ivi+e® +C 


= dx =acot '(b tan*x) +c, then 
(A) a=1,b=-1 (B) a=-1,b=1 

(C) a=-1,b=-1 (D) none of these 

iff f(x)dx = g(x), then| i (x) dx is equal to 

(A) g'(x) (B) x f(x) g(f"(x)) 
(©) xf! (x)—-g"(«) (D) f°) 

FxXJp') + POYF'(X) 


sin* x + cost x 


The value of | (F(x) + DJ FOO@(X) —1 dx is 
_ [f@) 
(A) sin (x) 


(B) cos" /f?(x)-¢7(x) 
(©) tan" [f{x). f(x)] 
(D) none of these 


f (1+ xcosx) 


—— dx is equal to 
x(1- x7e75inX) q 


(A) log |x e™*| + 1/2 log |1 —x? e™|+C 
(B) log |x e*"*|— 1/2 log |1 —x? e™|+ C 
(C) log |x e*™*|— 1/2 log |1 +x? es™|+C 
(D) none of these 


—— is equal to 
tan x.cos2x 
| Csinx | | Ccos x | 
) i epee es Vcos 2x 
| Csin x | 


(C) In genes. : (D) none of these 
x 
If the anti-derivative of 7—— > which passes 
V1+2x? P 


3 


1 
through (1, 2) is = (1 + 2x’)! (x°- 1) + 2. Then 


the value of m is 


(A) 1 (B) 3 
(© 5 (D) 6 
If1, = [ cot” x dx 11 Priel Oe Oe od Dee reste a) 
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on Ea w (where u = cot x) Then the value of 1 is 
1+ [4 tote t ; | (A) 1 (B) -1 
© 2 (D) -2 


1 
dx (@) 5 In? (sin x secx) + C 


06 i a 2 ie a 2 ie 


1 
(D) = 5 ie (cos x cosecx) + C 


3 B 7 
+ 
3 2 D 
70. {= —= dx equals 
xt 


I 1/6 
z=(x+2+1] —1, then ce 
Xx 4c 


(A) sin- See +t 


(A) A=6 (B) B+C=4 Xx 
(C) B+C=3 (D) B+C+D=5 rae | si, 
1 - sinx (B) ee +C 
67. J dx equals 
COS X a 
(A) In(1+sinx)+C ©) po eee +C 


6) 2 1n{ 00s (=-¥)) +C (D) tan" P41 sue +€ 


(©) 2in (sin( zi *)) we 71. Agurve ge) =) 27 Ox eh Cx Sic das 
2 passing through origin, then 
2 5 37 27 
(D) 2/n os +C (A) g(l)= (8) a(l)= 
1 2 
: C) g-D=az -l)=s 
68. ( 2% couat © e-= 7 ©) g-1)== 
Vyl+x : +3 
- 72. 1f1=[*7"* ax =P cosx + QIn|f{x)| +R 
(1+ x’) cos2x 
(A) ce +C then 
3 
A) P=1/2,Q=- = 
(B) x21 4x (1+ x’) Sac (A) /2,Q 4/2 
1 V2 cosx-1 
(© x’ V1+ x? "3 Ne, +C BPs a V2 ne) V2 cosx+1 
(D) none of these 3 V2 cosx +1 
C) P=1/2,Q= » f(x) = = 
{ én (tan x) © Q 4/2 W) V2 cosx-1 
on sinX COSX dx equal 
(D) P=-1/2,0 3 fx) V2cosx+1 
: 4V2’ V2 cosx-1 


1 
(A) 5 In? (cot x) +C 
eX! 


(B) 5 In? (sex) +C 73. tl a3 ep ee 


74. 


75. 


76. 


77. 


78. 


79. 


+ Cand F(x) = i dx, then 
x 


(A) A=-2/3 
(Q) A=2/3 


(B) B=4/3 & 
(D) B=8/3 & 
2 

: lee. od ee 
ital (x2 +1) e* dx = e*f(x) +c, then 
(A) f(x) is an even function 
(B) f(x) is a bounded function 
(C) Therange of f(x) is (0, 1] 
(D) f(x) has two points of extrema 
[sin x cos 'x dx = f!(x) [Ax—xf(x)— VI-x? ] 
+2x+C, then 


(A) f(x)=sinx (B) f(x)=cos x 
T T 
© A=] (D) A= 5 


dx 
J Rene = f(g(x)) + ¢, then 


(A) f(x) is inverse trigonometric function for |a| > 2 
(B) f(x) is logarithmic function for |a| <2 

(C) g(x) is quadratic function for |a| > 2 

(D) g(x) is rational function for |a| <2 


f sin X COSX 


—— dx is equal to 
V1—sin* x 


1 
(A) 5 sin’ (sin? x) +C 


1 
(B) - 3 cos '(sin’x) + C 
(C) tan! (sin? x)+C 
_, { £98 
(D) cos a +C 
If | xe>™ sin 4x2dx =Ke>* (A sin 4x? 


+B cos 4x’) + C. Then 
(A) K=— 1/82 
(C) A=5 


(B) K=1/82 
(D) None of these 


here 3™dx when m, n € N is equal to 


80. 


81. 


82. 


83. 


84. 


85. 
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INDEFINITE INTEGRATION 


gm + 3m elmin2+nin3)x 


mén2+ nén3 


én(2™.3") 


(A) (B) FC 


mén2+ nén3 : 


(mn).2*.3" 
mén2+ nén3 


f én(tan x) 
sin X COSX 
(A) 1/2 In? (cotx)+C 

(B) 1/2 In’? (secx)+C 

(C) 1/2 In’ (sinx sec x) +C 
(D) 1/2 In? (cos x cosec x) + C 


[ sec? (2x - +) dx equals 


(A) C-1/2 cot (2x + 7/4) 

(B) 1/2 tan (2x—7/4)+C 

(C) 1/2 (tan4x-—sec4x)+C 
(D) None of these 


dx equal 


Xx? + COS” x 
[= cosec’ x dx is equal to 
1+x 
(A) cotx—cot!x+C 
(B) C-cotx+cot'x 


COSEC X 


(C) -tan' x- +C 


Sec X 


(D) e(ntan'x —cotx+C 


rf dx 
rede os 
then 

(A) a=1/3,c=1/3 
(C) a=2/3,b=-1/3 


14+x° 


3 
Xx 


b c 
+z+——~ + 
x 4x) 


aln 


(B) b=-1/3,c=-1/3 
(D) a=2/3, b= 1/3 
: 


1-x 
| 74 | 
aa dx=aln|x|+bin|x?+1|-+e, then 


(A) a=1 (B) a=-1 
(C) b=—-2/7 (D) b= 1/7 
«}bin (x2 +1) + Ja 

Iffe | a Lr are Xx 


= 5f In (x?+ 1)+K, then the values of b and c 


can be 
(A) b=1,c=2 
(C) b=1/2,c=1 


(B) b= 1/3,c= 1/2 
(D) b=2, c=3 


1.156 O 
Comprehension - 1 


In a certain problem the differentiation of product 
(f(x).g(x)) appears. One student commits mistake and 


; : df 
differentiates as — 


dg : 
ae ae but he gets correct result if 


f(x) = x3 and g(4) = 9, g(2) =—9 and g(0) = 5 . 


86. The function g(x) is 


ae ae 

O G3 8) G3 
9 27 

© G3 ©) @3y 


87. The derivative of f(x —3) . g(x) with respect to x at 
x=100is 


(A) 0 (B) 1 
(© -l (D) 2 
. F(x).g(x) 

88. eee) will be 
(A) 0 (B) -1 
© 1 (D) 2 


Comprehension - 2 
Consider a differentiable function f: R  R which 


satisfies #( x] = f(x) for all x e R and f(1) =2, 
£(0)#0. 
89. Ifa, B € R satisfying a? + B? = 1, then for all x, 
flax). (Bx) = 
(A) 2f{x) (B) fix) 
(C) abf*(x) (D) None of these 
fx" 
90. The value of Oe eee is 
1 
(A) 1 8) 5 


(C) 0 (D) None of these 
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91. i f(x) . In 2* is equal to 


(B) 2*+¢C 
) 22° +¢ 


(Ay ore ae 
(C) oe 


Comprehension - 3 
If A is square matrix and e“ is defined as 
or ee slots g(x) 

2! 3! 2Lg(x) f(x) 


| where 
x xX 
A= one and 0 <x <1, lis an identity matrix. 


(x) 
92. lees dx is equal to 


(A) In (e*+e*)+C (B) In (e*—e*)+C 
(C) In(e*—1)+C (D) None of these 
93. J (g(x) + 1) sin x dx is equal to 
ae 
A) cs (sin X— cos x) 
2x 


5 


(B) 


(2 sin x — cos x) 


x 


(C) = (sin 2x — cos 2x) 


(D) None of these 
94. dx is equal to 

(A) —cosec™! (e*) +C 

(B) —sec!(e*)+C 

(C) +sec!(eX)+C 

(D) None of these 


Comprehension - 4 

Let n be a positive integer or zero and let 
I,= dx (a> 0) We can find the reduction formula as 
I,=—+ a’BI,,, where A and B are constants. Also 


l= ae = x), 


1 


95. A must be equal to 


(A) n+1 (B) n-1 
(C) n+2 (D) n 
96. B must be equal to 
n+1 
(A) n+2 B) ant 
n+2 
© n+l > n+2 


97. The value of integral I, x*Va*—x* dx must be 


equal to 
4 4 
Ta a 
A ss pee 
aS ®) 
ma“ 
(C) ora (D) none 


Comprehension - 5 
Let | ner +vl+x 2) 


dx = fog(x) + C, where fand 


g are some ea and C is an arbitrary 
constant. 


98. The nature of the function y= f(x) + (g(x)) *is 
(A) even 
(B) odd 
(C) neither even nor odd 
(D) one-one 
99. If | f(x) g(x) dx = ax® g(x) + b(1 + x)?” 


+ce(1+x aN? +d, thena+cis ae to 


1 
(A) 5 (B) ; 
(©) 0 (D) 1 
100. If fe dx = ax (x+Vi +x7 4 ag(x)+ x) thena 

is equal to 

ane 1 
(A) 5 ®) 5 
© 2 (D) 3 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct 
explanation of A. 

(B) Both A and R are true but R is not the correct 
explanation of A. 

(C) Aistrue, R is false. 

(D) A is false, R is true. 


101. 


102. 


103. 


104. 


105. 
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4 80 
Assertion (A): I= a oe dx = fn c 
. +4 
Reason (R): The function es. has a 


non-elementary antiderivative. 


Assertion (A): [ 5*(sec? x+tanxIn5) dx 
= Stanx+C 
Reason (R): Ifa> 0, then 


fat (foo+ f'(x)log,e)dx = a*f(x)+C, 


Assertion (A): } sin X. cos x.cos 2x. cos 4x. 


g 16x Hee cos 32x 
cos 8x.cos 16x dx = 1024 
ne cos2"x 
Reason (R) : fsin2 x dx = —- > 


Assertion (A): [vi + cosecx dx 
: 1 
= sin’! ysinx + 7 COs (1 —2 sinx)+C. 


Reason (R): ,/1 + cosecx = 


J(i+sinx) (1-sinx) 
/sinx (I-sinx) 


COS X 
~ 4/sinx (1—sinx) 


COs X ; : 
| ; for all x in the domain. 


b= (4-sins 


tan (In x) tan (in x) tan (In 2) 


Assertion (A): } dx 


x 


a sec (In x) LC 
is equal to sen xine? 


Reason (R) : We have tan (A+ B) tan A tan B 


tan(n X) 4 
=tan(A+B)-—tanA —tan Band (4 x 


= Insec (nx) +C. 
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5 
bos Mees 
106. Asserti Ay: | = ain 
06. Assertion (A) aya aor 
the value of (a+k) is 9/2. 


Reason (R) : The given integral reduces to the 


form lao where f(x) = (x? +1) 
107. Assertion (A): If ie dx = In(f(x))" iE ihe 
f(x) 
1 
f(x) = 2 X. 


Reason (R): When f(x) = re les dx 


2 
Jz dx=2In|x|+c 
108. Assertion (A): For—1<a<4, 
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dx 
iF +2(a-I)x+at5 =A In |g(x)| +c, where A 


and c are constants. 
Reason (R): For—1<a<4, 
1 


is acontinuous function. 
2 
x’ +2(a—I)x+a+5 


109. Assertion (A): Ifthe primitive of f(x) =z sin mx 
+2x —4, has the value 3 for x = 1, then there are 
exactly two values of x for which the primitive of 
f(x) vanishes. 

Reason (R): cos 7x has period 2. 


110. Assertion (A): | roe ee 
X) Q(X 


_ fin 9) +c 
{ln (x) — In f{x)} dx= 59 ay 
(hogy 
n+l 


Reason (R): | (h(x)"h'(x) dx = 4G 


MATCH THE COLUMNS FOR JEE ADVANCED 


111. Column-I Column-II 
o* 
(A) If = dx =k sin“(f(x)) + C, then k is greater than (P) 0 
(=a 
(vx)? xt 
(B) If i) Gayest dx=aln — ‘ +c, then ak is less than Q) 1 
x 


ef ei ree tant (R) 3 
(C) x(x +)? x n |x|4 lax?) @ Wheren is the constan (R) 


of integration, then mk is greater than 


D {ent +(muan}+c then k/m i ter than (S) 4 
(D) Ee an 5) » then k/m is greater than (S) 


112. Column-I 


(A) Let f(x) = fem (1+xcos: ¢nx+sin x) dx and 


{Z)-= f f(x) i 
3 4° (1) is 


1+2cosx 


Let g(x) = lee dx and g(0) 


= 0 then the value of g(7/2) is 


B 


we 


(C) Ifreal numbers x and y satisfy (x + 5)? + (y— 12)? 


Column-II 


(P) rational then the value 


(Q) irrational 


(R) integral the minimum 


113. 


114. 


= (14) then value of (x? + y) is 


(D) Let k (x)= ee and k(—1) = E then the 


value of k (—2) is 
Column-I 


(A) { dx 
sinx +sin2x 


sinx +sin2x 


© Recerrer : 


2tanx+3 


© | 


sin? x + 2cos” x 


tan x 


©) eer x +cos* »< 


Column-I 


(A) If } x d(tan | x) =x f(x) +c, then f(1) is equal to 


(B) if [ J1+3tanx(tan x + sec x) dx =a log 


(C) If yee e*dx=e" “ f(x) + c, then the minimum value of 


(D) a rears var dx =allog|x|+ = 


then a — b is equal to 
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(S) prime 


Column-II 


1 
(P)_/2cos? x + cosx —1 3/9 log|4 


cosx+1+ 4lcos* xX + Foosx—5 |+C 


1 
(Q) = + log (l-—cosx_+ = 7 log 


(1 + cos x)— slog! 1+ 2 cosx|+ 


1 
(R) 3 log (tan? x +V/1+ tané x} +C 


(S) log (2+ tan’ x 7 tan 
tan x 
te 

Column-II 

(P) 0 


(Q) —2 then a is equal to (0<x< 5) 


TT 
®Q |Z 


(S) 1 f(x) is equal to 


1 
(T) 8 


115. Ifx € (0, 1) then match the entries of column-A with column-B considering 'c' as an arbitrary constant of 


integration. 
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Column-I 


(A) fran 2tan! Vit Vx =1 dx 


Vide 


(B) [cot 2tan! Nive ae Vx | 4 
rane | 


af leas 
1 a(S sin ay 7 


© 
1+ tan{ Sar 


wo) [viet ee Avia ve 41-Vvt4-vx -1 be 


Vi+Vx ee, 1+Vx -1 


Column-II 


(P) oxi C 


4 
Q 5x¥+C 
(R) : x34 +C 


2 
() Zx@+C 


nen REMICWREXE RCISCS FO JIEESA GNA CCG 


f do f sin x dx 
bev nale tan6+cot6+sec6+cosecO oe, Evaluate Va cos’ x +b’ sin’ x) ° 
d 
2. Evaluate Pe Inx (1 + Inx) dx. 10. Integrate (_—"—. , by the 
x(x? + 2x —1) 
Deore 3 
3. Evaluate (x=2) . ase —3x = substitution z= x + ,/(x? + 2x —1) and 
(4x° + D(x -2) show that the value is 2 tan-!{x + 
1+x? dx de? +202 HI4C6 
4. Evaluate : 
J 1-x? Vi4x2 4x 11. Evaluate 
dx f sin? xdx 
5. Evaluate } (4 x){d4 x4)? 2? (cos* x + 3cos” x + 1)tan ‘(sec x + cos x) 
6. Evaluate following integrals : 12. Let f(x) be a polynomial of degree three such that 
ss "ax _ f(0) = 1, (1) =2, x = 0 isa critical point but f(x) does 
(i) | mae Ad (ii) j—S not have local extremum at x = 0. Then evaluate 
(1- x’) as ji £(x) 
7. Evaluate [ Vx? +7 
x°—b re a $50 S714 5 
. Evaluate 
7 V2x" +5x+7 
, (eS +e — 4e°* + 4e* + 2e* 
14. Evaluate (e2* + 4) (e* — 1) 


— tan! = i +C 
2 2e* — 1) 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Determine the coefficients A, B so that 


( dx _ Asinx B | dx 
(atbcosx)? at+bcosx a+bcosx° 
Evaluate the following integrals : 


je (x+1)*dx 7 { dx 
® Sesox+m  La4x 
5- ans + 5x? — x4 
d 
Gi) os 4 — 2x? + 2x? ee 


: (slates 
O) Jere? +) 
Evaluate the following integrals : 

e* (x° +5x+7 
o f ef G+ 5x+7) | 
(x + 3) 


: few" 1+x+x? 
(ii) Lx? - 


vl+sin 2x 
Gi) | x 
(1+cos 2x)e 
: énx d 
(vy J (+ énxy 


Evaluate the following integrals : 


1 
i ee ears sin x) dx 
asinx 


(ii) J ae: 7.2, ax 
COS XVCOS* X—a’ Sin’ X 


Evaluate the cis integrals : 
T 

0 Pere —2x* +x? 

xo — i? dx 


ap fate 


Evaluate the following integrals : 


. Tcosx+3sinx+5 
(i) | : dx 
3cosx+4sinx +5 


3+ 2cosx + 4sinx 
(ii) i dx 


2sinx + cosx + 3 
Evaluate the following integrals : 


(i jee sin2x dx 
(a+ bcosx)” 
a+ bsinx 


@) ewer 


22. 


24, 


25. 


26. 


27. 


28. 


29. 


INDEFINITE INTEGRATION 


Evaluate the ee oe : 
xmt2n- I - 


dx 


(i) (= ui: a 


OM lees 


Evaluate the following integrals: 


. dx 
(ii) J x(at+ bx") 

i” x’ dx (1—x”)dx 
(iii) laa (iv) x+x2 +x) : 
Evaluate the following integrals: 


: x” dx 
(i) lace 


—3 x +2x+2 | 
i ———.— dx 
0 Iwas w) bio aa pas ea 


dx a 
i) (Sa Ol puere xe 
Evalue the Pie ie inieorale 


: { dx 
(i) (x 2B (x iz 38 


dx 
(ii) lees 
2x? +7x4+11 


(i) et evens 
1 

d 

Oy J Vxt)D-4x 4D : 


Evaluate the following integrals : 


‘atans 
xe *dx 


(i) [ x(cos? xe dx (ii) reEota 


Evaluate the following integrals : 


cos’ x dx 


oe 
@ sin? x(sin® x + cos? x)*” 


T 
tan( 4 x] 
Gi) f dx 
cos? xvVtan? x + tan? x + tanx 
Evaluate the following integrals : 


(1+ x*)dx 
i) (Oo 


. x3dx 
() baa 23/2 


Evaluate the following ‘tetas. 
; _ = sin x 
uy (1 + sinx) 


( i) (_-—-— Vsin x de 
Il 
Vsin X +Vcos x 
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30. Evaluate the following integrals : 


———— 2x+1 
Of fae —2x4+0° 
(ii) eres dx 


(ii) jee dx 
x 
(iv) | tex dx 


31. Evaluate the following integrals : 


: f cosec X—cotx sec X 4g 
@) cosec x+cotx ) V (1+ 2secx) 
(ii) Joos 'oc4 vx? +1) dx 


32. Evaluate the following integrals : 


; | dx 

® + vx+0F 
mn xs 
Ore 


(iii) eres eo 
my Laos 


33. Evaluate the following integrals : 
{ (x + 1)dx 
@ (x? 4+x4DVx? +x41 
: fi x°dx 
gd ee 
34. Evaluate the following integrals : 
(i) tam'x.In(1+x2)dx 


2g tan”! x 
(ii) af 7a 
x 


35. Evaluate the following integrals : 


; f cos2x.sin4x 
i cos* x(1+ cos” 2x) 
(i) i cotx 4 
tan x — 3 tan3x 


onllanget.Exerncises foes EESAGNA MCC Os 


4r— Ly x2 1 
1. Evaluate — ) dx 
or] 
RGR -1) 
2. Evaluate dx 
i) 10 1 
1 


3. Evaluate | G@="G=b) dx 


xo 42x? 4+x- 7G 


4. Evaluate — Toe 


5. Evaluate | eS dx 
. xomtsn 4.3x2m42n ae 3xmr 1 
_4{ 2cos’0 
6. Evaluate [tan 4 . sec? 6 .d0 


7. Prove that JA{x +alx? +a? dx 
n 
= 7 (2x? +a°)¢n{x +x? + a*} 
- oxy? +x°+C 


dx 
8. Evaluate | (4 x2") xy — x2)? 
x*dx 
9. Evaluate lama* 


10. Evaluate 
{ sin 0d0 


26cos0+4sin0+ 4sin@cos0+12sin? 0 +26 ° 


(sin*”? 0+ cos*” 0)d0 


sin’ @.cos* 0.sin(@ + a) 


11. Evaluate | Va 


12. Evaluate 


13 
[oa +(x? + 24a?)V x? —3a? | dx 


13. Use an appropriate substitution to obtain an 
integrand that is a rational function of a single 
variable or of trigonometric functions. Do not 
evaluate 


(W4-x’y +] 


: dx 
a | ((4-x2)) 45]}V4—x? 
(x? -5)’ 
qt ecreris 
wy) lee +34+Vx? vx2-5 
dx 


14, Evaluate } a ince 7) me _B) 


15. Evaluate 


{ cos x dx 
(1—cosasin xd +cos2asin’ x —2cosasin x) 
i i ; ; f mx@™ent —n. xn 
. Evaluate 
xomtsn 4 3x2m+2n +3xmO 1 


17. Evaluate fsin "x +x? +a’ )dx 


18. Evaluate 


f cosx dx 


(1—cos asin xd +cos2asin’ x— 2.cos asin xX) 


19. Evaluate 
{ (sin x — cos x)dx 


‘ ; ee) 2 
(sin x + cos x)Vsin XcOSx+sin” XCOS* X 


1—cos0 do 
cos 0(1+ cos8)(2 + cos 0) 


(1+ x*)!”? dx 


20. Evaluate | | 


21. Evaluate 


l-ax’ dx 


22. Evaluate . 
rer V1+2cx? +a7x* 


2sin(x? +1) —sin2(x? +1) 
23. Evaluate | x: dx 
ie. J (ne +1) +sin2(x? +1) 


cos X — cos3x 


24. Evaluate fy dx 
4-—3cosx—cos3x 
25. Prove that 


{= + 7x? +15x* +32x? +. 23x? + 25x —3 
(x? +x+2)°(x* +1)” 


2 
a = ga Cc 
x°+x4+2 x4] x°+x4+2 


26 


27. 


28. 


29. 


(b) 


30. 


31. 


32. 


33. 


O 1.163 


INDEFINITE INTEGRATION 


xo-x?41 
Evaluate | 


(x°-1) 
x? 44x? 411x?7 +12x4+8 
(x? +2x+3)°(x+) 


£"(x) 
nerd e 


- Hence or otherwise 


Evaluate | 


Prove that } ef - [a9 a 


1 
= efx) . xX —-— |+C 
‘ ( ma) 


evaluate 


x‘ cos’ x —xsinx + cosx 
dx. 


Jlessin +cosx , 2 2 
X "COS" X 


Explain the following apparent difficulties : 
f dx _ X 
(at+cx’)?? = a(atcx’)!” 


yet, when a becomes nearly zero, the denominator 
on the right-hand side becomes nearly zero, while 
that on the left hand remains finite. 


{—— = 2In(Vx—a+Vx-—b) 
V(x—a)(x— b) 

yet ifa and bare positive, and x is less than either 

of them, the square root on the left hand side is 

real, but those on the right hand side are 


imaginary. 
x? +ax+VR 
IfR = (x’+ ax)’ + bx, andu= In , 
x? +ax-VR 


find the relation between the integrals 


J Je xdx 


a en if the roots of Q(x) = 0 are all real and 

distinct, and P(x) is of lower degree than Q(x), then 
P(a) 

[Roodx == In|x-a|, the summation 


Q'\(a) 

applying to all the roots a of Q(x) = 0. 

Hint: The form of the partial fraction 
corresponding to a may be deduced from the facts 
that 


QO Qa), (x-0) RO) Ger 


If (x? + y’)? = 2c7(x* — y’), then prove that 


{ dx ail id 
y(x? +y° a or 


x+y? 
xX—-y 


Show that j— > where y? = ax’ + 2bx + ¢, 


(x- a 
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may be expressed in one or other of the forms 
= ! In 
Yo 
1 fee | AXX,. + b(X + X_) + ‘h 
Zo YZ 
according as ax, +2bx)+c is positive and 
equal to Yo or negative and equal to — Zo 7 
34. Evaluate 
( (x —a)dx 
{p(x = a)” + q(x —B)"} (r(x =)” + 8(x = BY} 


axx, + D(x+X_)+C+YYQ 


> 


X—Xo 
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by means of the substitution t = (x — a) /((x— B)’, 
showing that the integral becomes 


1 dt 
2(a—B) J (pt +q)VGt+s) Show how to obtain 
the value of the integral 


f (x —2)dx 


(7x? —36x + 48) (x? —2x-1)° 


. doe io xX a 
- (@) By means of the substitution —+—=u 


a x 
find the integral of (a*— x*)/ (a4 + a’x? + x*)*? 
(ii) By means of the substitution 1 — x = xy” 


Previous Yeates. Questions, (JEEAdvanced) 


A. Fillin the blanks : 


1 7 dk= Ax Blog 6" —4)2C: th 
° 9e* —4e* u og ( ec — ) , nen 
A= 


[IIT - 1990] 


B. Multiple Choice Questions with ONE 
correct answer : 


f (3x +1) 


Ge Gen dx equal to 


[IIT - 1992] 


1 1 
(A) Z log Ix + 1] - | log |x — 1 


1 1 
— °Ax-D 1? a 


1 1 
oy -l|-— + 
(B) a log |x — 1| A log |x + 1| 


1 1 
DENS oe iy 


1 1 
(CE) Z log |x + 1] + 7] log |x— 1 


1 1 
— —_—_, + 
Ax-) ~ |@-py 
(D) None of these 


' cos*x+cos>x _ 
3. The value of the integral (-— X1S 
sin” x +sin" x 
' [IIT - 1995] 
(A)sinx—6tan (sinx)+c 
(B) sin x—2(sinx) +c 


(C) sin x —2 (sin x)! —6tan (sin x)+c 
(D)sinx—2(sinx) Stan (sinx)+c 


dx 
J (x— p)V(x— py(x—q) is equal to [IIT - 1996] 
—P 
x—q 


A 
Cc 


2 x-q 
(B)- —_ +c 
Pp-q VX-P 


1 
© Ya-pa-q *° 


(D) None of these 
f dx eee: 
(sin x + 4)(sin x —1) tan I 
+ Btan | f(x) +C then [IIT - 1997] 
(A) A 1 B 2 fx) 4tanx+1 
=—,b-— WX) = 
5 5v15 5 
1 2 4tan>+1 
A=-— —,B= , f(x) = —_2.— 
®) 5 wis Vi5 
OA 2, 7 2 Atanx+1 
BS Rr aig ae) 5 
2 4tan> +1 
(D) A= —,B , f(x) = —_4— 
5 5V15 Vis 


cosx —sinx . . 
(o— (2 + 2 sin 2x) dx is equal to 


[IIT - 1997] 


cosx+sinx 


10. 


11. 


(A) sin2x+c 
(C) tan2x+c 


dx 
} (2x-7) V2 7x 412 is equal to[IIT - 1997] 
(A) 2 sec!(2x—7)+c (B) sec! (2x—7)+c 
(C) 1/2 sec! (2x—7)+2 (D) None of these 


(B) cos2x+c¢ 
(D) None of these 


| cosec x log [tan *) dx is equal to [IIT - 1998] 
(A) sin x log [tan *) +c 


x 
(B) sin x log tan 5 —x+c 


(C) sin x log [an] +x+c 
(D) None of these 
f x? -1 a 

xv 2x! —2x7? +1 


V2x*-2x7? 41 


[IIT - 2006] 


(8) eG 
x 
V2x*-2x7? 41 
(B) a = ee 
V2x* 2x7? 41 
(Cc) ————— +c 
>.< 
V2x* 2x7? +1 
(D) aa +¢ 


x 
dex" va forn>2and 


) 
= ie} ie} fe} nce 
(x)= (fefe...ef)(x). Then fx 


f occur n times 


Let f(x) = (+ 


g(x) dx equals 


[IIT - 2007] 
hg 
+ n 
(A) a= nx’) "+K 
1 I 
(B) ——(1+nx") "+K 
n-l 
1 i we 
+ n 
© AGT mx) "+K 
1 tt 
(D) ——(1+nx") "+K 
n+l 


Let 1= [=—— ax, J= [= 
e*+e*4+1 e ~t+e “41 


12. 
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dx. Then, for an arbitrary constant C, the value of 
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J—T equals [IIT - 2008] 
1 eX —e% 4] 
A lo EC 
A) 2 . Spent) 
(B) 210 ex +e%4+] Cc 
ee 
C ies eX —e% +1 
o eX +e%41) 
lo eX +e7% +1 
(D) g e* —e2* +] te C 
sec” x 


(secx + tan x)? dx equals (for 


some arbitrary constant K) 
1 


(sec x + tan x) 


The integral J 
[IIT - 2012] 


1 1 2 
(A) matt = eee aa) |+K 


1 
8) (secx + tan x) 


1 1 
math Hseex +tanx)?} + 


1 


(sec x + tan x) 


1 1 2 
© ria yt y(6eex Fan) \+K 


1 1 1 2 
+—(secx + tanx)* p+K 
() correo 7 


C. Subjective Problems : 
sin x 
13. Evaluate | —"-— [IIT - 1978] 
sin X — COSX 
14. Eval jae IIT - 1979 
. Evaluate (a+ bx)? [IIT - | 
15. Evaluate the following integrals: [IIT - 1980] 


2 
x dx 


(a) | fi +sin( x) a (B) |= 


16. Evaluate J (ee + sin x) cos x dx. [IIT - 1981] 


18. Evaluate the following J ) ( 


. Evaluate i 1 dx 
xX+ 


[IIT - 1983] 


dx 
Cx +) [IIT - 1984] 


. Evaluate the following (i, ao dx [IIT - 1985] 
+VX 
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20. 


21. 


22. 
23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


Evaluat j= n Vx -cos Vx dx [IIT- 1986] 
alua 
areas in’ Vx +cos! Vx 
cos 2x)!” 
Evaluate J —... | dx [IIT - 1987] 
sin x 
Evaluate f(tanx +Veotx)dx [IIT - 1989] 
Find the indefinite integral 
1, In+ a 
lPararren ate. 
Find the indefinite integral 
cos 0 + sin 8 
[cos 20. In-———~-—_ gg [IT - 1994] 
cos 8 — sin 8 
f +1) 
Evaluate x(1-+ xe")? dx [IIT - 1996] 
= 5x4 +4x° at 
A Ie ae eed 
( 3x+1 
®B) Jap «+h & 
4 
Xx 
—__—.—— dx 
© J (x-1)° (x? +1) 
ntegrate the following : fade z 
[IIT - 1997] 
I (peo IIT - 1999 
ntegrate (24+ D2(x+D {IIT - ] 
shes 2x+2 
Evaluate [ain (=) dx 
V4x7 +8x+13 
[IIT - 2001] 


For any natural number m, evaluate 


i) mexm +x ™ 2x7" +3x ™+ 6) dx, x>0. 
[IIT - 2002] 
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D. Assertion & Reasoning : 


31. Let F(x) bean idenfinite integral of sin’x. 
Assertion (A): The function F(x) satisfiesf 
F(x + 1) = F(x) for, all real x. 

Reasons (R): sin (x + 7) = sin’x for all real x. 

[IIT - 2007] 

(A) Both A and R are true and R is the correct 
explanation of A. 

(B) Both Aand R are true but R is not the correct 
explanation of A. 

(C) Ais true, R is false. 

(D) A is false, R is true. 


E. Comprehension 
Let f(x) = (1 - x) sin x + x’ for all x eR, and let 


g(x) = (AL 2 -Int (dt forall x (2) 


32. Consider the statements: [IIT - 2012] 
P : There exists some x € R such that f(x) + 2x 
=2(1+x ) 
Q : There exists some x € R such that 
2 f(x) + 1 =2x(1+x) 
Then: 
(a) both P and Q are true 
(b) Pistrue and Q is false 
(c) Pistrueand Q is true 
(d) both P and Q are false 
33. Which of the following is true? 


(a) gis increasing on (1,0) 


[IIT - 2012] 


(b) gis decreasing on (1,00) 

(c) gis increasing on (1, 2) and decreasing on 
(2,00) 

(d) gis decreasing on (1, 2) and increasing on 
(2,00) 
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1 
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16. (i) 


1 
Gi) — 7g 7— 4x)'— logp3 — 7x|+ cot(4x+3) 


+ z tan”! = +C 
6 4 
19. No, we cannot. for instance, f(x) = 1 + cosx isa 
periodic function and F(x) = | (1+cosx)dx =x + 


sinx + C is anon-periodic function. 
21. y=3lnx+l 


22. (a) f(t)=2Vt -1ift>0 


i, As 
=t-—+-— if0<t< 
(b) f)=t- 5+, if0sts1 


iil 
=t-—4- ifltl< 
(©) f)=t- Zh +5 ifs! 


(d) f{t)=tift<0; f(t)=e'-1ift>0 


23. 


24. Yes, one 
25. f(x)=cx +d-—2/9 sin 3x, for constants c and d. 


67 
26. 


5 
27. 6x°— 15x*+ 10x3+ 1 
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(i) ~ 5 log|1 sin 2x| +C 
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(ii) 2 (tan! x + 3) +C 
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sin? x 
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16. (i) (1) +C 5. (i) —2 sin x—cosec x +C 


(i) log \(1+x2+ Vi+x4 Vx|+C 


~2 
(ii) oa (cot x}2?+C 
PRACTICE PRoBLEMS—D 


(ii) In |tan x|+C 


1—./cos(x / 2) 4 


1 1 
1. @ 7 COS*X — 3 cos*x + C 


8 (iv) In 1+ Jcos(x /2) * Jeos(x /2) 
.. 2cos”” 0 V2 
(ii) ae a 0+C +? tan-! cos(x / 2) + C 
2 1 1 
(iii) - g +In|tan@|+C 6 (i) — 5 cosee x +5 cosec? x + C 
: cot? x 3 tan’ x x ol 
(iv) - + 3log tan x + > tan?x 4 Te (Se ae 
tan’ 6 we 53/5 5 13/5 
2. @ 2tan!2Q 1+ F +C (iii) Hee EE ae X+C 
1 
(ii) 2Vtanx +C (iv) tanx —2 cot x— 3 COPXTC. 
i ne ee er ) - 
Boks Dace a | eet te auere [c 1 3 1 
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(ii) C-cot ; cot mo (iv) 7 tan’ x4 5 tan’x +C 
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31. The form of the partial fraction ee gtoa 
may be deduced from the facts that 
SD 2. Gi) Gane 
X—O Qa) 
34. Last part, a = 2 and 7x? —36x + 48 — p(x? —4x +4) 
must be a square : p= 3 and from this q=4, b=3. 
Alsor = 2, s=—1 from x?— 2x —1=r(x?—4x+4)+ 


s(x’—6x +9). 
35. (i) a‘(u’— 1)" ; the integral reduces to 
= udu 
a? (1? 
(ii) The integral reduces -2/ 2y"+3 
1+ +3y° +y* 
2 ! + : dy 


y +545) y+5G-¥5) 


1 2 
Moreover, pt + 5} = 56 ie V5) ; integrals 


in inverse tangent form. 
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PREVIOUS YEAR'S QUESTIONS 


15. 


16. 


17. 


19. 


20. 


21. 


22. 


23. 


: Fs|aebx~2alog| a bx - 
b a 


(JEE ADVANCED) 


=3:, 35 


7736 any real value 


Se ne 


= 
QO0Wwdo 


xX 


i 3 log |sin x — cos x| + +C 


2 
a }re 
+ 
x x 
+4] sin——cos— |+C 
f@) *4{sin—cos*] 


(-x)? 20-xy?” 
(b) | F aor 


1 
7 008 2x +C 


1 s|+c 


xX sin X + COS X — 


mee 18. - pee, 4 aC 
(x+1)° : x! 
2V1—x —cos! Vx —Vxvi-x+C 

cane ? _(—2x)sin! V¥x]-x+C 

T 

Se ed 


cotx 


—log (cot x+ Vos? x -1) FC 


-1 tan x —vcotx 
tan (2 = ) 


2 20 2am 42x! 
3 7 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 
33. 
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_ =" 4 3x"3 4 6x6 12x 


sin 20 In( 2° sin® 
2. cos0—sin®@ 
+ 12 log |x'?+1| 


1/63 
+6 {ee 3 4 x!) 4304 a) 


slnsee20+C 


3 2 
1 
1+xe* 


1+ xe* 


xe* 


+C 


log 


Br x 3 (=) 
(a) g fan ae ee ae ae ae +C 


1 x+l1 1 1 
24) - Ax-1) 2(x-1) 


(c) x +x+2In(x-1)- @ 


7 +C 


1 
In (x*+1) {5) tan’?x+C 


xer 
TAOBS cae? ee 


1+vl-x 
2cos! fx — 2 log a aa +C 


(d) 


1+ xe* 


1 1 a 
——log|x+1|/+—log(x* +1 
; g|x+1| qlee +) 
tae 7=+C 
x 
1(2x+2) 3 
+ Dean { = }-F lost? 8x+13)+C 
m+ 
3m 2m Mm) m 
1 (Qx°" +3x°" + 6x") +C 
6 m+l1 
D 
C 
B 


‘ [ fis) d= A.A, AYA, 


where A,, A), Ay, A, are the areas ofthe shaded region. 
b 
Hence, the integral | {(X)dX represents the "net 


signed area" of the region bounded by the curve 
y= f(x), x-axis and the Imes x=a, x=b. 


2.1 INTRODUCTION 


The definite integral is one of the basic concepts of 
mathematical analysis and is a powerful research tool 
in mathematics, physics, mechanics, and other 
disciplines. Calculation of areas bounded by curves, 
of arc length, volumes, work, velocity, path length, 
moment of inertia, and so forth reduce to the 
evaluation of a definite integral. 

There are various problems leading to the notion of 
the definite integral : determining the area of a plane 
figure, computing the work ofa variable force, finding 
the distance travelled by a body with a given velocity, 
and many other problems. 

In the previous chapter we dealt with integration as 
the inverse process of differentiation. The concept of 
integration first arose in connection with determination 
of areas of plane regions bounded by curves and an 
integral was recognized as the limit ofa certain sum. It 
was only later that Newton and Leibnitz established 
an intimate relationship between the processes of 
integration and differentiation, known now as the 
fundamental theorem of integral calculus which we 
shall discuss in this chapter. A definite integral will be 
defined as the limit of a sum and it will be shown how 
a definite integral can be used to define the area of 
some special region. 

A definite integral may be described as an analytical 
substitute for an area. In the usual elementary treatment 
of the definite integral, defined as the limit ofa sum, it 
is assumed that the function of x considered may be 


CHAPTER 


represented graphically, and the limit in question is 
the area between the curve, the axis of x, and the two 
bounding ordinates, say at x = a and x =b. 


The Area Problem 


Let us understand the problem of finding the area of 
a curvilinear trapezoid. Consider a nonnegative 
continuous function y= f(x), x € [a, b]. 


Y 


The figure AabB bounded by a segment of the axis of 
abscissas, segments of vertical lines x = a and 
x =b, and the graph of the given function is called a 
curvilinear trapezoid. 
In other words, a curvilinear trapezoid is the set of 
points in the plane whose coordinates x, y satisfy the 
following conditions: a<x <b, 0<y< f(x). 
Let us find the area of this curvilinear trapezoid. To 
this end we partition the closed interval [a, b] into n 
subintervals of equal length 

[a, X,], [X,,X5], ...... [X,_, b], 
using for this purpose the points 


b-a 


x,=at+~—i,i=0,1,.....n. 


2.2 0 


We then denote by m, and M, the least and greatest 
values (respectively) of the function f(x) on the interval 
[x,_,,X,], wherei=1,.....,n. 


The curvilinear trapezoid AabB is thus separated into 
n parts. Obviously, the area of the ith part is not less 
than m,(x,— x, ,) and is not greater than M;(x; — x, _,). 
Consequently, the area of the entire curvilinear 
trapezoid AabB is not less than the sum 


where Ax; = x,—x,_, and is not greater than the sum 


n 
tM, Ax, = 2 M,Ax; 
i=l 

Denoting respectively these sums by s, and S., we 
see that S,.,, Satisfy the inequalities 

Sh = S aabB = Sy 
Here s, represents the area of the stepped figure 
contained in the given curvilinear trapezoid, and S,, 
the area of the steplike figure containing the given 
curvilinear trapezoid. 
If the interval [a, b] is divided into sufficiently small 
subintervals, i.e. ifn is sufficiently large, then the areas 
of these figures differ but slightly from each other as 
also from the area of the curvilinear trapezoid. 
Consequently, we may assume that the sequences 
(s,) and (S,,) have one and the same limit and this limit 
is equal to the area of the figure AabB. 
This assertion is obtained in the assumption that the 
curvilinear trapezoid under consideration has an area, 
but the latter notion is not yet defined. And so, the 
above reasoning leads us to the following definition. 
Definition Let there be given a continuous 
nonnegative function f(x), xe [a, b]. Then, ifthe limits 
of the sequences (s,) and (S,) exist and are equal to 
each other, their common value is called the area of 
the cuvilinear trapezoid. 

{(x, y) |a<x<b, 0<y<f(x)}. 
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Let us show that, according to the 


given definition, the area of the right angled triangle 
with the vertices at points (0, 0), (a, 0) and (a, b) is 


1 
3 ab, that is, it is computed by the known 


equal to 


formula. 


The given triangle is a curvilinear 
trapezoid for the function 


f(x) = Px, x €[0,a] 


Xx 


. . a; . -_ 
Using the points x, = he ,1=0, l......,n, we divide the 


interval [0, a] into n equal parts of length =z . Then 


m,=fx,_)= 2G-D 


Io 
fee 


M,= f(x;) = 
and AGES 


> (i Dee 
s- 2 @*= 


Hence, o is ne nae 
_ ab 


5 


ab (=)n -ab(1 L) 
2 2 n 


ab (n+)n -2(1+1) 


2 2 n 


lim s, = lim S, 
n-o no 


Thus, it has been proved that the area of the given 


triangle is equal to 5b : 


Find the area of the figure bounded 


by a portion of the parabola y = x? and segments of 
the straight lines x =0 and x =a, where a> 0. 


Proceeding as in previous example, we 


partition ie interval [0, a] into n subintervals each 


oflength © ~~ , using points x, = 44,i=0, 1... 
n 


Then 


n 3 n 
Si as =237 
"Diet n° jal 
We have vi? _n(nt+ D2n+)) 
i=l 6 
Hence, 
2 3 
gece Beene Daa (1+ [1+ L) 
n n° 6 3 5 oa 


a> (n=1)n(2n-1) “(1 Li L) 
S,= 3" 
nn 6 3 n 2n 


and therefore 


: . ae 
lim s, = lim S$, = 
n> noo 3 


3 
Thus, the area of the given figure is equal to 3 : 


Here we would like to note several points. 


&e.|Note: 

1. Let us return to the curvilinear trapezoid AabB, 
and proceeding in the usual manner, partition the 
interval [a, b] into n parts of equal length, making 
use of points x,,1= 0, 1,....,n. On each subinterval 
[x;,_,, X,] we choose arbitrarily some point and 
denote it by & . 

If m, and M, are respectively, the least and the 
greatest values of the function f on the 
subinterval [x, ,,x,], then, obviously, m, <{(&) <M, 
where i= 1, ...., n. Let us now multiply either of 
these inequalities by Ax; = x; — x, , and add 
termwise the inequlities thus obtained. 

Then we get the following inequality : 

n n n 


>im,Ax; < )£(E, )Ax, <M, Ax; 


i=] i=l i=l 


0 2.3 


DEFINITE INTEGRATION 


n 
Hence, it follows that the limit a > £(§) Ax; 
i=l 


exists, does not depend on the choice of points x, and 
is always equal to the area of the figure AabB. 


n 
Thus, lim 2. £Gi)4x; = S sabe AL) 


2. Inthe previous examples we divided the interval 
[a, b] into n equal subintervals. It can be proved 
that formula (1) remains true also for the case 
when [a, b] is separated into n parts of arbitrary 
lengths but such that the greatest of these lengths 
tends to zeroasn > 0. 


The Definite Integral 


Consider the function f(x) defined on the interval [a, b]. 
As before, we divide the interval [a, b] into n equal 
subintervals by means of points 


b-a 


1 720; 1, 3.9, 

On each of these subintervals [x,_,,x,],i=1,....,n we 

choose one point denoting it by & where & € [x,_, , x,] 
Then the sum 


x;=at 


where Ax, = x,;—x;,_,, 1S called an integral sum of the 
function f. 
Obviously, this sum depends both on the manner the 


interval [a, b] is subdivided and on the choice of points &. 


i-1? 


n 


Definition. Ifthe limit lim Df(EAX; exists and is 
i=l 


independent of the coice of points € , then the function 
fis said to be integrable on the interval [a, b] and the 
limit is called the definite integral or simply the integral 
of the function f(x) with respect to x over the interval [a, 


b 
b] and is denoted as | f(x)dx 
(read as " the integral of f(x)dx from a to b"). 


The symbol i) is called the integral sign, the function 


f(x) the integrand, x the variable of integration, the 
expression f(x)dx the element of integration. The 
numbers a and b are called the lower and upper limits 
of integration. 

Thus, according to the definition, 


| 'G@hdxs iin > f(G)Ax, 
- Tan i=l 


24 0 


The interval [a, b] is called the interval of integration. 
The word 'limit' here has nothing to do with the word 
limit as used in differential calculus. It only signifies 
the 'end points' of the interval of integration. 

We have a theorem that every continuous function is 
integrable, but integrability extends to a class of 
functions wider than the class of continuous functions. 


..|Note: 


1. The above definition of a definite integral is a 
special case of the more generalized definition as 
given below. 

Let f(x) be a bounded function defined in the 
interval (a, b), and let the interval (a, b) be divided 
in any manner into n sub-intervals (equal or 
unequal) of lengths 6,, 6,, ...... , 6,- In each sub- 
interval choose a perfectly arbitrary point (which 
may be within or at either end points of the 
interval), and let these points bex =), ¢,,..... G 


Let: $=: > OAC), 


r=1 
Now, let n increase indefinitely in such a way that 
the greatest of the lengths 4,, 6,, ...... , 6, tends to 
zero. If, in this case, S,, tends to a definite limit 
which is independent of the way in which the 
interval (a, b) is sub-divided and the intermediate 


points C,, C,, ... , ¢, are chosen, then this limit, 
when it exists, is called the definite integral of f(x) 
from a to b. 


2. Theprocess of forming the definite integral shows 


b 
that the symbol | f(x) dx is a certain number. 


Its value only depends on the properties of the 
integrand and on the numbers a and b 
determining the interval of integration. 


Geometrical interpretation of definite 
integral 


b 
In general, i) f(x) dx represents an algebraic sum of 


areas of the region bounded by the curve y= f(x), the 
x-axis and the ordinates x = a and x= b. Here algebraic 
sum means that area which is above the x—axis will be 
added in this sum with + sign and area which is below 
the x—axis will be added in this sum with — sign. 
So, value of the definite integral may be positive, zero 
or negative. 

This is because the value of f(x) in the integral sum is 
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considered without modulus sign. The area above the 

x-axis enter into this sum with a positive sign, while 

those below the x-axis enter it with a negative sign. 
Y, 


ZN 
— yw 


b 
[ f09 dx=A,-A,+A,-A, 
where A,, A,, A,, A, are the areas of the shaded region. 


b 
Hence, the integral | f(x)dx represents the "net 


signed area" of the region bounded by the curve 
y= f(x), x-axis and the lines x =a, x =b. 


4 
Evaluate [ (2x-3)dx., 
y = 2x — 3 is a straight line, which lie 


3 Pan ae: 
below the x-axis in | —L 3 and above in > 4 


N FAABC= ~x2x5 = 2 
ow area 0 gy 


ioc 
aes a ee 


(using formula from geometry) 


4 25 25 
2x —3)dx = -—+—=0 
So, [_ @x-3)dx =-24+2=0, 
Example 4.) Evaluate the following integrals by 


interpreting each in terms of areas : 


(a) [vi-e dx sb) [x+2)ax 


(c) fo ~1)dx 


(a) We sketch the region whose area is represented 
by the definite integral, and evaluate the integral 
using an appropriate formula from geometry. 


Since f(x) =./]_ x2 20, wecan interpret this integral 
as the area under the cure y=./;_,2 from x=0 to 
x= 1. Wehave y* = 1 — x”, that is x?+ y? = 1, which 
shows that the graph of f is the quarter-circle with 
radius 1. 


1 
Therefore, J, V1—x? dx=area of quarter-circle 


1 > 7 
=—n(1)* =— 
4 (1) 1 


(b) The graphs of the integrand is the line y=x + 2, 
so the region is a trapezoid whose base extends 
from x =—1 tox =2. Thus, 


2 
(& + 2)dx = (area of trapezoid) 


er eee 
=50+4)3)=5 


-10 
(c) The graph of y= x — 1 is a line with slope | as 
shown in the figure. We compute the integral as 
the difference of the areas of the two triangles : 
3 1 1 
\, (x-I dx=A,-A,= 52.2)- 50. D=1S. 


(3, 2) 


O 25 


DEFINITE INTEGRATION 


2.2. DEFINITE INTEGRAL AS 


A LIMIT OF SUM 


Let us use rectangles to estimate the area under the 
parabola y= x? from 0 to 1. 


We first notice that the area of S must be somewhere 
between 0 and 1 because S is contained in a square 
with side length 1, but we can certainly do better 
than that. Suppose we divide S into four strips S,,S,, 


1 1 
S,, and S, by drawing the vertical lines x = Bx=5 
Banos 
and x= 4 asin Figure (a) 
(1, 1) 


Naha 
ae 
(b) 
We can approximate each strip by a rectangle whose 
base is the same as the strip and whose height is the 
same as the right edge of the strip [see Figure (b)]. In 
other words, the heights of these rectangle are the 
values of the function f(x) = x? at the right end points 
of the subintervals 


0 1]; 1 1}} 1 3 3 I 
oP bate od Bae and 4’ . 
1 
Each rectangle has width ri and the heights are 


J) Gime 


If we let R, be the sum of the areas of these 


2.6 0 


approximating rectangles, we get R, 
1 (+) 1 (+) 1 (3) fi xe 15 
=-, + -. Ay +—.1° = 
4\4 4\2 4\4 4 32 


= 0.46875 


From the Figure (b) we see that the area A of S is less 
than R,, so A<0.46875 

Instead of using the rectangles in Figure (b) we could 
use the smaller rectangles in Figure (c) whose heights 
are the values of f at the left endpoints of the 
subintervals. (The leftmost rectangle has collapsed 
because its height is 0). The sum of the areas of these 
approximating rectangles is 

Yi 


1 1 (7) 1 (3) 1 (3) 7 
L _02+-. +—, +—, = 
47 4 ANA) ANGI. AAD ~ 39 


=0.21875 
We see that the area of S is larger than L,, so we have 
lower and upper estimates for A: 

0.21875 <A <0.46875 
We can repeat this procedure with a larger number of 
strips. Figure (d), (e) shows what happens when we 
divide the region S into eight strips of equal width. 


% 
(1,1) 


Oy 1 1 xX 
8 


(d) Using left endpoint 


(e) Using right endpoint 
By computing the sum of the areas of the smaller 
rectangles (L,) and the sum of the areas of the larger 
rectangles (Rx), we obtain better lower and upper 
estimates for A: 
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0.2734375 <A <0.3984375 
So, we can say that the true area of S lies somewhere 
between 0.2734375 and 0.3984375.We could obtain 
better estimates by increasing the number of strips. 
For the region S in previous example, we now show 
that the sum of the areas of the upper approximating 


1 
rectangles approaches 3° 


R,, is the sum of the areas of then rectangles in Figure. 
Each rectangle has width 1/n and the heights are the 
values of the function f(x) = x? at the points 1/n, 2/n, 3/n, 
..., D/n; that is, the heights are (1/n)’, (2/n)’, (3/n)’, ..., 
(n/n)’. 


1 1 


aera (P2724 32) 
1 
= C7 222-2 32h 7) 
_ tnt) 
= 6n? 
Thus, we have 
lim R= lim eos 


. “(2 *) 
— lim 
n>0 § n n 


= Him 2{ 14 = (2+ =| = lial 
n>0 § n n 6 3 


It can be shown that the lower approximating sums 
also approach 1/3, that is, 


2 2 
lim, = tim+oy +4(4) +1?) ies 
noo n>o fy n\n n\n 


re) 
age 
n\n 
lis 12n-1)_ 1 
_ 6n2 3° 


From Figures it apears that, as n increases, both L, 
and R, become better and better approximations to 
the area of S. Therefore, we define the area A to be 
the limit of the sums of the areas of the approximating 
rectangles, that is, 


A=lim Rp =lim Te 


n—-0oo n no 


Definite integral as a limit of sum 


Let f(x) be a continuous real valued function defined 
on the closed interval [a, b] which is divided into n 
parts as shown in the figure. 

Yi 


a+(n-1)h atnh=b x 


The points of division on the x-axis are 
a,ath,at 2h... at+(n—1)h,a+nh, 


b-a 
where =h. 
n 


Left end estimation 


Let L, denotes the area of these n rectangles. 
Then, ne hf(a) + hf(a+h)+ hf(a+ 2h) + 
+h f(a+ (n— 1)h) 

Clearly, L, represents an area very close to the area of 
the region bounded by curve y = f(x), x-axis and the 

ordinates x =a, x =b. 


b . 
Hence, | f(x) dx= lim L, 


frre dx = lim h ff(a)+f(a+h)+ f(a+2h) 
oes +f(a+(n—Dh)] 


= lim 3 hf(a+rh) where nh=b—a. 
r=0 


n-l 
— lim > (=) (ax Po"), 


r=0 


O 2.7 


If for a function f(x) the limit exists, then we say the 
function is integrable on the interval [a, b]. 

It can be shown that, when f(x) is a continuous 
function, the above limit always exists. Hence, if a 
function f(x) is continuous on an interval [a, b], then it 
is integrable on that interval. 
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Right end estimation 


Considering the sum of areas of rectangles using the 
heights at the right end points of the subintervals, we 
have 

R. -=hilarh)-- hi (a5 2h) + cs: + hf(a + nh) and 


n b-— = 
[ t00 ax = lim 2, ( =*) e{a+{2*)r) 


It follows from theorems that for a continuous function f, 


a b 
lim R = lim Le f(x)dx 


no 
That is, we may compute the integral using either the 
left end estimation or the right end estimation. 


Note: 


1. Ifa=0,b=1, then 
1 n-l 1 r 
— li —f}— 

Jf es ae d n (7 

2. From the definition of definite integral, we have 
1 W(x) Fs b 
lim— {4} =| fe orsta 
n>o f) i=a(k) n a 2 


(i) is replaced by | sign, 
r 
(ii) Fi is replaced by x, 


1 
(iii) = is replaced by dx, 
(iv) To obtain the limits of integration, we use 


a= lim (x) ve 

noo 

r P 
fj)—-—J_ 
i f(x) dx 

: 1 ._ { pn 

i 1 —|= 1 — |= 
since tim (2) 0, tim (P2) p. 


4 
Calculate I= | (1+x)dx as the 


limit of sums. 


and b= 


pn 


: 1 
For example lim > ae 
r=l 


> nro 


2.8 0 


We divide the interval [—1, 4] into n equal 
parts. On each subinterval 


5-1) ai 
=|-1+———,-1+— 
[X,_1> x] n A 


the continuous function 1+ x attains the least value at 
the left endpoint of the interval and the greatest value 
at the right end point. 


Therefore 
> “f(s +H Ho) 5 
n 


SSA eS Oa 
- yt pe aX 1) 


i=l 


a 5i 
R, ->a(-+ : \3 


ee P) = 255%; 


i-1 0 =n n? i=l 
Hence 
oe te Yi-da-p 
i=l i=l 
25 25 
=—nh=—0 a now, 
n n 


4 
This means that the integral I = Ja +x)dx exists. 


To calculate it as the limit of sums, we can consider 
any of the sequence of sums. 
Here, we use right end estimation. 


_ li ant 25 
ah (1+ x)dx lim = lim 2 5 


4 25 
Thus, | We x)dx =i 


2 
Evaluate \, x? dx. 


The function fto be integrated is defined 
by f(x) = x’, and the interval of integration is [0, 2]. 


2 : 
I, x? dx= lim R, 
The partition {x,,..., X,} which subdivides [0, 2] into 


n subintervals of equal length is given by 


b-a. 2. 21 
xX.=at i=0+-1 ; 
; n n n 


for each i=0,....,n. 


Moreover, X,;—X;_ | = =—,1=],....,n. 
n n 
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Since f{x,) =x? and x,= 
x Ai? (2)->% _ 8 Si 
ores Sone ji, ae ae? aa 
8 2n° sn +n 4 3 =, 
2+—+ 
n 
1 


~~ 3 
4 3, 4 8 
lim = li (2 + } — ee 
and so R aoe © 3 5 er 3 3 
8 


Zi. 
Tn? it follows that 


n 
We conclude that ie x"dx = fe 


Evaluate [° (5—x)dx. 
The function f, defined by f(x) =5 —x, is 


linear and decreasing on the interval [1, 4]. Its graph 
is shown in the figure. 


The partition {x,,..., x,} subdivides the interval 
4-1 3 
[1, 4] into subintervals of length ae = h? and the 


points are given by 


3 . 
x=1+|—]1, i=0,...,n. 
i n 


3 
i-| ae 1=1,..... /n. 


We shall compute the integral as 


In addition, x;— x, 
4 : 
J, G-0dx= lim 1, 
3i 
We have x,= 1+ - and f(x,;) = 5—x,, and so 


=) 3i 

—)=4-—. 
n n 

Since x;— x, 


a) 
i-17 > weset 


ftx)=5-(1+ 


5 Se Oi 
(5 7) 


il n/n 4 

“12 91 12< 9 
=»—-)— = -—)i 

i=l n i=l n n 2 n i=l 
2122.9 mar) 49-3 (142) 

n nr? 2 2, 


But it is easy to see that 


Him 12 5(1+ ~))=12 2 ae 
no 2 n 2 2’ 


and we finally conclude that 


4 ‘ 1 
[ @-» dx=lim L=7 5, 
1 n>o n 2 


This answer can be checked by looking at the figure. 
The value of the integral is equal to the area of the 
shaded region P, which is divided by the horizontal 
line y = | into two pieces : a right triangle sitting on 
top of a rectangle. 


The area of the triangle is 5G. 3) = =, and that of 
the rectangle is 3. 1=3. oe 
[@-wd = +3274 
; X = area gh 5 


The excessive lengths of the computations in the 
above examples make it obvious that some powerful 
technique is needed to streamline the process of 
evaluating definite integrals. 


Oo 29 


3 
Example 4.) Evaluate J, (x* — 6x) dx using 


limit of sum and interpret the result. 


DEFINITE INTEGRATION 


[ @ - 69 

= im SFC ax - tim «(= } 

"ne i ' De n/n 
31 31 

. “im $42 )-(2) 


27 3 18. 
lim 
atime | 


n 


2 
in = | 54 n(n+1) 
no n* eo) nr 2 


2 
- tn] (142) a(1+4) 
noo} 4G n n 


81 27 


mn 27 mn 6.75 


This integral can be interpreted as net signed area 
because f takes on both positive and negative values. 
It is the difference ofareas A,—A,, where A, and A, 
are shown in the figure. 


3 
[_ (° -6x)dx = A,-A,=—6.75 
0 


Express the following limit as a 


definite integral : tim{ 


1 1 
+ wet 
n+l n+2 6n )° 


1 1 1 
li ef 
tin oe “a 


2.10 O 


; 1 1 1 
— lim + +o 
nool n+] n+2 n+5n 


: Sn 1 5n 
= lim >a - ee - 


no =I 
n 
Since the lower limit of r is 1, the lower limit of 
1 
—=0 
n 
Since the upper limit of r is Sn, the upper limit of 


integration = lim 
no 

; yg ant 

integration is im—=5, 
no n 


5] 
Hence, the given limit is equivalent to I ie dx 
Xx 


Example 6.| Use the definition of the integral as 


a 
the limit of a sum to evaluate J, sin x dx 


Herea=0,b=a, a=nh, f(x) =sinx. 


() sinx dx = Las (i) sin res) 


= lim &| sin@ + sin 20. $224 SNe 
noon n n 
, n-1l : 
sin + a = sin am 
: n n n 
= lim & 
noon sin CH 
2n 


. 2(a/2n) . {1 1\\). fa 
= lim — . sin} —a} 1+ sin 
n> sin(a/ 2n) 2 n 2 
= ss OG Rose Ole) Sg een A a5 
2.1 sin{ ) sin( £) 2 sin (*) 1—cosa. 


b] b 
Example 7.) Showthat [ ru = ne (0<a<b) 


using limit ofsum where the interval (a, b) is divided into 
n parts by the points of division a, ar, ar’, ....... var™! ar, 
We have ar"=b, i.e. r=(b/a)!", 
Evidently as n — ©, r = (b/a)!" > 1, so that each of 
the intervals a(r — 1), ar(r — 1) ..... — 0. Now, by 
definition, 


b] _f\ 
I. ra - bn fe 
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no 


wl 
= lim} coy (ark—ar) 
k=1 at 
lim )) (r-1)= lim n(r-1) 


= lim n[(b/a)'"”" -1] 


Vn b 
= lim (Bra) Pee 


n> 1/n a 


. 2 dx 
Example 8.) Evaluate the integral i = 
We subdivide the interval [1, 2] inton 


parts so that the points of division x, (i= 0, 1, 2, ...,m) 
form the geometric progression : 

X= 1; x, = 95 x,= 973 x,= 9's... 
Here q= ¥/2. 
The length of the ith subinterval is equal to 

Ax; = q'*!—q'=q(q- 1), 
and q?- '(q-1) >0asn>,i.e.asq— 1. 
Now let us choose the right hand endpoints of the 
subintervals as the points x,, ,=q'*!. 
Forming an integral sum : 


>X,=gr=2. 


n-l 


bs n Z 
R= Loar ag-1) = g@-1)=--n@?- 
i=0q4 Qn 
1 
lim R, = lim 22° =) = my 2 
no no = 
Qn 


2 
dx 

and so, J—= fn 2. 
1 x 


> dx 
Example 9.) Evaluate the integral J oe (a<b). 


14 1 1 
= + + hieck —— 
a E (ath? (a+2hy aol 


1 1 
<h 


+ + 
(a-—h)a a(at+h) (a+h)(a+2h) 


tet ——— l —— 
(a+n—2h) — 


fet Ale Be a 1 
~||(a-h) a} {a (ath)| | (ath) (a+2h) 


tot oh ae 
(a+n—2h) (a+n-—lh) 
1 2 1 
HOS Seay anh hi (1) 
Similarly, S > 


i ; + : Pease | 
a(ath) (a+h)(a+2h) 


Wi lls Ae 3. 
~|}a (ath)|] | (ath) (a+2h) 


tit ae u 
(atn—-lh) (a+nh) 
ws we *5 
Thus S > rears ...(2) 


We have b=a+nh 
From (1) and (2), using Sandwich Theorem, we get 


6 dx : , 1 1 1 
| S = lims = lim -—_ LL 
aX noon hod g—h b-h a b 


b dx 
Evaluate theintegral | “= ,a>0, 
Example 10 valuatetheintegral | “7 .a 
b>0 


By definition 
eae Cae ee | 
So hn sak waeoh .  e@eoDR 


O 2.11 


DEFINITE INTEGRATION 


We know that 2Jr <VJr+h + Jr for sufficiently 


small h > 0. 
1 a l vr+h—Jr 
ay Vrth+vr h 
ae > vr+h - vr] 
Substituting r=a ,ath,a+2h,....... we have 


Je >2 (Var — va] 


= > 2(Va+2h - Ja+h ) 


h 


va+2h 
h 


a+(n—-lh 


On addition, 
1 1 


1 
h ie tes esein 
> 2(Va+nh — Va ) 
= a|Va+b—a = va| = alvb ee va| 
rim 8, > {vb - va) 
Similarly, by considering Vt > Jr +Jr—h , we 
can prove that lim s,< (vb ~ Ja ). 


b dx 


Hence, J de = lim S.= (Vb = va). 


> 2(Va+3h - va+2h J 


> 2(Jatnh — fa+(—)h] 


(ConceptiProblems A 


1. Compute the area of the figure bounded by a 
portion of the straight line y= x and segments of 
the straight lines y=0 and x=3. 


0 
Evaluate } Re 4—x’ dx, 


Find the area of the curvilinear trapezoid defined 
by the graph of the function y = e* on the interval 
O<x<l. 

kn 


n 


: Laan IOS 
4. First show that } sinxdx = lim >isin 
0 noe nt 


aS: 1 
Use the fact Dsin— = CO ie and L'Hospital's 


k=l 


rule to show that finally that J; sinxdx =2. 


5. Evaluate the following integrals as limit of sums: 


(i) } ie —x)dx (ii) | : (x? + 1)dx 


mee i 2 3 5 d . : 2x 
(iii) K x +5)dx (iv) [ wre )dx 


ml2 b 
(v) | cos x dx (vi) | sin x dx 
0 a 


6. Let f(x) denote a linear function that is 
nonnegative on the interval [a, b]. For each value 
of x in [a, b], define A(x) to be the area between 
the graph of fand the interval [a, x]. 


(a) Prove that A(x) = > {fla) + f(x)] (x-a). 
(b) Use part (a) to verify that A’(x) = f(x). 


2.12 0 
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Practice Problems Ar 


Use appropriate formulas from geometry to 
evaluate the integrals. 


(a) (i: +2V1-x?)dx (b) xc ~ 5x)dx 
(c) [ia- 3| x |)dx 


10 
8. Evaluate the integral I, V10x—x° dx by 


completing the square and applying 
appropriate formulas from geometry. 

9. Prove that the area of the curvilinear trapezoid 
defined by a portion of the parabola y = 1 — x? 


(0 <x < 1) is equal to B 
10. Determine a region whose area is equal to the 
n 


gl, hee pe Tt in — 
limit lim » ~~ tan—~ Do not evaluate the limit. 
>of 4n 4n 


6 x 
11. Express the integral i ie dx as a limit of 


integral sums. Do not evaluate the limit. 


2(, 21) 
12. Evaluate tim 3° 2{ 54.24 
i=l 


n 


x i 
13. Explain why —~ Df (5) is an estimate of 
P Y 100 (100 


[,t00 dx, 


2.3. RULES OF DEFINITE 
INTEGRATION 


We have a number of rules regarding the definite 


b 
integral | f(x)dx, 


1. Ifa=b, then Ax =0 and so [foo dx =0. This is 


natural also from the geometric standpoint. 
Indeed, the base of a curvilinear trapezoid has 
length equal to zero. Consequently, its area is 
zero too. 


14. Prove using the concept of definite integral as 
limit of sum that 


ax ka, ax ka Tt 
= > cos— < sina <— > cos— (Q<a<— 
) 
nS n ier n 2 


15. Form the integral sum s, by dividing the interval 


[a, b] into n parts by the points x; = aq'(i=0, 1, 2, 


.. n), where q = ie and pass to the limit to 
a 


compute the following definite integrals: 


(i) | ; x’ dx 


a [= 
(iii) [ve dx. 


16. Let A denote the area between the graph of 
f(x) = Jy and the interval [0, 1], and let B 
denote the area between the graph of f(x) = x? 
and the interval [0, 1]. Explain geometrically 
whyA+B=1. 

17. Let A denote the area between the graph of 
f(x) = 1/x and the interval [1, 2], and let B denote 
the area between the graph of f and the interval 


» where 0<a<b 


1 
;. 1 . Explain geometrically why A = B. 
2. Order of integration 
[£00 dx=—[" 00 dx 
b b 


When we defined the definite integral | i (x) dx, we 


implicitly assumed that a < b. But the definition as a 
limit of sum makes sense even if a > b. 

Notice that if we reverse a and b, then Ax changes 
from (b—a)/n to (a—b)/n. 


a b 
Therefore, I, f(x) dx=~[ f(x) dx. 


Evaluate the definite integrals : 
(a) [sinxax (b) | S-x) dx 
ca 4 


(a) Because the sine function is defined at x = 1, and 
the upper and lower limits of integration are 


a 
equal, we can write ( sinx dx =0. 
a 


4 
(b) This integral is the same as iF (5—x) dx except 


that the upper and lower limits are interchanged. 
Because the integral has a value of 7.5, we can 


1 4 
write | (5 x) dx= [6 x) dx=-7.5, 
4 1 
3. Dummy variable 


b 
The definite integral | f(x) dx is a number which 


depends only on the form of the function f(x) and the 
limits of integration, and not on the variable of inte- 
gration, which may be denoted by any letter. In fact, 
we could use any letter in place of x without changing 
the value of the integral 


[tc dx= [ra Ato dt= J" Fu) du, 


Because the variable of integration in a definite 
integral plays no role in the end result, it is often 
referred to as a dummy variable. 

Whenever you find it convenient to change the 
letter used for the variable of integration in a 
definite integral, you can do so without changing 
the value of the interval. 

This result should not be surprising, since the area 
under the graph of the curve y= f(x) over an interval 
[a, b] on the x-axis is the same as the area under the 
graph of the curve y = f(t) over the interval [a, b] 
on the t-axis (See figure). 


a =2.13 


DEFINITE INTEGRATION 


y=f(t) 


4. Homogeneous Property 


b 
cf(x)dx = c [ t00 dx, where c is any 


a 
constant. 
This property says that the integral of a constant 
times a function is the constant times the integral of 
the function. In other words, a constant (independent 
of x) can be taken in front of an integral sign. 


b b 
For example, | 2f(x)dx=2 f f(x) dx 


Y 
¥> 1) 
a b X 
Y 
¥= 21) 
a b X 


5. Additivity Property 
[. theo+e0o}ax= "oat J" goo ax 


b b b 

and | [flx)-g(x)]dx= | ix)dx—[ (x) dx 
This property says that the integral of a sum is the 
sum of the integrals. It says that the net signed area 
under f+ g is the area under f plus the area under g. 
The figure helps us understand why this is true in 
view of how graphical addition works. 


2.14 O 


[[te9  a(x)dx =| Foodx tf aoe 


In general, this property follows from the fact that 
the limit ofa sum is the sum of the limits : 


b n 
J, {£00 + gC]}dx = lim D°LF0%,) + 2(x,)1Ax 
i=l 
— lim bs f(x, )Ax + > a(x, ra] 
noe) ial isl 
= lim Yo f(x,)Ax + lim > a(x, )Ax 
no i=l no i=l 


b b 
=| tedx+ [> gods. 
The above two properties can be combined into 
one formula known as the linearity property. 


6. Linearity Property 
For every real c, and c,, we have 
b b b 
J, lef) F200] dx=0,]° fo9dx+e,) goo dx. 


Use the properties of integrals to 


1 
evaluate J, (4+ 3x?) dx. 


Using linearity property of integrals, we 


have 
{; (4+3x2)dx= 4dx+ J 3x2 dx 
=f 4dx+3 [ x2 dx 


1 
We have I, 4 dx = 4(1 —0) =4 and we found in one 


1 1 
of the previous examples that (. x*dx= 3° So, 


i (4+3x2)dx= f 4dx+3 J x2 dx 
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=4+3 Sus 
=a se ea . 


The next property tells us how to combine integrals of 
the same function over adjacent intervals : 


7. Additivity with respect to the interval 
of integration 


i; f(x) dx + f. f(x) dx = (i f{x) dx 


This theorem reflects the additive property of area. 
Ifan interval is decomposed into two intervals, the 
sum of the areas of the two parts is equal to the 
area of the whole. 

Note that c may or maynot lie between a and b, 
Property 2 allows us to conclude that this property 
is valid not only when c is between a and b but for 
any arrangement of the points a, b, c, but the 
function must be integrable in the desired intervals. 
It is easy to prove for the case where f(x) >0 anda <c< 
b. This can be seen from the geometric interpretation 
of the following figure 


ola b x 
The area under y= f(x) from a toc plus the area from 
c to bis equal to the total area from a to b. 


10 
Giventhat | f{x)dx=17and 
8 10 

I, fix)dx=12,find f(x) dx, 
By the rule of additivity, we have 

[- et [" ire ke he 

, We) , kdx=], fe) 

10 10 8 
So, | fix)dx= [> ffxydx— J ffx) dx 
=17-12=5 


n+l 
Example 4.| If for every integer n, | f(x) 


4 
dx=n2, then find the value of I, f(x)dx. 


+1 
Wehave J £08) dx=n’ 


Putting n= —2,-1,0,1,2,3 we get 
Ei 0 1 

} f(x) =4, | f(x) dx=1, f fx) =0, 
a) a) 0 


2, 3 4 
[ f00 dx=1, [ f(x) dx =4, | f(x) dx =9 
1 2 3 
4 
Hence, | f(x) dx=44+140414449=39. 
at 


Comparision properties of integral 


Next, we have a comparison theorem which tells us 
that if one function has larger values than another 
throughout [a, b], its integral over this interval is 
also larger. 


b 
1. Iff{x)>0fora<x<b, then J f(x) dx 20. 
2. Domination Law 


If f(x) < g(x) for for every x in [a, b], then 


b b 
J fydxs J goa. 

3. If f(x) < g(x) for every x in [a, b], then 
[ teoax < [ s0odx, 


4. Max-Min Inequality 
Ifm < f(x) <M fora<x <b, then 


m(b-a)<[_ f(x) dx <M(b—a) 


b 
If f(x) = 0, then f(x) dx represents the area under 


the graph of f, so the geometric interpretation of 
Property | is simply that areas above the x-axis are 
positive. 

Property 2 says that a bigger function has a bigger 
integral. It follows from Property 1 because g—f= 0. 


bx 

Max-Min Inequality is illustrated in the figure for 
the case where f(x) = 0. If f is continuous we could 
take m and M to be the absolute minimum and 


2.15 


maximum values of fon the interval [a, b]. In this case 
the inequality says that the area under the graph of f 
is greater than the area of the rectangle with height m 
and less than the area of the rectangle with height M. 
Since m < f(x) < M, Property 2 gives 


[. mdx< J fix) xx’ Mdx 


Evaluating the integrals on the left and right sides, 
we obtain 


DEFINITE INTEGRATION 


m(b—a)< [. f(x) dx <M(b ~a) 


This inequality is useful when we want to find a rough 
estimate of the value of an integral. 


Use Max-Min Inequality to estimate 


(ea 


2. ‘ 
Because f(x) = e™~ is a decreasing 


function on [0, 1], its absolute maximum value is 
M= f(0) = | and its absolute minimum value is m= f(1) 
=e !. Thus by Max-Min Inequality, 


I 2 
e(1-0)< [ e™ dx<i(1-0) 


Tt. .9 
ore! <|e * dx<l 
Since e! = 0.3679, we can write 


1 2 
0.367<| e™ dx<1 
The result is illustrated in the figure. 


1 xX 
The integral is greater than the area of the lower 
rectangle and less than the area of the square. 


3 
Example 6.] Provethat 4< iF V3+4x3 dx<2v30 
Since the function f(x) = ¥3 + x3 increases 


on the interval [1, 3]. 
M=maximum value of /3 + x3 


= A342 3° = 30. 
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m=minimum value of /3 + x3 
= JerP =2 
m=2,M= /39, b-a=2 


3 
Hence, 2.2 < i, V34x° dx<2V/30 
= 4s ['V3+x dx <2V30 


Mean Value Theorem for Integrals 


If fis continuous on the interval [a, b], there is atleast 
one number c between a and b such that 


b 
J. f(x) dx = f(c) (b—a) 
Proof : Suppose M and mare the largest and smallest 
values of f, respectively, on [a, b]. This means that 
ms f(x)< M when a<x<b 
b b b 
J max< [te dx< J Max 


[ Domination Law ] 


m(b—a) < ii f(x) dx < M(b—a) 


1 b 
m< ll f(x) dx <M 


Because fis continuous on the closed interval [a, b] 
and because the number 
—_ [> too ax 
boala 2) 
lies between m and M, the Intermediate Value Theorem 


says there exists a number c between a and b for 
which f(c) = I, that is, 


1 pp 
J, ft dx=f) 


a 


= (i f(x) dx = f{c) (b—a). 


The Mean Value Theorem for Integrals does not 
specify how to determine c. It simply guarantees the 
existence of atleast one number c in the interval. 
Since f(x) = 1 + x? is continuous on the interval 
[— 1, 2], the Mean Value Theorem for Integrals says 
there is anumber cin [—1, 2] such that 


[. (1+ x2) dx = f(o)[2-(-1)] _{1) 


In this particular case we can find c explicitly. 


INTEGRAL CatcuLus For JEE Main AND ADVANCED 


From definite integral as limit of sum, we can evaluate 


2 
ts (1 + x”) dx to be equal to 6. 


Placing this value in (1), we get f(c) = 2. 

Therefore, 1+ c?=2 soc?= 1. 

Thus, in this case there happen to be two numbers 
c=+ 1 in the interval [—1, 2] that work in the Mean 
Value Theorem for Integrals. 


For a nonnegative function the Mean Value Theorem 
for Integrals has a simple geometrical interpretation. 
It asserts that the area of the curvilinear trapezoid 
corresponding to the function fis equal to the area of 
the rectangle whose base is equal to the base of the 
trapezoid, and the altitude to one of the values of the 
integrable function. 


Ke, | Note: Jhe formula in the theorem holds true 


not only for integrals in which the lower limit of 
integration is less than the upper one, but also for 
those in which the lower limit exceeds the upper one. 


Example 7.) Let fbe the function defined by 


14+x, Whee ee ei 
oe 2)-2 
0, when x =— 
2 


1 3 
Show that I, f(x)dx = a but there isno point c in [0, 1] 


1 
such that J, f(x)dx = f(c). 
Here fis boundedand hasonly one point of 


discontinuity, i.e. x = >: 
1 
To find I, f(x)dx , we consider the partition 


1 2 n : : : 
0, —, —, ..., — obtained by dissecting [0, 1] 
nn n 


into n equal parts. 


[, feyax= lim >i! + 4 
= sim | {1 + 1) tet ( + a} 


= lim [ns dane) 3] 
2 


n> n 


noo Qn 2° 
But there is no point in [0, 1] at which f takes this 
value. The only likely candidate for the point c is the 
point x = 1/2 but f(1/2) = 0. This does not contradict 
the Mean Value Theorem for Integrals as the given 
function is discontinuous. 


Average value of a function 


If f is integrable on the interval [a, b], the average 
value of f on this interval is given by the integral 

1 
b-a 


if f(x) dx. 


Concept.Problems 


O 2.17 


DEFINITE INTEGRATION 


From the Mean Value Theorem for Integrals we 
conclude that this average value is definitely attained 
by continuous functions at some c € [a, b]. 

Hence, f(c) = 


Example 8.| Find the average value of the 


function f(x) = 1 +x? on the interval [-1, 2]. 


With a=—1 and b=2 we have 


1 pe a ene 
— — | f(x)dx= 1 d 
La =|; (x) : rarer Pe ) . 
1 
==x6=2, 
3 


Another frequently seen averaging process is the 
root mean square (r.m.s.) of fover [a, b], defined as 
follows : 


b 


[Lf P dx 


b-a 
One can show that fivg S Paks 
only for constant functions. 


the equality holding 


; : 1 : 
1. Given that J. x’ dx = 3° Use this fact and the 


1 
properties of integrals to evaluate J. (5—6x" dx 


2. Write as a single integral in the form 


[160 = [ foxx +f foodx—f“fexyax 
a —2 2 —2 
3, Find [[ (800 +2g00]dx if 


2 2 
[_,foodx =5 and ie g(x)dx = 3 


4. Ifthe function fis integrable in a closed interval 
containing a, b, c and d, prove that 


[ food " (i f(x)dx + [food = fc f(x)dx. 


5. The graph of g consists of two straight lines and 
a semicircle. Use it to evaluate each integral. 


(@) [sou (b) f eeoax 


(©) J ecoux 


6. Replace the symbol * by either < or = so that 
the resulting expressions are correct. Give your 
reasons. 


(a) [ x? dx * [, x dx 
(b) ie x’ dx * (= dx 


(c) ie x’ dx * ib x? dx, 


2.18 O 


uA 


Find out which integral is greater : 


@) [2% dxor f'2" ax? 

(i) f/2" dx or ['2" ax? 

(iti) fin x dx or (i (In x)? dx? 

(iv) fin x dx or fan x)? dx? 

(a) If [780 dx =7, does [ t00 dx=1? 
0 ; 0 : 
1 

(b) If | f(x) dx=4 and f(x) > 0, does 


1 

J, Vfeoax = /q =22 

If f is continuous on [a, b], f(x) = 0 on [a, b], 
and f(x,) > 0 for some x, in [a, b], prove that 


[ feoax >0, 
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10. Assume that fis integrable and nonnegative 


11. 


12. 


b 
on [a, b]. If [ f(x)dx =0, prove that f(c) = 0 at 


each point of continuity of f. 

If fg really is a typical value of the integrable 
function f(x) on [a, b], then the number f,, 
should have the same integral over [a, b] that f 
does. Does it ? That is, does 


[taeds = [ tcoax? 


It would be nice if average values of integrable 
functions obeyed the following rules on an 
interval [a, b] : 

(a) (f+ 2) sg ~ Le + Save 

(b) (kf) ave =k oe , (any number k) 

(c) Les < Sigs if f(x) < g(x) on [a, b]. 

Do these rules ever hold ? Give reasons for 
your answers. 


Practice,Problems B. 


9 9 
13. If | foodx=37 and J a(x)dx = 16, find 


[ 200 +39(x)]dx 
0 


2 5 
14. Suppose [feoax = 4, [, foodx = 3, 


15. 


5 
ie g(x)dx = 2. Which, if any, of the following 


statements are true ? 


2 
(a) J. f(x)dx =—3 


(b) ff + g@wydx =9 


(c) f(x) < g(x) on the interval -2<x<5 
The graph of fis shown. Evaluate each integral 
by interpreting it in terms of areas. 


(a) [tex (b) lk f(x)dx 


(c) [. fOx)dx (d) ik f(x)dx 


0 
16. Evaluate the integral J. (1+ V9—x’ )dx by 
interpreting it in terms of areas. 
-x-l if -3<x<0 
17. Let f(x) = }_ l-< if O<x<l Evaluate 
1 
J, f(x)dx by interpreting the integral as a 
difference of areas. 
18. Determine whether the value of the integral is 
positive or negative. 
: aD . ft x? 
(i Le @) Lan® 


19. Draw the graph of the function 
f(x) = x(x—2) (x-4) =x3—6x?+ 8x, and indicate the 
region P* defined by the inequalities 0 < x <3 and 
0 <y< f(x), and the region P- defined by 0< x <3 
and f(x) <y <0. Let P=P* UP, and suppose that 


2 3 1 
i) f(x) dx = 4 and | f(x) dx = 2—. Find area 
0 0 4 


(P*), area (P-), and area (P). 
20. Use the properties of integrals to verify the 
inequality without evaluating the integrals. 


[ V5—xax> | Vieriax 


1 
21. Show that the value of I, sin(x”) dx cannot 


possibly be 2. 
22. Given that, when x > 0, the function f(x) is positive 
and is strictly decreasing, prove that 


n+l 
aie } © f00dx < f(n) 


23. Find the maximum and minimum values of 
¥xc+2 for 0 <x < 3, and use these values to 
find bounds on the value of the integrals 


[ve +2dx 


2.4 FIRST FUNDAMENTAL 
THEOREM OF CALCULUS 


The Fundamental Theorem of Calculus is appropriately 
named because it establishes a connection between 
the two branches ofcalculus : differential calculus and 
integral calculus. Differential calculus arose from the 
tangent problem, whereas integral calculus arose from 
a seemingly unrelated problem, the area problem. The 
Fundamental Theorem of Calculus gives the precise 
inverse relationship between the derivative and the 
integral. It was Newton 

and Leibnitz who exploited this relationship and used it 
to develop calculus into a systematic mathematical 
method. In particular, they saw that the Fundamental 
Theorem enabled them to compute areas and integrals 
very easily without having to compute them as limits of 
sums as we did before. 


Area function 


The First Fundamental Theorem deals with functions 
defined by an equation of the form 


a(x)= f° dt ti 
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24. Find the average value of 
x+4, -4<x<-l : 
f(x) = ZKROr BPSD on [-4, 2], using 


graph of f (without integrating). 
25. Suppose that f and g are continuous on [a, b], 


b 
a%b,and that [ (f(x) — g(x)) dx =0. Show that 
f(x) = g(x) atleast once in [a, b]. 

26. The inequality sec x > 1 + (x?/2) holds on 
(—n/2, 1/2). Use it to find a lower bound for the 


1 
value of I, sec x dx , 


27. Let f be a function that is differentiable on 
[a, b]. In the chapter of derivatives, we defined 
the average rate of change of f over [a, b] to be 
f(b) — f(a) 
can ee eal and the instantaneous rate of 

change of fat x to be f(x). Here we defined the 

average value of a function. For the new 


definition of average to be consistent with the 
b) -f(a) 


old one, we should have = average 


value of f’ on [a, b] Is this the case ? 

28. Is it true that the average value of an integrable 
function over an interval of length 2 is half the 
function's integral over the interval ? 


where f is a function defined on [a, b] and x varies 
between a and b. Observe that g depends only on x, 
which appears as the variable upper limit in the integral. 


Ifx is a fixed number, then the integral (i f(t) dt is a 


definite number. 


If we then let x vary, the number f(t) dt also varies 


and defines a function of x denoted by g(x). If 
happens to be a positive function then g(x) can be 
interpreted as the area under the graph of f from a to 
x, where x can vary from a to b. Think of g as the “area 
so far” function (See figure). 


area = g(x) 
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[far= algebraic sum of areas 


f(x 


Let us discuss the question of notation. the 
independent variable in the upper limit is usually 
denoted by the same letter (say x) as the variable of 
integration. thus, we write 


a(x) = | f()dx 


however the letter x in the element of integration only 
serves to designate the auxiliary variable (the variable 
of integration) which runs over the values ranging 
from the lower limit a to the upper limit x as the integral 
is formed. If it is necessary to evaluate a particular 
value of the function g(x), for instance, for x = b, i.e. 
g(b), we substitute b for x in the upper limit of the 
integral but do not replace by b the variable of 
integration. Therefore, it is more convenient to write 


g(x) = [ f(t)dt 


denoting the variable of integration by some other 
letter (in this case by t). 

However, for simplicity, we shall often denote by the 
same letter both the variable of integration and the 
independent variable in the upper limit bearing in mind 
that in the upper limit and under the integral sign they 
have different meanings. 

Now consider the graph of a bounded piecewise 
continuous function f with a point of discontinuity c. 
Let us take an arbitrary value x € [a, b]. We shall be 
again interested in the definite integral of fon [a, x]. 
Let us ay by g(x). 


Hence, g(x) = [ f(t)dt 
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The number g(x) for the given x is represented in the 
figure by the area of the figure ABxa. g(x) changes as 
X varies on [a,b]. 

Theorem. Ifa function fis integrable on a closed 


interval [a, b], then the function g(x) = [to dt is 


continuous at any point x € [a, b]. 

Proof : Let us take an arbitrary point x and assign an 
increment h to it (shown in figure is a positive h). 
We have 


xt+h x 
le(x +h) —g(x)|= I f(yat—[ f(t) dt | 


xth 
=[ fat <Mjh| 


(M 2/f(t)|, Vt € [a, b)). 

We have obtained the inequality 

| g(x +h)—g(x)|sM|hI, 

it follows that 

np [g(x +h)—g(x)]=0, 

i.e. g is continuous at the point x. 
It should be underlined that x may turn out to be either 
a point of continuity, or a point of discontinuity of f, 


but all the same, the function g(x) is continuous at this 
point. 


If f is the function whose graph is 
shown in the figure and g(x) = c f(t) dt, find the 


values of g(0), g(1), g(2), g(3), g(4) and g(5). Then 
sketch a rough graph of g. 


f(t) 
2 


0 
First we notice that g(0) = [ f(t) dt =0. 


From Figure we see that g(1) is the area ofa triangle : 


1 1 
a(l)= f, fdt=> (1.2)=1 
To find g(2) we add to g(1) the area ofa rectangle : 


g(2)= fe f(t) dt = [ f(t)dt + { f(t) dt 
=1+(1.2)=3 


e3)=g2)+ f) A)at=3+ 5(1.2)=4 


For t > 3, f(t) is negative and so we start subtracting 
areas : 


4 1 
a(4)=9(3)+ |) )=4-FAx1)=3 


5 1 
o(5)=9(4)+ |) fi) dt=3—5 x2*1=2 
We use these values to sketch the graph of g. 


3 4 5 X 
g(x)= | f(x 


Notice that, because f(t) is positive for t<3, we keep 
adding area for t<3 and so g is increasing up to x =3, 
where it attains a maximum value. 
For x > 3, g decreases because f(t) is negative. 
If we take f(t) = t and a= 0, then, we have 

2 


7 xX 
e(x)= J tdt= - 


Notice that g'(x) =x, that is , g’= f. In other words, ifg 
is defined as the integral of f, then g turns out to be 
an antiderivative of f, atleast in this case. 

And if we sketch the derivative of the function g 
shown in the figure by estimating slopes of tangents, 
we get a graph like that of f. 


First Fundamental Theorem of Calculus 


Iffis continuous on [a, b], then the function g defined 


by g(x)= (le f(t) dta<x<b (1) 


is continuous on [a, b] and differentiable on (a, b), 


and g'(x) = f(x). 
Proof : Ifx and x +h are in (a, b), then 


xth x 
a(x+h)-—a(o)= [£0 ar JF at 
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= [tears f*reoae : [to dt 


x 


and so, for h #0, 


g(xth)—g(x)_ Ll psn 
: : [wat (2) 


Y 
a ~ARK bt 


xX &+:h 
For now let us assume that h > 0. Since fis continuous 
in [x, x + h], the Extreme Value Theorem says that 
there are numbers u and v in [x, x + h] such that 
f(u) =m and f(v) = M, where m and M are the absolute 
minimum and maximum values of f on [x, x+ h]. By 
Max-Min Inequality, we have 


xth 
mh< f° f{t)dt<Mh 


that is, f(u)h < 


x+h 
x 


f(t) dt < f(v) h 
Since h >0, we can divide this inequality by h: 


f(u) < a 


Now we use (2) to replace the middle part of this 
inequality : 


f(t) dt < flv) 


sara e@) 
h 


f(u) < < fv) .Q) 


Inequality 3 can be proved in similar manner for the 
caseh<0. 


Now we let h > 0. Then u—> x and v > x, since u and 
v lie between x and x +h. 


Therefore 
lim f(y) = lim f(y) = f(x) and 
tiny fv) = HEED flu) = fl) 


because fis continuous at x. We conclude, from (3) 
and the Sandwich Theorem, that 


: h)- 
gf(x)=lim 87 ; 8) _ a) A) 
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If x =a or b, then equation 4 can be interpreted as a 
one-sided limit. 

Using Leibnitz notation for derivatives, we can write 
the First Fundamental Theorem (FTC1) as 


d px 
sc), SW dt=fx) (5) 


when fis continuous. Roughly speaking, equation 5 
says that if we first integrate f and then differentiate 
the result, we get back to the original function f. 
This theorem is called the theorem on differentiating 
the definite integral with respect to its upper limit. 
For a continuous function the derivative of the 
integral with respect to its upper limit is equal to the 
function itself. 


The antiderivative of a continuous function 


It follows from the First Fundamental Theorem that 
any continuous function has an antiderivative 
(primitive) which is definite integral with variable upper 
limit of the given function. 

Theorem The function f(x) continuous on the 
closed interval [a, b] has an antiderivative on this 
interval. One of the antiderivatives is a function 


F(x)= J “£(t)dt (1) 
For example, 


x 9 - 
F(x) = if e' dt is an antiderivative of f(x) = e* , 
since f(x) is continuous and FTC] ensures that F’(x) = f(x). 


vs Note: An integral with a variable upper limit 
is defined for any function f(x) integrable on [a, b]. 
However, for the function F(x) of form (1) to be an 
antiderivative for f(x), it is essential that the function 
f(x) be continuous. Thus, out of the definite integral we 
have constructed a function, which we call an indefinite 
integral of the integrand. Loosely speaking, an indefinite 
integral is the definite integral with a varying upper end 
point. The theorem is stated generally for indefinite 
integrals based at an arbitrary point x, in [a, b], namely 


} Ay) dt . Of course, for a given x, the two indefinite 


integrals J tea and | f(t)dt just differ by a 


x0 
constant, namely + } f(t)dt . 
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Find the derivative of the function 
9(x)= I, V1l+t? dt. 


Since f(t) =] 4 42. is continuous, the 


First Fundamental Theorem of Calculus gives 


g'(x)= V14+x? 
tod 
IfF() =J,<25 4x, find FC), 


F'(2), and F’(x). 


The integrand in this example is a 


continuous function f defined by f(x) = 


x +10 
By the First Fundamental Theorem, 


P@)=)=s 5. 
; pee hs i 
In particular, F’(1) = Pol 2? 
Watery Oy asi 
ECT aps 


: d fx 
Example 4.| Find 1; sec t dt. 
Here we neet to use the Chain Rule in 


conjunction with FTC1. 
Let u=x*. Then 


4 


d x d fu 
mal sec t dt = alt sec t dt 
x 


-<({" sect at) by the Chain Rul 
ae dx (by the ain Rule) 


= a by FTC1 
=secu a (by ) 


=sec (x*). 4x3, 
sh bit, 0, 
Find the derivative ay of the 
x y. 
implicit function | V3-2sin? zdz +f costdt = 0, 
m/12 0 
Differentiate the left side of the equation 


with respect to x, 


x d » d 
<li V3—2sin’ zd |4 mall costat |" =0 
dx |? 7/2 dy L¥o dx 


= v3-2sin’x Ley = 26 


dx 
dy V3-2sin’ x 
=> =- : 
dx cosy 


Example 6.| Let 
fx) = [te I(t? +t +1? —(a+ (tt +2 +) jat 
0 
Find the value of ‘a’ for which f(x) =0 has two distinct 


real roots. 
Differentiating the given equation, we get 
f'(x)=(a—-1)(x?+x+1) 


—(at+1)(x?+x+1)(°-x+1). 
Now, f(x) =0 
> (a-1)(°+x+1) 


—(a+1)(xX°-x+1)=0 

=> x’-axt+1=0. 

For distinct real roots D > 0 i.e. a?-4>0 
a>4 ae (-~,-2)U(2, 0) 


(Example 7.] ef 2f(t) dt=1—sinx, where x 


E (o. 2), then find the value of f (+. 


i) 
(Solution) Wehave ["" 


t? f(t) dt = 1 —sin x 


Differentiating both sides, we get 
— sin’x f(sin x) cos x =— cos x 


. 1 wy 
= f(sin x)=cosec’x= —,_, *€ Os 
sin” x 


=> {{z)= a z €(0, 1). 


ik cos(t” dt 
(Example 8.) Find jj, 22 —__— 


x0 x 


The limit is in indeterminate form 0/0. 
The integral with a variable upper limit 


le cos(t” dt has derivative 
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(j cos(t* sat) = c0s(x?). 
0 
Therefore, applying L'Hospital's rule, we obtain 


| cos(t)’ dt 
lim = lim 
x0 x x0 i 
Note that an antiderivative of cos(x?) is not an 


2 
cos(x’ ) Sg 


elementary function, i.e. I. cos(t)’dt cannot be 


expressed in terms of elementary functions. This 
however, has not prevented us from calculating the 
required limit. 


xsint 
(Example 9.| Evaluate aw tal mat), 
x-343 t 
lim Sahat 
nea ars 


gear 
=3 tim? —t_— =3 lim? FO) 
x33 x-3 x33 x-3 


[ applying L'Hospital's Rule and FTC1] 


sin 
=3F'(3)=3 
Example 10.| Find 
lf (n(t + V14t2)—Ind 4 tdt 
m 


x0 xt] 


The limit is in (00/00) form. Therefore, 
applying L'Hospital's Rule and FTC1, we get 


- tim | In(x+ +x? )-In+x) 
i 
x =In2. 


x+V1+x° 
{a = lim In =f = 


x—>00 
—+1 
Xx 


Find the critical points of the 


function f(x) if 


=sin 3. 


= lim In 


x00 


(@) f()=1+x+ [ (In?-z+2Inz) dz 


cel 
(ii) f{x)=x—Inx+ J [<-2-200s41] dt 
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(i) fx)=1+x+ (In2z+2 Inz) dz 


f'(x)=0+1+41n?x+2Inx 
For critical points f(x) =0 
=> 14+In?x+2Inx=0 


=> (Inx+1)?-=0>Inx=-l 
1 

x=el=—, 
e 


x(] 
(ii) f{x)=x—Inx+J [4-2-2e0s41) dt 


1 1 
f(x) = 1-—+—-—2-2cos4x-0 
x xX 


=— 1-2 cos 4x 
For critical points f(x) =0 
20 


1 
> cos 4x=— 7, = cos 3 


4x = 2nt+ orx = + 


»neEeN (.: x>0) 


If fx) = | ‘ (t+1) (e'—1)(t-2)(t +4) 


dt, then find the points of local minima of f(x). 


Here f’(x) =(x+1)(e*-1) (x—2)(x+4) 


Sign scheme for f'(x) : 


4 -l 0 2 
Clearly x =—1 and x = 2 are the points of 
local minima. 


Find the points of maxima/minima 


7 s -—5t+4 


t. 
0 Q+e! ¢ 
Solution) Letty = f° ***4 
x 
= yee 
x) 5x7 44 
[j= = 2e=0 
2+e 
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(x-1)(x+ I(K-2)(x + 2).2x 
- 2+e* 
+, -, +, -,+ 
2-10 1 2 
From the sign scheme of f (x), it is clear that f(x) has 
points of maxima at x = —1, l(as sign changes from 
+ve to —ve) and points of minima at —2, 0, 2 (as sign 
changes from —ve to + ve) atx = 1. 


x dt 
Example 14. Letts)= |, SS His 0 


the inverse of f(x) then find g'(0). 


dy 


x V¥x443x2413 


1 
ety)= dy/dx ~ Vx4 43x? 413 


When y=0 then x =3. 


Hence, (0)= [3457443 = V121 =11 
If f(x) is a continuous function such 


that I, f(t) dt + co as x + , show that every line 


when y= f(x) 


x 
y= mx intersects the curve y* + I, f{t) dt=awherea € R*. 
We have to show that there exists some x 


such that m2x? + is f(t) dt =a (a € R*) (1) 


Consider the function 


(x)= mPx2+ | fe dt 


Since fis a continuous function, therefore g is also a 
continuous function. Also, g(0) = 0 and g(x) > as 
x — o, Thus, by intermediate value theorem, there 
must be some x € (0, 0), such that g(x) =a (a € R*). 
Hence, for every real m, there exists some a (a € R*) 

that satisfies equation (1). 


Example 16.| Consider the function 


f(x) = cos x — I, (x—t) f(t) dt. 
Show that f(x) + f(x) =— cos x. 


Wehave ftx)=cosx- [x -0) oat 


=cosx-xf ayat+ f° ene at 


Differentiating w.r.t. x, we have 
P(x)=—sinx —xf(x) — [AB d+ xfCx) 
=-sinx— [> mr dt 


Differentiating again w.r.t. x, we have 
f"(x) =—cos x — f(x) 
Le. f(x) + f(x) =—cos x. Hence proved. 


Example 17.| Show [assuming (f(t) to be 


continuous for all values of t considered in the problem] 
that, when p and k are constants, 


1 ¢* : 
y= = f(t)sin p(x —t)dt is a solution of the 


d2 
differential equation 2 + py =x). 
»< 
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1 ex 
y= —[" f(t) (sin px cos pt—cos px sin pt) dt 
p 


1 x x 
=— sin px| f(t)cos pt dt —cos px| f(t)sin pt at 
Pp k k 


dy 


1 x 
— =— sin px. f(x). cos px +cos px | f(t)cospt dt 
Te p SINPX- M0) .cospx+cos px | 'F(t)cosp 


1 x 
= i cos px . f(x) sin px + sin px I f(t)sin pt dt 
= COS px . C f(t) cos pt dt + sin px no) sin pt dt 
k 
On differentiating again, 
d’y 7 x 
—; = cos? px. f(x)—p sin px [ f(t) cos pt dt 
dx k 
+ sin? px f(x) + p cos px [fo sin pt dt 
k 


= f(x)-p [to (sin px cos pt — sin pt cos px) dt 


= f(x) —p [fo sin p(x —t) dt = f(x) —p?y. 


Concept Proble MS Cp 


d pats) 
1. Provethat —[~t) dt=fla(x)]e"(x). 
dx a 
2. Suppose [, feat = x?_2x + 1. Find f(x). 
3. Let f be continuous on [a, b] and I. f(t) dt = 


for all x € [a, b], then prove that f(x) = 0 for all x € [a, b]. 


4. Find the following derivatives : 
b 2 
(i) wl sin(x?)dx (ii) mal sin(x?)dx 


ae “Vive dx (iv) Sy Sera 


d dx 3 ad im dt 
®) dx Ix? Jf] 4 x? ™) dx ie Vx? +4 ¢4 
1 w 
5. Find the derivative of y= 7 du . 
1-3xX]+u 


x t2 4 
6. IfF(x)= I f(t)dt where f(t) = } RL 
1 u 


find F" (2). 
2 


d°y 13 ¢° sin 2t 
7. Bind (age = ify= ) aus 


v1+3t 


8. Let f' 7 continuous in [a, b]. State under what 


ot d/ i* = (<a 

conditions ra F(odt 7 [ a f(t)dt . 

9. Find an antiderivative F of f(x) = x*sin(x?) such 
that F(1) =0. 

10. Let f(t) be a function that is continuous and 

T 

satisfies f(t) = 0 on the interval fo =| Suppose 
it is known that for any number x between 0 and 
. , the region under the graph of f on [0, x] has 
area A(x) = tan x. 
(a) Explain why | f(t)dt =tanx for0<x< . 


(b) Differentiate both sides of the equation in 
part (a) and deduce the formula of f. 


2.26 O 
11. 


12. 


13. 


(a) Over what open interval does the formula 
x dt 
Fo)= | — 
f(x) = 1/x? 
(b) Find a point where the graph of F crosses 


the x-axis. 
(a) Over what open interval does the formula 


represent an antiderivative of 


x J 
F(x) = Nee ~9 =~ dt represents an 


antiderivative of f(x) = —7_ 9 ? 

(b) Find a point where the graph of F crosses 
the x-axis. 

Suppose that f has a positive derivative for all 

values of x and that f(1) = 0. Which of the 


following statements must be true of the function 


(x)= [Fat 


14. 
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(a) gisa differentiable function fx. 

(b) gis acontinuous function of x. 

(c) The graph of g has a horizontal tangent at 
x=1, 

(d) ghasa local maximum at x = 1. 

(e) ghasa local minimum at x = 1. 

(f) The graph of g has an inflection point 


atx=1. 

(g) The graph of dg/dx crosses the x-axis at 
x=1 

Let F(x) = = aris for 00 < x <0, 

(a) Findthe “alte a x where F attains its minimum 
value. 


(b) Find intervals over which F is over increasing 
or only decreasing. 


Practice, Problems Ci 


15. 


16. 


17. 


18. 


19. 


20. 


Find | 


=f cee 
g(x) 


—— dt 
7 


g(x)= | oe [1+ sin(t*)]dt, find f\(7/2). 


, where 


If {x)= { 


Find f (2) if f(x) = e& and g(x) = dt. 


Ls 
214+t* 


The function f (x) = i) V9 +t? dt has inverse for 


4 
x > 0. Find the value of (f-!)'((0). 
Suppose x and y are related by the equation 


y 1 
~ J Via 
2 


d 
Show that ae is proportional to y and find 
Xx 


the constant of proportionality. 

Let fbe a function such that f(x) > 0. 

Assume that f has derivatives of all orders and 
that Inf{x) = fix) | ~f(Odt. Find 


(@) 0), (i) (0), 
(iii) £20). 


21. 


22. 


23. 


24, 


25. 


LD J, f(t) sin {K(x —t)} dt, then prove that 
a 

+ K*y=K fx). 

Find f(4) if 


(a) I, f(t)dt = x cos 7x, 


f(x) 
(b) \, tdt =x cos mx. 


If fis a continuous function such that 
| f(t)dt = xe* +] e ‘f(t)dt 

0 0 
for all x, find an explicit formula for f(x). 


a 
If x sinntx = } f(t), where f is a continuous 
0 


function, find f(4). 
Find the critical points of the function 


x L 
Ve 24] (Ls Leosat—e at 
Dwi 2) <2 


Gi) fx)= [ (sin? 2t —2cos” 2t + a)dt 
0 


2 
() =F 


26. Let g(x)= I f(t)dt , where fis the function whose 


graph is shown. 


(a) Evaluate g(0), g(1), g(2), g(3), and g(6). 
(b) On what interval is g increasing ? 


(c) Where does g have a maximum 
value ? 
(d) Sketch a rough graph of g. 


27. Let g(x) = ib f(t)dt where fis the function whose 


graph is shown. 

(a) At what values of x do the local maximum 
and minimum values of g occur ? 

(b) Where does g attain its absolute maximum 
value? 

(c) On what intervals is g concave down? 

(d) Sketch the graph of g. 


28. The figure shows the graphs of f, f, and I f(t)dt , 


Identify each graph and explain your choices. 
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29. Find f(z/2) from the following information. 
(i) fis positive and continuous. 
(ii) The area under the curve y = f(x) from 
2 


. a ‘ 
x=0tox=ais +— sina+ 
2: 2 


cosa. 
2 


30. Find the interval [a, b] for which the value of the 


b 
integral | (2+x—x")dx igamaximum. 


31. Iffisa differentiable function such that 


I f(t)dt =[f(x)}* for all x, find f. 


32. Evaluate lim xe | edt, 
Xo 0 


1 1/t 
33. If0<a<b, find i fbx +ad-x)]' vl 
0 


34. Let fbea function such that f'”(x) is continuous, 
f(x) = 0, f(0) =0, f'(0) =0, and f’(0) > 0. The graph 
of f is shown below. Find the limit as 
x — 0* of the quotient 


Area under curve and above [0, x] 


Area of triangle OAP 
Y, 
P=(x, f(x) 
A(x, 0 


2.5 SECOND FUNDAMENTAL 
THEOREM OF 
CALCULUS 


The examples in the section of definite integral as limit 
of sum show that the direct evaluation of definite 
integral as limit ofsum involves great difficulties. Even 
when the integrands are very simple (kx, x?, e*), this 


method involves cumbersome computations. The 
finding of definite integrals of more complicated 
functions leads to still greater difficulties. The natural 
problem that arises is to find some practically 
convenient way of evaluating definite integrals. This 
method, which was discovered by Newton and 
Leibnitz, utilizes the relationship that exists between 
integration and differentiation. The Newton-Leibnitz 
Formula yields a convenient method for computing 
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definite integrals in cases where the antiderivative of 
the integrand is known. 
The Newton-Leibnitz Formula 


If fis continuous on [a, b] and F is any antiderivative 
of fon the interval [a, b], that is a function F exists 


b 
such that F’(x) = f(x), then i) f(x) dx = F(b) — F(a). 
This formula is known as the Second Fundamental 
Theorem of Calculus (FTC2). 

Proof: Let F(x)= | f(t) dt. (1) 


We know from the First Fundamental Theorem that 
F’(x) = f(x), that is F is an antiderivative of f. 

If Gis any other antiderivative of fon [a, b], then we 
know that F and G differ by a constant: 


G(x) = F(x) +C, fora<x <b. (2) 
If we put x =a in the formula for F(x), we get 
F(a)= [| f() dt=0 (3) 


So, using (2) with x = b and x =a, we have 

G(b)— G(a) = [F(b) + C]—[F(a) + C] 

= F(b) — F(a) 

b 

=| ft)dt_ using (1) and @) 
Thus, the difference F(b) — F(a) is independent of the 
choice of antiderivative F, since all antiderivatives differ 
by a constant quantity, which disappears upon 
subtraction anyway. 
In short, the method to evaluate 


b 
| f(x) dx is as follows: 


First we evaluate the indefinite integral [feo dx by 


the usual methods, and suppose the result is F(x). 
Next we substitute for x in F(x) first the upper limit and 
then the lower limit, and subtract the second result 
from the first. 


Thus, [: £(x)dx = F(b) — F(a). 


&.|Note: 


1. Wealso have two notations : 
F(b) — F(a) = [F(x)]? or F(b)—F(a) = F(x) ° 


: b. : 
The expression i is called the sign of double 
substitution. 
We can use any notation. It indicates that the 
value of the function corresponding to the lower 


INTEGRAL CaLcuLus For JEE Main AND ADVANCED 


index must be subtracted from the one 
corresponding to the upper index. We also have 


(a) [cF(x) 2 =c[F(x) P 
(b) [F(X)+G@) PR =FR)R+G@P 


(©) [FO)-G@) I) = FO) — GOO h. 
Since F(x) is an antiderivative of F'(x), we have 


[ F'Godx =F Fe) 


which can also be written as 


|, 4F0o =F09-Fea) 


We have thus come to a modification of the 
Newton-Leibnitz formula which makes it possible 
to state the basic theorem in the following way: 
The increment ofa function on an interval is equal 
to the definite integral of the differential of the 
function over that interval. 

With the help of the Second Fundamental 
Theorem, the value of a definite integral can be 
obtained much more easily than by the tedious 
process of summation. This also establishes the 
existence of the limit of the sum. 

The Fundamental Theorems establish a 
connection between the integration as a particular 
kind of summation, and the integration as an 
operation inverse to differentiation. The 
connection between antiderivatives and definite 
integrals is as follows : FTC1 says that if f is 


x 
continuous, then i) f(t) dt is an antiderivative 
a 


b 
of f. FTC2 says that | f(x) dx can be found by 


evaluating F(b)— F(a), where F is an antiderivative 
of f. 

While evaluating a definite integral, arbitrary 
constant need not be added in the expression of 
the corresponding indefinite integral. 


The indefinite integral [feo dx is a function of 


b 
x, where as definite integral | f(x) dx is a 
b 
number. Given ( f(x) dx we can find i) f(x) dx, 


b 
but given | f(x) dx we cannot find | f(x) dx , 


The effectiveness of the Fundamental Theorem 
depends on having a supply of antiderivatives 
of functions. 

From the above theorem it is clear that the definite 
integral is a function of its upper and lower limits 
and not of the independent variable x. 

It should be noted that if the upper limit is the 
independent variable, the integral is not a definite 
integral but simply another form of indefinite 
integral. 

Thus, suppose 


J x) dx=F(x) then f(x) dx=F(x) Fla) 


= F(x) + constant = | f(x) dx. 


Assume f is continuous on an open interval I 
and let F be any primitive of f on I. Then, for 
each a and each x in I, we have 


F(x)=F(a)+ J £00 dx, 


Properties of a function deduced from 
properties of its derivative: 

If a function f has a continuous derivative f 
on an open interval I, the Second Fundamental 
Theorem states that 


f(x) = fa) + J feat 


For every choice of points x and a in I. This 
formula, which express fin terms of its derivative 
f, enables us to deduce properties of a function 
from properties of its derivative. 

Suppose f’ is continuous and nonnegative on I. If 


x >a, then [rae >0, and hence f(x) > f(a). 


In other words, if the derivative is continuous 
and nonnegative on I, the function is increasing 
onl. 

Also, the indefinite integral of an increasing 
function is concave up. That is, if f is continuous 
and increasing on I, fis concave up on I. Similarly, 
f is concave down on those intervals where f’ is 
continuous and decreasing. 

The Newton-Leibnitz Formula may be applied to 
all indefinite integrals, though care is necessary 
to ensure that (i) f(x) is continuous in [a, b], and 
(ii) F(x) is continuous in [a, b]. 

For example, 
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2 dx 
} — # [In|x|}’, ie. In2 
| x 


because the integrand, x~!, is not continuous at 
x = 0; neither is In|x|. 

Although we stated the Newton-Leibnitz 
Formula specifically for continuous functions, 
many discontinuous functions are integrable 
as well. We treat the integration of bounded 
piecewise continuous functions later and we 
shall explore the integration of unbounded 
functions in the section of improper integrals. 

10. Sign of definite integral : Let us consider 


d 1 
ea =: = This equation follows from the earlier 


found value of the derivative 


1 
dj 4 
_\X/ ___1 Is the sign of the integral correct 
dx x2 


; ait : 1 
here ? Can the integralof'a positive function, we ; 
be negative ? Any doubt is due to the fact that 
formula is not written in a proper fashion. If we 

ok dx__ 1 
write 1t as ler © then we cannot say 


that the sign of the integral is alway negative 
since this also depends on the sign and value of 
the quantity C. Actually, all statements 
concerning the sign of the integral are referred to 
the definite integral. Let us take 


b 1 woe a 1) 1 1_b- 
La : 
aX Xla b aZ a b~— ab 
When 0<a<bora<b<0, the integral is positive, 
as it should be. 


3 
Evaluate the integral I e* dx. 
The function f(x) = e* is continuous 


everywhere and we know that an antiderivative is 
F(x) = e*, so the Second Fundamental Theorem gives 


fe dx = F(3)—F(1) =e3—e. 


Notice that FTC2 says we can use any antiderivative 
F of f. So we may as well use the simplest one, namely 
F(x) = e*, instead of e*+ 7 or e€ +C. 
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Evaluate fi (3-2x +x’) dx. 
The function f defined by f(x) = 3 —2x + x? 
is continuous and has antiderivative F given by 
F(x) =3x—x?+ 3x 
Therefore, by the Fundamental Theorem 
if (3—2x + x2) dx = F(3)—F(1) 


=(9-9+9)-@ een nea 


Evaluate ["" cos? x dx. 
0 
2 1 2 
Now [cos xdx = =| 2cos x dx 


1 1 1 
=— | (l+cos2x)dx = —x+ —sj 
al ) 5x 7 sin 2x. 


rl? 1 1 712 
I cos” xdx= os + sin2x 
2 4 0 


mods. T 
=—+-—sint=—, 
4 4 4 


—, | Note: One should remember the values of the 


following definite integrals: 
n/2 n/2 


(a) [ sinxax = [ cosxdx =| 
0 0 


n/2 n/2 
(b) | sin? xdx= | cos? xdx=7 

0 0 

m/2 m/2 2 
(c) | sin? x dx= | cos’ xdx= 

0 0 

n/2 as n/2 : 23n 
(d) J sin” x dx J cos’ xdx 16." 


Fourier Integrals 
We have [sin mx sinnxdx 


a $Jeosem —n)xdx — [cos(m + n)xdx| 


sin(m—n)x  sin(m +n)x a ee 
2(m — n) 2(m +n) 
= |4/ X_ sin2nx if meta 
2 4n 
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and fsinmxcosnxdx = J [fsinon —n)xdx +f sin(m + n)xdx] 


cos(m—n)x cos(m+n)x SP it ae 
2(m —n) 2(m +n) 
= cos2nx if m=tn 
4n 


Also, 


Joos mx cosnxdx = | Jeoscrm n)xdx t{ coscm + n)xdx | 


sin(m—n)x | sin(m+n)x ip eae 
2(m — n) 2(m +n) 

X , sin2nx if m2=n2_ 

2 An 


An extremely fundamental consequence of the above 
results are the following so called "orthogonality 
relations" : 


0 if m#n 


T 
J sin mx sin nxdx = ; 
i aif m=n 


| sin mx cos nxdx = 0 for all m andn 


0 if m#n 


TT 
| cos mx cos nxdx = ; 
_ a if m=n 


where we assume that both m and n are positive. 
Also, when m and n are unequal integers, we have 


a 
| sinmxsinnxdx = 0, and 
0 


a 
J cos mx cos nxdx =0, 
0 


When m = n, we have 


Me 3 35) T ; 4 
) sin nxdx = 7” when n is an integer. 


Similarly, with the same condition, we have 


= a 
J cos? nxdx = — 
0 2 


2 
Example 4.) Evaluate J, |2x—1| dx. 
Using the definition of absolute value, we 


rewrite the integrand as follows. 


|2x—1|= 


Using this, we can rewrite the integral in two parts. 
2 V2 2 
[,l2x-1] &= J, -@x-Dax+ fo @x—1ax 


2 
= [407+ x]9/? + [X?—x] 1/2 


-(-3+3) -1(0+0)+ (4—2)- (a3) o 


5 
Calculate [x -3]+|1-x)dx. 
We can represent the integrand as 


4-2x, x <1, 
f(x)=) 2, 1<x<3, We get 
2x-4, x23. 
3 5 
J, x 3] + 1 x| dx + f(x 3| + [1 —x|) dx 


: [2 ae [ ex-4 dx 


=2x|? +(x?—4x)|? 
=4+8=12. 


. 7 !1+cos2x 
Example 6. | Compute the integral | a 
0 


1+cos2x = 2cos” x =| cos x | 
\ 2 V 2 


T 
cosx, O<x<— 
2 
= T 
—cOSx, —<x<7 
2 
Therefore, 


a 1+ o m2 oa 
| a dx =| cosxdx + | (—cos x)dx 
0 2 0 12 


T 
n/2 


Ke. Note: If we ignore the fact that cosx is 


negative in Ea we get a wrong result: 


, m/2 Z 
= sin x\5 +(-sin x)| 


=(1—0)+(0-1))=2. 


a 
| cos xdx = sinx|} = 0. 
0 
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Existence of an integral 


From the Fundamental Theorems we obtain the 
important result that whenever f(x) is a continuous 
function it possesses an antiderivative, and knowledge 
of the antiderivative is equivalent to ability to evaluate 


b 
f(x) dx, for if F(x) is the antiderivative in question, 


the value of the integral is F(b) — F(a). 

The question as to whether an antiderivative exists, 
and the question of the existence of an integral of the 
function f(x) in (a, b) are entirely independent 
questions. The First Fundamental Theorem however 
shows that when f(x) is a continuous function in the 


interval (a, x), then the function F(x) = [ f(x)dx, 
and the function F(x) which satisfies the differential 


; dy fepoee 
equation ak fare identical, except for an 


arbitrary additive constant. 

Thus, whenever f(x) possesses an antiderivative, 
which it certainly does when it is continuous, the 
Second Fundamental Theorem enables us to evaluate 


b 
| f(x) dxif it exists. 


The definite integral of f(x) may however exist, if f(x) 
possesses no antiderivative at all in the interval (a, b). 
The definite integral depends only upon the difference 
between two particular values of F(x), which may often 
be found by some special device when the form of 
F(x) is unknown. 


A| CAUTION 


ala 


Let us evaluate | x tan x dx 


0 

To apply the Fundamental Theorem, it is necessary to 
find a function F such that F '(x) = x tan x. The 
mathematicians have proved that there is such a 
function F but it is not an elementary function. That 
is, F is not expressible in terms of polynomials, 
logarithms, exponential, trigonometric functions, or 
any composition of these functions. We are therefore 
blocked, since the fundamental theorem of calculus is 


b 
of use in computing | f(x)dx only if f is "nice" 
enough to be the derivative of an elementary function. 


\(Ze|Note: The fact that a given function 
(theoretically) possesses an antiderivative does not 
mean that rules for obtaining its actual value are 
necessarily known. 
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Isolation of roots 


Iff is a continuous function in [a,b] and 


b 
f(x)dx = (then the equation f(x) =0 has 


atleast one root lying in (a, b). 


Example 7.| Leta, b, c be non-zero real numbers 


such that 


1 
J, (e*+ e%) (ax? + bx +c) dx 


2; 
= J, (e*+ e*) (ax? + bx +c) dx 


Then show that the quadratic equation ax” + bx +c =0 
has at least one root in (1, 2). 


Let f(x) = (e* + e*) (ax? + bx + c) 


We have {. fix)dx= J fix) dx+ i fx) dx 


= ik f{x) dx =0 


If fx) > 0 (<0) Vx € [1,2], then ig fix) dx > 0(<0). 


Since, the integral is zero, f(x) = (e* + e*) (ax? + bx +c) 
must be positive for some values of x in [1, 2] and 
must be negative for some values of x in [1, 2]. As 
e* + e*> 2, it follows that if g(x) =ax?+ bx +c, then 
there exists some a, 8 € [1, 2] such that g(a) > 0 and 
g(B) <0. Since g is continuous on R, there exists some 
y between a and f such that g(y) =0. Thus ax? + bx +c 
= 0 has at least one root in (1, 2). 


Finding displacement using velocity 


If an object moves along a straight line with position 
function s(t), then its velocity is v(t) = s'(t), so 


| i v(t)dt = s(t,) —s(t,) 


is the net change of position, or displacement of the 
particle during the time period from t, tot,. 

If we want to calculate the distance travelled during 
the time interval, we have to consider the interval when 
v(t) < 0 (the particle moves to the left). In both cases 
the distance is computed by integrating |v(t)|, the 
speed, Therefore 


q 
I, |v(t)|dt = total distance travelled 
2 


The figure below shows how both displacement and 
distance travelled can be interpreted in terms of areas 
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under a velocity curve. 


aY/ 


tg 
Displacement = J v(t)dt = A, -A, +A, 
1 


ty 
Distance = J |v(t)] dt =A,+A,+A, 
1 


The acceleration of the object is a(t) = v'(t), so 


t2 
J a(t)dt = v(t,) — v(t,) is the change in velocity 
1 


from time t, to time t,. 


A particle moves along a line so that 
its velocity at time t is v(t) = t?—t—6 m/s. 
(a) Find the displacement of the particle 
during the time period 1 <t<4. 
(b) Find the distance travelled during this time 
period. 


(a) Displacement = s(4) —s(1) 


4 4 
-( vipat = | (t? —t—6)dt 
1 1 


4 
-|f-#-6t] aoe 
Be ea = oe 


This means that the particle moved 4.5 m towards the 
left. 
(b) Note that v(t) =t?—t—6=(t—3)(t+ 2) and so 
v(t) < 0 on the interval [1, 3] and v(t) => 0 on 
[3, 4]. Thus, the distance travelled is 


4 3 3 
I Iv(t)|dt = I [—v(t)]dt + I v(t)dt 


3 42 3 ae 5 
=|-—+—+6t] +/—-—-6t 
1 be 2 3 


Now, consider some more examples. 


Example 9.) Evaluate the function F(x) = i: cost 
dt atx = 0, 7/6, 1/4, 2/3 and n//2. 
We could evaluate five different definite 
integrals, one for each of the given upper limits. 
However, it is much simpler to fix x(as a constant) 
temporarily and apply the Fundamental Theorem once, 
to obtain 


x 
J, cost dt=[sin t] ) =sin x—sin 0= sin x. 


Now using F(x) = sin x, we obtain the results shown in 
the figure. 


¥ 


Example 10.) Find the average of sin x for x in 
(a) [0, x/2] (b) [0, 27]. 


(a) Theaverage for the interval [0, 1/2] is 


b 


} sin xdx 


—cos ie 


a : =P S664 
(x/2)-0- a: ~ t/2 T 


(b) The average for the interval [0, 27] is 
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2n 
J sin xdx be: 
—cosx|)" 9 
0 = =—=0 
2n—-0 2m 2 


(Example 11.| Find the mean value of f(x) = ( a ca) 


over the interval [0, 2]. 


1 
Crary 
Mean value of f(x) over a 2] 
1 2 J 


1 
~ (2-0) ree 5 [in N16 5 In3. 


Find the average value of the function 
f(x) = x over the interval [1, 4], and find all numbers 
in the interval at which the value of fis the same as the 


average. 
b 
ee — fi f(x)dx 


Solution) 6-5 
3/2 74 

ahs Nr ere 2x 
{4 aS <2 


-3|* |= 3 «16 
3L3 3] 9 
The x-values at which f(x) = ./y is the same as the 


average satisfy = 14/9, from which we obtain 
x = 196/81 = 2.4 (Figure). 


Let the voltage e(t) in an electrical 


circuit be given by e(t) = Esinwt volts, where E and 

are constants. 

(a) What is the average voltage over the interval of 
time [0, p/a] ? 

(b) What is the root mean square of the voltage over 
[0, p/w] ? 


r/o 


ae) [Esinorat =2{—Ecoset] 
ae tL o 


t/@ 


(@) ey¢ 
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oe 
_ 2 a oak 2E 
(b) ¢....= Pe sin? wtdt = on 


since 


_E’n 


sin 20") me 


t/@ . t 
i E’ sin? wtdt = E? (i+ 
0 2 4 


0 20 


Example 14.| Ifa positive function f satisfies 


Z = (= ‘. 
fix) =], ie) dx and J , f(x) dx =./2 then find f(x). 


x 1 
Since ts) |, 54x 


Differentiating both sides w.r.t.x. 


f(x) = => 2f(x) f(x)=2 


1 
f(x) 
Integrating both sides, 
{f(x)}?7=2x +c 


{x)= (Ox+0 A) 
But | — iw V2 2) 
and f(1) = Shae V2 
= area 


c=O then f(x) = /9x . 
If f(x) = min {{x—1], |x|, fk + 1]}, then 


1 
evaluate iy f(x)dx . 


Here, f(x) = min {|x — 


Graphically it can be shown as: 


I, xl, Ix + ff, 


1 
| foddx = area of the triangles 


as (Lat)! 
=2 f@ddx =2 [5 2) 2° 
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Example 16.) Evaluate: [. i f(x) dx, where f(x) is 


given by f(x) = _max ({t—1)—|t}+t+ 1). 
Let g(t) = |t— 1|—le)+ jt +1 
t+2 , -l<t<0 
2-t , Ost<l 
ts, t>1 
3/2 , -3/2<x<-1/2 
Hence, {x)= 2X 5 -1/2<x<0 
2 : O0<x<2 
2 “42 6 ; 
[£09 = Jo, 3 xt [_ 2+ dx+ | 2dx 


il 5+5}+0 (-1+4) +2 (2-0) 


Example 17.| If f(x) = ae* +be*-+ cx satisfies the 


conditions f(0) =—1, f’ (log 2) =31, and 


log 4 39 
| [f(x) — cx] dx = — , then finda, bandc. 


0 


We have ace ae 
(0)=—-1=> a+b=-1 ma 
f' (x) =2 ae*+ be*+¢ 
f’ (log 2) = 2 ae?"*"? + bel’? +c =8at+ 2b+c 
f'(log2)=31 => 8at+2b+c=31 (2) 


iE : [f(x) — cx] dx = —- 


log 4 39 
es I, (ae* + be*) dx = — 


log 4 
a 2x x 3 
—e* + be =— 
as C 


S Gos boo bs 
= $(16)+b4)- 5 -b=5 

15 39 
= +3 b= — => 15at+6b=39 


=> 5a+2b=13 ...(3) 
Solving (1), (2) and (3) we get, 
a=5, b=-6, c=3. 


Example 18.| Find the value of 


ala 
i} (tan"x + tan" °x) d (x - [x]) , where [x] 


denotes the greatest integer function. 
ala 


(Solution) tet 1= J, 


Now, 0<x<7 => [x]=0. 


(tan"x + tan”~?x) d (x —[x]) 


ml4 
(tan"~*x (sec?x — 1) dx 


4 mld 
tan 7 


Then [= | 


0 


0 


ala 
= } tan"-?x sec?x dx = 
0 


1 0 1 
Gp 8 
Example 19.| Find the value of o which satisfies 


a 


the equation | sin x dx = sin 2a, a € [0, 27]. 


al 


a 
We have [., sinx dx =cos2a 
WU 


— cosa=sin 2a 
> cosa(2sina+1)=0 


1 

=> cosa=0 or sina =— 7 
age 3n ae Vag 

= a7 3 ae 


These are the value of d belonging to [0, 27]. 


Example 20.| Find the range of values of 'a' 


for which I. (3x7 +4x - 5) dx < a3-2. 


J) @xe+4x-5) dx < a2 


ai+2a?-Sa < a-2 


> 

=> 2a°-5at+2<0 

=> 2a°-4a-at+2<0 

=> (2a-1)(a-2)<0 
1 

=> 


— <a<2. 
2 


O 2.35 
Find the range of the function 


f(x) = I, |t—1|dt, where 0<x <2. 
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Solution) t= [|¢-11 1 


fa-vdt,0<x<1 
0 


1 x 
fa-bdt+ f(e-Ddt.1<x<2 
0 1 


x2 


x-—,0<x<l 
2 


x2 


—-x4+L1l<x<2 


=  Therange of the function f(x) is [0,1]. 


Let {x)= J?,|t+1| dt. Define ffx) in 


the interval [- 2, 1] : 


If-2<x<-1 then 
re ic t ‘ 

_(t4 + 
f(x) ie (t+ 1)dt Bs 


Ase ase (4 2) = Get 
2 2 2 : 
If—1<x<1then 


x 


fx)= [/, t+ It 


[_-« HI) dt+ f° (t+ lat 


iz t+ Idt+ fi it+ lade 


as —-2<x<-l 
f{x)= 0 
Po re -l<x<l 
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[ G+ [-t) at ,x>2 
Let f(x)= 45 : 


5x+1 ,x<2 


Then show that 
(i) f(x) is not continuous at x = 2, 
(ii) the right derivative of f(x) does not exist at x = 2. 


(i) f= | (1+ |1-tl)dt, x>2 
-[ (2—t) dt+ I tdt 
-[ (2—t) dt+ fe tdt 


27! 27% 
BN Ee ra 
2. 2 

0 1 


1, 
We have f(x)= 45% +! »*>? 
5x+1l ,x<2 


lim f(x) = lim f(2 +h) 


x>2* h>0 


h>0 


=m 5 Q+hy+1=3, 


lim f(x) _ lim f(2 —h) 


x>2- h>0 
= jim 5(2-h)+1=11 
Also f(2) = 11 
fx) # foo) 
Hence f(x) is not continuous at x = 2. 
es! im f(2+h)-f(2 
(ii) £72") = Jim, 1 . ® 
4 (2+h) +1-11 


— lim 2 
h>0 h 


_ dim (2 +h) —20_ jim b2 + 4h-16_ - 
h>0 2h h>0 2h 
Hence the right hand derivative of f(x) at x = 2 does 
not exist. 
Alternative : Since, f(x) is discontinuous from the 
right, it cannot have right hand derivative at x = 2. 
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Example 24,| Find the minimum value of the function 
2 
fix)= J x-dlat, 
2 
We have f(x)= J, |x—t|dt 


For x > 2, we have 


2 t ; 
x)= [x v at= | 5 | 2-2 


For x < 0, we have 


2 2 2 
x)= | (t-) dt= FM) =2-2x 
For 0 <x <2, we have 


x)= [x d+ (-x) dt 


(0) 2 
| [| 
2 x 2 xX 


PO 28 


= x —2x4+2. 
2 2 
Thus, we have 
2-—2x, x<0O 
2 
f(x) = x” —2x+2, O<x<2 a4 
2x-2, x22 
—2, x>0 
f(x)=42x-2, O<x<2 
2 x>2 
Now, we have f’(x) = 0 at x = 1, where f(x) changes 


sign. 

= f(x)strictly decreases in (0, 1) and strictly increases 
in (1, 2) 

Hence, f(x) attains minima at x = 1, and its minimum 
value, is f(1)=1-2+2=1. 


Find the range of the function 


fi sin xdt 
x)= -l (1—2tcosx +t’) : 


sin xdt 


1 
We have f(x) = : 
(x) -l sin? x +(t—cos x) 
: 1 
sin X _1{ t-—cosx 
= —tan - 
sin x sin x 4 


; 1l—cosx ; [Ee ) 
= tan eae —tan™ sin x 


= tan! (tan x/2) + tan“! (cotx/2). 


Case I: When 0<x<7 


G22 nage ee 
i Va 22 °2 


—T XxX 
f(x) = tan“! (tan x/2) + tan- | {tan( 5 ap *)) 
=x /2+n/2—x/2 


= 7/2 
Case II : When n< x <2 


pl Se 
ae is 


f(x) = x/2—1+ 0/2 —x/2 =—n/2 


go Be E_X og 
gee B.D. 


T 
Hence, the range of f(x) is 3 2° of 
Example 26.| A cubic function f(x) vanishes at 


x=—2 andhas relative minimum /maximum at x=— | and 
x= .If Lief, f(x)dx = 


Seine Given f(x) is a cubic polynomial. 
Therefore, f(x) is a quadratic polynomial. 


Also f(x) has relative minimum / maximum at 


14 ind f(x). 


x=—landx= ze 


Hence, — 1 and E are roots of f(x) =0. 


=> f(x)=a(x4 1y[x 1)- {x a ) 


Now integrating w.r.t x we get, 


3 2 
= xX 4+ x) 
f(x) af 3 3 3 Cc 


Since f(—2) = 0, we have (84442) 40-0 
3 3 3 
—2a 2a 
+c=0 a 
> 3 >C 3 
3 2a 
= Xx 4+ x) - 
Thus, f(x) af 3° 3.3 3 
3° 22 
Cg (Eg ER ee 
=e As) i 5 3 4 
Ie 
We also have _ fx)dx= 3 


3 a(l (x3+x?-x4 2)dx= 
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g\.4 3 9 3 
2 14 

| 
a| 3 are 


we f()=x34+x?-x42. 
Example 27.) Example 27.) Let a, B be the distinct positive 


roots of the equation tan x = 2x then evaluate 


ah 
| : 2sinax:sin 8x dx , independent of a andf. 


1 1 
= =| 2sina@x:sin Bx dx 
240 


1 
7 “/ 2sina x:sin Bx dx 
2 40 


1 [sae —B)x  sin(a+ “a 
= 9|. oe p a+B Jo 
1 Es —B) — sin(a+ 4 
ier ae (1) 
Now 2a=tana and 26 =tanp 
2(a —B) = tana — tanB 
= (a +f) =tano + tanB 
sinters By 
2(a— B)= cosacosB 
sin(a +B) 
and 2(a+ B)= cosacosB 
sin(a —B) sin(a +B) 
Substituting the value of 2(a—B) 27° 2/048) 


we get I= (cos a - cos 8) — (cos a: cos B) = 0. 


Example 28.) Prove that 


f x" (n-2)x? +(n-lL(at+b)x+nab — b™ !—a™! 
(x +a)’ (x +b) ~ Watb) ’ 


a>0, b>0. 
f x"! ((n — 2)x? + (n —1)(a + b)x + nab 
(x +a)? (x +b)? 


n— * 


-{- [n(x +a)(x+ b)—x(2x+a+b)] 
(x+a)'(x+b)y 
x"(2x+a+b) 
dx 
ora | 


dx 


b 
- J aan 


2.38 O 


-['= d x" x" ; 

dx GaGa ~ (x+a)(x+b) , 
b" a? b™! a qh 

~ (b+a)2b 2a(atb) = 2(a +b) 


COS X 


n/2 
Example 29.| Let I= | —— dx and 
0 acosx+bsinx 


Ie sin X 
0 acosx+bsinx 


X | wherea>Oandb>0. 


Compute the values of I and J. 


al+bl= > A) 


7/2 bcosx —asinx 


d 
re l acosx+bsinx : 


bl-aJ= in[acosx + bsinx]*” 
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=> bl-aJ=Mm () ...(2) 
From (1) and (2) 

al + ab} = > = bl — abJ = b In(b/a) 
Adding, we get 


1 an b 
= +bl 
I a lS n(2)) 


. br 
Again abl + b*I= = 


and abl — a*J=a In (b/a) 


Subtracting, we get 
1 br b 
a aln ; 
a+b \ 2 a 
Alternative: We can convert acosx+bsinx intoa 
single cosine say cos(x + ) and put x + d=t. 


GONE PitstatO OC Seen 0 Bl 


Prove the ae 


1 
[ xtax=— 
0 n+l n+l ’ 


n €W, and use them to evaluate the following: 
2a 5 CoA ee) 
(a) J, 3x?—2x+1 dx (b) I, (84 t? + t)dt, 


2. For the function f(x) = 1 + 3% én 3 find the 
antiderivative F(x), which assumes the value 7 
for x = 2. At what values of x does the curve F(x) 
cut the x-axis ? 

3. Iff(1) = 12, fis continuous, and 


| 


and fe x" dx = 


4 
iF f"(x)dx = 17, what is the value of f(4) ? 


4. For f(x) find such an antiderivative which attains 
the given magnitude y = y, atx =X. 

5. Suppose that the function fis defined for all x 
such that |x|>1 and has the property that 


1 
f'(x)= wey for all such x. 


(a) Explain why there exists two constants A 
and B such that 
f(x) =sec"!x+Aifx>1; 
f(x) =-sec!x+Bifx<-l. 
(b) Determine the values of A and B so that 
f(2) = 1 = f(—2). Then sketch the graph of 
= f(x). 


6. (a) Compute the area under the parabola y = 2x? 
on the interval [1, 2] as the limit ofa sum. 
2 
(b) Let f(x) =2x? and note that g(x) = 3 defines a 


function that satisfies g'(x) = f(x) on the interval 
[1, 2]. Verify that the area computed in part (a) 
satisfies A= g(2) —g(1). 


2 
(c) The function defined by h(x)= 3 x3+C for any 


constant C also satisfies h'(x) = f(x). Is it true 
that the area in part (a) satisfies A = h(2) — 
h(i)? 

7. (a) Prove that if f is continuous on [a, b], 


then (i [f(x)—f,,,]dx = 0 


(b) Does there exist a constant c # fg such 


b 
that | [f(x)—c]dx =0 2 


8. Find the mean value of the function on each of 
the indicated closed intervals: 


(a) f(x)= ./x on [0,1], [0, 10], [0, 100], 
(b) f(x) = 10+2sin x + 3cos x on [-1, 7] 
(c) f(x)=sin(x+ a) on [0, 270] 


9. (a) Find f, ,of f(x)= x’ over [0, 2]. 


10. 


11. 


(b) Finda number c in [0, 2] such that f{c) = fa 

(c) Sketch the graph of f(x) = x? over [0, 2] and 
construct a rectangle over the interval 
whose area is the same as the area under 
the graph of f over the interval. 

Construct the graph of the function 


F(x)= | f(t)dt fora=0,a=4,a=8. The function 


f(x) is shown below: 


Find all values of c for which 


(a) J.xa ~x)dx =0 


(b) J. [xd-x|dx=0 


12. 


13. 


14. 


15. 


16. 
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Find a cubic polynomial P for which 
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0 
P(0)=P(-2)=0, P(1)= 15, and 3 } PQ dx=4. 
Find the number K, L and M such that the function 
Kx? +L 
-1 


of the form f(x) = + Mx satisfies the 


conditions f(2) = 23, f'(0) =4 and 
0 

| G=pi@ars = 
-1 6 


2 
for O<x<l 
Given the function f(x) = fw eh I< . <2 


2 
Compute J f(x)dx , 


Find the abscissas of the points of intersection 
of the graph of the functions 


F (x)= ie (2t—5) dt, F,(x) = x?-5x+6. 
If w'(t) is the rate of growth of a child in kg per 


10 
year, what does J. w'(t)dt represent ? 


Practice,Problems D, 


17. 


18. 


19. 


Evaluate the following integrals : 


(i) [# sec’ x+x? +2)dx 
0 
—— 
o 1+secx 
2 
(iii) I, |x? +2x-3|dx 
-2 sec’ (sec | x)dx 


V2 xvx7-1 


2 
If f(x) =|2*— 1|+ |x— 1] then evaluate [. f(x) dx. 


(iv) 


Let F(x) = I, f(t)dt, where fis the function 


whose graph is shown in the accompanying 
figure. 
(a) Find F(0), F(3), F(5), F(7), and F(10). 
(b) On what subintervals of the interval 
[0, 10] is F increasing ? decreasing? 


(c) Where does F have its maximum value? 
Its minimum value ? 
(d) Sketch the graph of F. 
Y 


=) 


x 1 
20. Show that I, |t| dt = a |x| for all real x and 


21. 


x 
express F(x) = | i t | dt in a piecewise form that 


does not involve an integral. 
Write the equation of the tangent lines to the 


graph of the function F(x) = [ (2t —5)dt at the 
points where the graph cuts the X-axis. 
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22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Find the critical points of the function 
f(x) = x— nx + pie 2- 2eos4z} dz 
Find the greatest and the least value of the function 


F(x)= I | t| dt on the interval [-4, 1) 


A function fis defined by 
f{x)= [ costeos(x —tdt O<x<2n 
0 


Find the minimum value of f. 
On the interval [57/3, 77/4] find the greatest value 


of the function F(x) = I. ps (6cosu—2sinu)du 


Find a function f and a number a such that 


f(t) 


6+ apd = 2Vx forallx>0. 


If fx) is a non-negative continuous function such 
that f(x) + f(x + 1/2) = 1, then find the value of 


2 
I f(x)dx. 
0 
Solve the inequality 


x n/2 
vx? =x-12-| dz<x| cos 2xdx. 
0 0 


Find all the numbers a (a > 0) for each of which 
I (2—4x + 3x*) dx <a. 
Find all solutions of the equation 


hi cos (x + a”) dx = sin o belonging to the interval 


[2,3]. 

Find the values of A, B and C for which the 
function of the form f(x) = Ax? + Bx + C satisfies 
the conditions 


(1) =8, 2) + £"(2)=33, f ix) ax= 2 


Find all the values of a from the interval 
[—-1, 0] which satisfy the equation 


2a 
sina+ | cos 2x dx = 0 
a 


33. 
34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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+costldt if0<x<n, 


x {1 
Evaluate the integrals [. 2 


Find all real values of x such that 


a) ail x a. 
I (t —tdt= = dt 


Draw a suitable figure and interpret the 
equation geometrically. 

In each part, the velocity versus time curve is 
given for a particle moving along a line. Use 
the curve to find the displacement and the 
distance traveled by the particle over the time 
interval 0 <t <3. 


Find the mean value of the velocity of a body 
falling freely from the altitude h with the initial 
velocity Vp. 

Suppose that the velocity function of a particle 
moving along a line is v(t) = 3t? + 2. Find the 
average velocity of the particle over the time 
interval 1 <t < 4 by integrating. 

The cross section of a trough has the form of a 
parabolic segment. Its base a= 1m, depth h= 1.5m. 
Find the mean depth of the trough. 


dx 
Ifa is positive and I = i Rowe 


then show that I=2ifa< 1 andI= g ifa> 1. 
If p, q are positive integers, sive: that 
} x cos px sin qx dx 

2q/(q°—p’), if (q — p)is odd, 


0, if (q — p) is even. 
Solve the following eae : 


(i) laea 12 


x dx 3 
(ii) In 2 lex —| 6 

f 28 1.5x+1 
re 8t? + Besa) dt = ———_—— 
(ill) I( 3 log,.,Vx+l 


42. If oil leaks from a tank at a rate of r(t) litres per 
120 


minute at time t, what does frat represent? 
0 


2.6 INTEGRABILITY 


Theorem. Ifa function fis continuous at every point 
of an interval [a, b], then we know that fis integrable 
over [a, b]. 

Note: Ifa function is integrable in a closed interval I, 
then it is integrable in every closed subinterval of I. 
However, it is important to realize that a function does 
not have to be continuous to be integrable and that 
there are many simple discontinuous functions which 
can be integrated. 

A piecewise-continuous function does not have an 
antiderivative on any interval containing a point of 
discontinuity. Hence, we need to modify the Newton - 
Leibnitz Formula and the definition of antiderivative 
to allow integration of piecewise-continuous 
functions. 


1 forx >0 
0 for x =0, 
—lfor x <0 


Let f(x) = sgnx = x e[-1, 1] 


This function is a piecewise-continuous on the closed 
interval [—1,1], but has no antiderivative. 
Indeed, any function of the form 
-x+C, for x<0 

F(x)= x+C, for x20 
where C, and C, are arbitrary numbers, has an 
antiderivative equal to sgn x for all x #0. But even "the 
best" of these functions, i.e. the continuous function 
F(x) = |x| + C Gf C, = C, = C), does not have an 
antiderivative for x = 0. 
Therefore, the function sgn x (and, in general, every 
piecewise-continuous function) does not have an 
antiderivative on any interval containing a point of 
discontinuity. 
Here is an extended definition of an antiderivative 
which is suitable for integration of piecewise- 
continuous functions. 
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43. A honeybee population starts with 100 bees and 
increases at a rate of n'(t) bees per week.What 


DEFINITE INTEGRATION 


15 
does 100+ I, n'(t)dt represent ? 


44, The linear density of a rod of length 4m is given 
by p(x) =9 + 2Vx measured in kilograms per 


metre, where x is measured in metres from one 
end of the rod. Find the total mass of the rod. 


Extended definition of antiderivative 


Definition The function F(x) is an antiderivative of 
the function f(x) on the closed interval [a, b] if: 

(1) F(x) is continuous on [a, b], (ii) F '(x) = f(x) at the 
points of continuity of f(x). 

Remark = The function f(x) continuous on [a, b] is a 
special case of a piecewise-continuous function. 
Therefore for a continuous function the extended 
definition of an antiderivative coincides with the old 
definition since F(x) = f(x) V x ¢€ [a, b] and the 
continuity of F(x) follows from its differentiability. 
Here is an example of a function which has an 
antiderivative in the "new" sense and has no 
antiderivative in the "old" sense. 

The function f(x) = sgnx had no antiderivative in the 
"old" sense on [—1, 1] whereas in the "new" sense the 
function F(x) = |x| is its antiderivative since it is 
continuous on [—1,1] and F'(x) = f(x) for x ¥ 0, ie. 
everywhere except for the point of discontinuity x = 0. 


Hence, J sen t dt =|x\. 
0 


Under the integral sign, there stands a bounded 
function discontinuous at the point x = 0. The integral 
as a function of the upper limit F(x) = |x| is a continuous 
function, at the point x = 0. But the derivative F’(0) is 
not existent, and this does not contradict FTC1 which 
guarantees the existence of the derivative F’(x) only iff 
is continuous at the point x. 

It is now clear that a function f(x), piecewise- 
continuous on the closed interval [a, b], has an 
antiderivative on this interval in the sense of the 


extended definition. The function F(x) = J f(t)dt is 
one of the antiderivatives. 


Find an antiderivative of the piecewise- 


continuous function 


1 for |x|<l 
f(x) = 0 


for |x|=V eee 
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One of the antiderivatives is an integral 


with a variable upper limit, and we can take any number, 
say, x =—2, as the lower limit of integration. Thus 


0 for x<-l, 
Fex)= | fat = x+1l for -I<x<l, 
= gp) for x21, 


The significance of the extended definition of the 
antiderivative is clear if we consider the following 
result which retains the Newton -Leibnitz Formula with 
the "new" definition of the antiderivative for 
piecewise-continuous functions. 


Newton-Leibnitz Formula 
For piecewise-continuous function the Newton- 
Leibnitz formula 
b 
| £(x)dx = F(b) — F(a), 


holds true, where F(x) is an antiderivative of the 
function f(x) on [a, b] in the sense of extended 
definition. 


2 
For example, | Sgn xdx =|x|?, =2-1=1. 


COS X 


Calculate 1= J, == dx 
The integrand f(x) is not defined at the 


point x = 71/2. We divide the closed interval [0, 7] in 
two: [0, 2/2] and [7/2, 1]. Setting f(7/2) = 1 on the first 
interval, we obtain an integral of the continuous 
function f(x) = 1; 


m/2 
I= [0 ldx= 7/2 
0 
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On the second interval we set f(/2) = —1 and again 
obtain an integral of the continuous function f(x) =—1: 


n= Vdx=—x|",, =—7/2 


The final result is I, + 1, =0. 


Alternative : We use the extended definition of the 
antiderivative. The function F(x) which satisfies this 
definition has the form 
x for O0<x<nx/2 

FO m-x for nm/2<x<a 
Indeed, F(x) is continuous on [0,7] and F'(x) = f(x) V 
x € [0, m], x # 7/2, i.e. F(x) = f(x) at the points of 
continuity of f(x). (Recall that x = 1/2 is a point of 
discontinuity of f(x).) 
In accordance with the Newton-Leibnitz formula valid 
for piecewise-continuous functions and for the 
extended definition of the antiderivative, we obtain 


ef “f(x)dx = F(x)f = (4-x)|_, ~xl,_9 =0 


Theorem Let f(x) be bounded in a < x < b and 
continuous ina <x <b. Let there be finite limits ffa*), 
f(b~), and let F(x) be a function for which 


d 
oe = f(x) whena<x<b 
and let there be finite limits F(a*), F(b~). Then 


J) f00dx = Fb) Fea”. 


Theorem _Iffis bounded on [a, b] and is continuous 
at every point of [a, b] except possibly at the endpoints, 
then fis integrable over [a, b]. 

Bounded on an interval I means that for some finite 
constant M, |f(x)| <M for all x in I. 


Let f be the function defined by 


0 if x=0 
Show that fis integrable over [0, 2]. 


This function is continuous everywhere 


except at 0, and its values oscillate wildly as x 
approaches 0. Since |f(x)| < 1 for every x, the function 
is bounded on every interval. It therefore follows that 
fis integrable over [0, 2]. 


A | CAUTION 


The following two examples show that a formal 
application of the Newton-Leibnitz formula (i.e. the use 
of this formula without due account of the conditions 
of its applicability) may lead to errors in the result. 


' dx 
i) Consid integral | —~. 
(i) Consider an integra aes 
Taking the function F(x) = ./x asan antiderivative 


of the function f(x) = 1/(2Vx) and using formally 
the Newton-Leibnitz formula, we obtain 


1 dx ae 
—== vx| =l 
lisa , . 


However, this result is incorrect since the 
function f(x)= 1/(2Vx) is unbounded on [0, 1] 


1 dx 
and, consequently, the integral oe does not 


exist. 


; tS (pam cial 
(ii) Consider an integral I= lee tan - dx 


1 

; . -1 

At first sight the function tan ~— may seem to 
X 

be an antiderivative of the integrand function 


ra (tan ce 1) and then, from the Newton-Leibnitz 


formula, we obtain 

1 
-11 -2-(-2)-5 
x|_, 4 4) 2 


However, this result is incorrect since the function 


[= tan 


tan-!(1/x) is not an antiderivative of (tan! 1) 


on the interval [—1, 1]. It can be seen that the 
function has a discontinuity of the first kind at 
the point x = 0 whereas the derivative must be 
continuous at all points according to the definition 
itself. 

To calculate the integral I, we note that the 
integrand function is as follows : 


__ 1 
tan 4) = [x7 
dx is is not defined for x =0 


for x #0, 
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Extending the definition of this function to the 
point x = 0 by continuity, we get a continuous 
function 


f(x) = Speer e[-1, 1] 

The function F(x) = — tan~!x is an antiderivative 
of f(x) and therefore, from the Newton-Leibnitz 
formula, we have 


DEFINITE INTEGRATION 


= | 1 
I= —tan x = 
-1 


Note that we can also construct an antiderivative 
for f(x) using the function tan~!(1/x), namely, 


tan! (=) 
x 


G(x) = - = for 


for -1<x<0O 
x=0 


tan"{2)-n for O<x<l 
x 


From the Newton Leibnitz formula we obtain 
3n ( T ) T 
4 4 2 


&.|Note: Comparatively few functions have 


antiderivatives, a great many more have integrals. 
A function may have an antiderivative but not an 
integral and vice-versa. 
For example the function f defined by 

f(x) = 2x sin(1/x?)— (2/x) cos(1/x?), x #0 
and f(0)= 0 has an antiderivative F(x) = x’sin(1/x?) but 
in the interval [—1, 1] there is no integral since f is 
unbounded in the neighbourhood of zero. 
Further, the function o defined by (x) = 1 for x #0 and 
o(0) = 0 is integrable being bounded and having only 
one point of discontinuity at x = 0 but has no 
antiderivative in the actual sence. 
The next theorem shows that we can, without 
changing the value of the integral, assign arbitrary 
(bounded) values to the integrand at any finite number 
of points. 
Theorem Let g(x) be zero except at a finite number 
of points in (a, b) and at these points let g(x) take finite 
values. Then g(x) is integrable over (a, b) and 


I= Gx), 


(i g(x)dx = 0. 
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Corollary. Let f(x) be bounded and integrable in (a, b). 
Let g(x) = f(x) except at a finite number of points x,.....X,, 
at which the (finite) values of g(x) are X,, ...., X,. then 
g(x) is also integrable in (a, b) and 


g(x)dx =] f(x)dx. 
Jrecoax= 


Theorem Let f(x) be continuous in (a, b) except for 
a discontinuity of first kind at x = c, wherea<c<b. 
then f(x) is integrable over each of the intervals (a, c), (c, 
b), (a, b) and 


[ tc0ax = I f(x)dx +f fe)dx 


Ke. | Note: The theorem can be extended to cover 


any finite number of discontinuities of first kind in the 

range of integration, including discontinuities of first 

kind at the end points a and b. 

Theorem 

(a) Iffhas a countable number of discontinuities 
of the first kind in [a, b], then fis integrable on 
[a, b]. 

(b) If f is not bounded on [a, b], then f is not 
integrable on [a, b]. 
Thus, a piecewise-continuous function (a 
function which has a countable number of points 
of discontinuity of the first kind on the closed 
interval [a, b]) is integrable on this interval. 
Ifthe conditions of the theorem are fulfilled then 


b 
the value of the integral f(x)dx does not 


depend on the values of f(x) at the points of 
discontinuity. 

We therefore often raise and solve the problem of 
calculation of the integral of a function which is 
not defined either at a finite number of points of 
the interval [a, b] or on the set of points which 
can be covered by a finite number of intervals of 
an arbitrarily small length. In that case we assume 
that the definition of the function f(x) is completed 
arbitrarily at these points but the function remains 
bounded on the interval [a,b] and consequently, 
integrable. 

For example, strictly speaking, the integral 


i sin X a my 


0 Xx 
does not exist since at the point x = 0 the function 


is not defined. 


1 
However, the integral I. f(x)dx , where 


INTEGRAL CatcuLus For JEE Main AND ADVANCED 


sin x 
for x#0 
fX)=) * , (mis an arbitrary 
m for x=0 


number), exists and is independent of the choice of m. 
We therefore assume that integral (1) also exists and 
1 


is equal to [f@dx ; 
0 


It often happens that the integrand has a discontinuity 
which is simply due to a failure in its definition at a 
particular point in the range of integration, and can be 
removed by attaching a particular value to it at that point. 
In this case it is usual to suppose the definition of the 
integrand completed in this way. Thus, the integrals 


1/2x sinmx 1/2x sinmx 
dx, dx 


0 x 0 sinx 
can be treated as ordinary definite integrals, if the 
integrands are regarded as having the valuem when x =0. 


a dx 
Let us now evaluate J pos an 


1 


Here ffx) = cos” x(_+ tan? X) 


1 for 0<x<7/2,n/2<x<7, 
~ |is not defined for x = 1/2 


Extending the definition of this function to the point 7/ 2, 
say, by continuity, i.e. setting f(7/2) = 1, we get f(x) = 1 
V xe [0, 2], and, consequently, the required integral is 
equal to 7. 


Now, consider the function 

f(x) =0 where x is an integer, 

f{x)=1 
otherwise, in the interval (0, m), where m is a positive 
integer. This function is integrable, since it is bounded 
and its discontinuities are finite in number, being 
situated at the points x = 1, 2, ....,m. 
Note that the function f(x) = 1/x? is not integrable 
on any interval containing x = 0. Indeed, even if we 
extend f to be defined at 0, say by setting 


Lfxe,. 240 
Wo, x=0 
f would still be unbounded on any interval 


containing x = 0, so the theorem tells us that fis 
not integrable across any such interval. 


Example 4.| Which ofthe following integrals exist? 


2 Inx 


o) Ji; 


1. J 
(a) J,sin—ax 


m/2 
(c) { tan x dx 


This is the same as asking whether or 


not each function is integrable over its proposed 
interval of integration. 

Let us suppose therefore, that f is bounded and 
continuous on the open interval (a, b). We may choose 
values f(a) and f(b) completely arbitrarily, and the 
resulting function will be integrable over [a, b]. Further 


b 
more, the integral i f dx is independent of the choice 
of f(a) and f(b). Hence, if fis bounded and continuous 
on (a, b), we shall certainly adopt the point of view 
that fis integrable over [a, b] and, equivalently, that 
b 
[. fdx is defined. 


(a) Following this convention, we see that the 


. mols 4 : 
function sin— is bounded and continuous on 
xX 


0.1 d [sins ax i 
(0, 1), and so ee exists. 


(b) Using L'Hospital's rule , one can easily show that 
. Inx 
lim 


rot l= % 


=-1. 


In x 


Hence, 7_, is bounded and continuous on 


(1, 2), and so [Xa exists. 
1l-x 


lim tanx=oo, and we therefore 
x>(n/2)- 


(c) Here 


conclude that tan x is not integrable over the 


interval | 0, 7 |. We now give an example of a 
2 
nonintegrable function. 


Consider the Dirichlet function on the interval 
[0,1]. It is equal to 1 at rational points and to zero 
at irrational points. Therefore, if we take irrational 
points as points € in integral sums, then 
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n n 
SY £(G AX; = ¥0.Ax; =0 
i=l i=l 
and consequently, the limit of these sums is equal 
to zero as n > oo. And ifrational points are chosen 


as Gi, then 


n n n 

SY £(G Ax; = Yi 1Ax; = > Ax; =1 

i=l i=l i=l 

and, hence, the limit of these sums is equal to 1. 

Thus, in the case of Dirichlet function the limit of 

integral sums on the interval [0, 1] depends on 

the choice of points € and this means that the 

Dirichlet function is not integrable on [0, 1]. 
Theorem Let each of the functions f(x) and g(x) be 
bounded and integrable over [a, b]; and let c be a 
given constant. Then each of the functions 

(i) f(x) (ii) f(x) + g(x) 

(ili) fix)g(x) 


is bounded and integrable over [a, b]. 


Using examples, prove that the sum, 


the product and the quotient of two non-integrable 
functions can be integrable. 


Consider the Dirichlet function, 


0 if x is an irrational number, 
D(x) = 1 if x is a rational number 


The function D(x) is non-integrable. The function 
f(x) = 2 + D(x) is not integrable either. 
2 if x is an irrational number, 

fx) = {3 if x is a rational number 
Indeed, if we assume that f(x) is integrable, then the 
difference of two integrable functions f(x) — 2 = D(x) 
must be integrable, but this contradicts the fact that 
D(x) is non-integrable. 
Now, let g(x) = f(x). 
Since g(x) = f(x), it follows that g(x) is non-integrable. 
Let us consider the function 

_1___sfi/2 ifx is an irrational number 

h(x)= g(x) ~ |1/3 ifx is a rational number 
This function is not integrable either. The reason is 
similar to the reason for the non-integrability of the 
Dirichlet function. 
We set up the sum, the product and the quotient of 
non-integrable functions: 

F (x)= f(x) + a(x) =0, 

F(x) = fx) h(x) = 1, 

F,(x) = f(x)/g(x) = I. 
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Being constant, the functions F,, F, and F, are 
integrable on any closed interval [a, b]. However, the 
integrability of a sum or a product does not imply the 
integrability of the summands or factors. 


Example 6.| Using examples, prove that the 


product of the integrable function f(x) by the non- 
integrable function g(x) may be (a) an integrable, (b) a 
nonintegrable function. 


(a) Let us consider, for example, an integrable 
function f(x) = 0 and a nonintegrable Dirichlet 
function D(x) on [a, b]. Since f(x) D(x) =0, it follows 
that f(x)D(x) is an integrable function on [a, b]. 

(b) Let f(x) =2 and g(x) =D(x) on [a, b]. Then f(x) g(x) 
= 2D(x) is a function nonintegrable on [a, b]. 


Integrals of piecewise continuous functions 


Ifa function f(x) has a countable number of points of 
discontinuity of the first kind in an interval [a, b], the 
integral of this function is defined as the sum of the 
ordinary integrals taken over the subintervals into 
which the interval [a, b] is broken up by all the points 
of discontinuity of the function. Denoting these points 
ASC), Cy,...C, (a<C, <C,<...<c, <b) we write 


In the first integral on the right hand side the value of 
the function f(x) at the point c, is understood as its left 
hand limit f(c,-), and in the second integral as the right 
hand limit f(c,*). The values of the function f(x) at the 
other points of discontinuity are understood similarly. 
Under the conditions assumed, in every closed 
subinterval of integration the integrand is continuous. 
The geometrical meaning of the integral under 
consideration is clear from the figure. 


The integral is equal to the sum of the areas of the 
trapezoids having as bases the subintervals [a, c,], 
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[c,, Cp], ...., [¢,, b] lying between the subsequent points 
of discontinuity. 
Let us find the integral of the function 


l-x, -Il<x<0 
2 
f(x) = Rg. “USI over [—1, 3]. 
-l 2<xs<3, 


We have 


2 
[teodx = fPd-xax+ foxtdx + ['Cpax 
27 3772 
-|s a ] af xh 
2s )4 li 


Thus, the Newton-Leibnitz Formula applies to 
bounded piecewise continuous functions with the 


d x 
restriction that (=)f f(t)dt is expected to equal 


f(x) only at values of x at which fis continuous. 
0 -2<x<-l 


2 -l1<x<2, 
Example 7.| If f(x) = F 


2<x 3, 


-1 3<x<o 
4 
find [ f00dx., 


The graph of the function fis shown in 


the figure. 


Since fis a bounded piecewise continuous function, 
it is integrable over any closed interval. In particular, 


[, tox= ['fdx+ [ tax+ [tax 


=2.(2-0)+3.(3-2)+(-1) (4-3) 
=44+3-1=6, 


Example 8.| Let fbe the function defined by 


x? -0o<x<0, 


f(x)={2-x* 0<x<2, 
2x-5 2<x<o, 


The graph of fis drawn in the figure. 


The function is continuous except at 0 


and at 2, and is bounded on any bounded interval. 
Thus fis integrable over the interval [-1, 3] and that 


[_fax= [itaxt [fax [otax, 


For all x in [-1, 0], we have f{x) = x”, and so 
0 0 al 
i) fdx=[ dx =~] = ie 
-1 -1 4 4 
For all x in [0, 2], we have f(x) = 2 — x? except that 
f(0) = 0. Hence 


2 
2 ifn x? 
J,fax= J @ x2)dx G 7 
0 


Similarly, f(x) =2x—5 for all x in [2, 3] except that f(2) =-2 


1 


4 


3 3 ; 3 
J fdx=[ (2x — 5)dx = (x? —5x) =0. 
2 2 2 
3 1 4 13 
Hence, fie air + 3 +0 13” 


2 
Example 9.| Evaluate I [2x? — 3] dx 
Atx=1, valueof 2x’-3=2(1)?-3=-1 


and at x =2, value of (2x* — 3) =2 (2)?-3=5. 
The integers between — 1 to5 are 0,1, 2,3,4 
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V3 
2x?-3=0>x=7= 
V2 
3S 1 Seas 
ee el 
V2 
2x? -3=3>x= 3 
a an eae 
a 
2 
J 2e-3}ax 
if B 
= J [2x?-3]dx+ [ [2x?-3]dx 
1 V3/V2 
V5/V2 3 
+ f [2x2-3]dx+ [ [2x?-3]dx 
V2 V5/J2 
V7iV2 2 
+ J [2x?-3]dx+ | [2x?-3]dx 
B ind 
iy B V5Iy2 
=(-1) J dx+@) f ax+q) J ax 
1 BB B 
i ve 2 
+ (2) dx + (3) dx + (4) dx 
EN? B ve 


v3 V5 
(Ha) 


12(- 33 jas (-8) 442-3) 


2 
Example 10.) Evaluate i, [x?-x+ 1] dx,[. is 


the greatest integer function. 


2 
LetI= | [x?-x +1] dx 

Let f(x)=x?-x+1>f(x)=2x-1 

For x> 1/2, f(x)> Oand for x < 1/2, f(x) <0. 

The values of f(x) at x = 1/2 and 2 are 3/4 and 3. 
Between them we have integers 1, 2. 
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Hence we solve x?—x+1=1,2 


14+ V5 


2 
Also the values of f(x) at x = 0 and 1/2 are | and 3/4. 
There is no integer between them. 


We get x=1,x= 


1/2 iL: 
I= [> pe-xti}dx+ [ [xt-x+1]dx 


v5 2 
+/ 2 poise dee lus [x2-x+ 1] dx 
1 2 


v5 
=0+0+1/ 2 
1 


lee a aad 
2 2 2 


Alternative: Graphical Method 


2 
1.dx+2 Jus 1 dx 
2 


—x+1 


2 
It is clear from the figure that 
2 
[ [x?—x + 1] dx= Area of the bounded region 


145 1 2 14+V5 
1+ V5) _ 5- v5) 
ai 2 
2 
Evaluate J[x’ - I]dx 
1 
where [.]denotes the greatest integer function. 


(<x <2]1<%°<8> 05x -1<7 


2 3 
sol= J [x? Idx 


INTEGRAL CatcuLus For JEE Main AND ADVANCED 


his 3h/3 


=| [x? —tdx +f) Ex? Hox t+ [be Idx 


1 
Nowif x €| 1, 2 he x° e[l, 2) or [x?-1]=0 


and so on. 
gl/3 3h/3 


Therefore I = | O.dx+ | cad Oi 
1 2 7 

= [3 _ gs | +4 D(A = aaa +4 3[5 3. Al] 

si 46! == P| +4618 = ial | ai 6[2 es 1) 

= 12- (7 } 618 } 518 } 4s } 318 } Preah 


ni2| 2x 
Evaluate J. sinx +] =| |dx, 


where [.] denotes the greatest integer function. 


Sotuion) Hee t- J ses |] 


Al ee eee Ek a4 EB 0 
BO. 77 5 a ole (em 


mld 
so that I= | " [sinx]dx =0, 


Find the mean value of the function 
on each of the indicated closed intervals: 
(a) f(x)=cosx on [0, 37/2], 
(b) f(x)=sgn x on [-1,2]. 


9 32/2 d 2 
f= =| cos xdx = ——— 
2) ws 3240 3x 
Note that the continuous function cos x assumes 
the value f,_, =—2/(31), namely, cos& = —2/(37), at 


avg 


2 
2) of the closed interval 


‘ See 
the point €= cos ( 3K 


[0, 37/2] 
1? 1 
(b) Lo 5 | senxdx = 5. 


In this case the discontinuous function sgnx does not 
assume the value i 1/3 on the closed interval [-1, 3]. 


Example 14.) Findthe average value of f(x) =x[2x] 
sgn (x — 2) on [1, 3], where [ . ] denotes the greatest 
integer function. 


The average value of f(x) over [1,3] 
-G-ph i f(x) dx 


1 3 
=5)) x[2x] sgn (x —2) dx 


= ; {i x[2x ]sgn(x — 2)dx + ix x[2x] 
sen(x — 2) dx 
2.5 3 
+ i, x[2x]sgn(x — 2ydx+[) x[2x] sgn(x-2)dx| 


= 5 if ° —2x dx+ ifs —3x dx+ le 4x dx 


3 
+ ( sna i 
2.5 4 
Find the mean value of the function 
-l 
fx) = {x} on | 5 .1| 
By definition, the mean value of 


function is 


eae ee 
we [41/2/12 


7 2 oe Goes 


_ 2 0 1 
=2 [iso ddx+ [xax 
x? x? ' 
2 -1/2 2 0 
2 hha F 
—4+i4+=/=—. 
ghee io) as) 


x 1 

Example 16.) Prove that [bxiex = x[x] =a 
[x]([x]+ }). 

Let n be an integer such thatn<x<n+1 


Le. [x] =n. 


Then, [,badx = J, bxtax + [ bsax 
1 2 3 
= [ [xJdx+ f [xJdx+ [ [x] dx +... 


wt [i [xd + J xiex 
=041(2-1)F26=2)4 
... +(n-1)[n-(n- 1)] + n(xk—n) 
[1+2+3....+(n-1)]+nx—-n? 
n(n-1) 
oe 


=nx+ n? 
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n(n+1) 
2 


aan EE . 


Example 17.) Let f(x)= I e''' dt (x>0),where[x] 


denotes greatest integer less than or equal to x. Show 
that f is continuous but not differentiable in [0, 3) 
and f(2)=2(e- 1). 


Wehave ffx)= fe" Mat = fel"dt 50 


[ova if x [0,1] 
0 


(replacing n= [x]) 


1 x 
f(x)= } et a+] et dtif x [1,2] 
0 1 


1 2 x 
i} e! t+] et! dx+| e'? dtif x [2,3] 
0 1 


ex -1 if xe[0, 1] 
f(x)=4 (e-l+(e%!-1) if xefl,2] 
d(e=-)+E* 7 =1) “Hf xE[2,31 


Clearly f(x) is continuous V but not differentiable 
at x = 1 and 2. Thus, f is continuous but not 
differentiable in [0, 3). 

Also f (2) = 2(e- 1) + 0=2(e- 1). 


Example 18.) If the value of definite integral 


a 
I x-a "“ldx where a > 1, and [ . ] denotes the 


e 
greatest integer, is 7 then find the value of[a]. 


a 
1 


Put log.x=t >al=x 
1 1 
I=Ina- } (a‘-a"!-a')dt=Ina- } (a‘"!-a')dt 
0 0 
1 1 
= : {Q.a') dea : 2 at 
Ina Ja a')dt=Ina Jia 


1 
Ina a™ 1 2.4 
2 Ina ae 


(as {t}=t if te (0, 1)) 


1 e-l 
5-1) 5 >a= Je 
[aJ=1. 
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Alternative : x € (1, a) = log, x € (0, 1) 
= [log,x]=0 


a 1 e-1 
ss cre ©) a, eee! = 
I= | xox => -1)= 5 >a= Je. 
fa]=1. 


Example 19.| Prove that for any positive integer K, 


sin2Kx 


sin xX 


=2[cosx+ cos 3x+ ...+cos (2K — 1)x] 


m/2 1 
Hence, prove that [ sin 2Kx . cot x dx = 5° 


To prove: sin2K x 

= 2sinx [cosx+cos3x+cos5x+.... 
RHS. 
= (sin 2x) + (sin 4x — sin 2x) + (sin 6x — sin 4x) + 
ee + (sin 2Kx —sin (2K—2)x) = sin 2Kx 

LHS. 


+ cos (2K —1)x] 


m/2 
Now, I, sin 2Kx . cot x dx 


nl2( sin 2Kx 
= ( —,.. } .cos x dx 


0 sin xX 


m/2 
= | : 2 cos x [cos x + cos 3x +...+c0s(2K — 1)x]dx 


m/2 
= I, [(1+cos2x) +(cos 4x + cos 2x)+.... 
+ (cos 2K x + cos (2K — 2) x)] dx 
But we know that, 


n/2 
J, (cos2nx) dx=0 Vn elandn#0 


m2 n/2 Tl 
> I sin 2K x. cotxdx= | ldx+0=—. 
0 0 2 
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Example 20.) A function fis defined on [0, 1] by 


f(x) = 1/2" for 1/2"*!<x< 1/2",n © W,and f(0)=0. 
Calculate I, f(t)dt , wherex liesbetween 1/2™and 1 2™™!. 


It is easy to see that fis discontinuous at 


x = 1/2", since we have 


i - 
f aa = and f a ee 
Pius on on Bie . 


Thus, the points of discontinuity are 
pe ey ta: 
? 2’ 92 ? 73 ’ 

Now 


x x y2™ jon 
f(t) dt=[ fdx+ | fax +] fdx +... 
0 /2™ 1am 12m? 
yam! 1 


~ i sores ce ie Q™ oe ia gmt 


1 1 1/( 1 1 
= m-l x m F m m m+1 
2 2 Qo Dies 2 
1 1 1 
+ amet gmt gmr2 Pevsees 


1 1 1 1 1 
~ pm a ym + 2m=1 + pam at 2mes ar 


x y2" 


dx +... 


Ses oar oe 
m-l 2m-1 
3 a ee 
4 
x 1 1 
gmt g2mrl + Bema 
a. 1 
gm-l 3.22m-2 : 
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1. Is the function f(x) = 1/x integrable on the closed 
intervals (i) [1, 2] and (ii) [-1, 1]? 


2. Is the function f(x) = tanx.cotx integrable on the 
closed intervals (1)[7/6, 1/4] and (ii) [-1, 1]? 

3. Is the function f(x) = e"!*integrable on the closed 
intervals (i) [—3, —2] , (ii) [-1, 0] and (aii) [—1, 1]? 


4. Ineach part, determine whether the function f 
is integrable on the interval [—1, 1]. 


(a) f(x) =cosx 


x/|x|, x#0 
(b) w= | ah 
I/x’, x#0 
(0) wo={¥ ae 


sinl/x, x#0 


(d) f{x)= if a, 


Is each of the following integrals defined ? Give a 
reason for your answer. 


I sin x 
(@—) [a 


1/2 tan2x 
(b) J, dx 


x 
l/e 

oe 
In x 


1] 
(©) Jax (d) 


(e) Join x dx 


State whether or not each of the following 
functions is integrable in the given interval. Give 
reasons for each answer. 


@) f(x) =k I], [0,3]. 


- 1 if x rational 
(i) F(x) = Bice Mone 
—1 if x irrational, [0,1]. 


If| f| is integrable in an interval [a, b], show that f 
need not be integrable in [a, b]. 


Use the Second Fundamental Theorem of 
Calculus to evaluate the integral, or explain why 
it does not exist. 


3.9 Qn 
(i) J se (ii) I cosec’? 6d 
3/2 
———at 


i Vv1=t? 


Is this computation correct? 


1 dx 
[, 2x+1 


(itt) 


1 1 1 1 
==In|2x+1 
7 n|2x I, 3 In3 3 In3 0 


10. 


11. 
12. 


13. 


14. 
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Draw the graph of f, and evaluate (ie f(x)dx in each 
of the following examples. 
1 if-o<x<0, 
(a) f(x)=45 if 0<x<2, and[a, b]-[-3, 3]. 
3 if2<x<o, 


£(x) x if-o<x<0, 
x)= 
(b) 2-x* if0<x<o, 
and [a, b] = [-2, 2]. 
(c) f(x)=nifn<x<n+1 wheren is any integer, 
and [a, b] =[0, 5]. 


>| x| 
Prove that | —dx=|b|-|al. 
a xX 


Evaluate the following integrals, where [x] 
denotes greatest integer less than or equal to x. 


J bxtex 

(ii) [tira 

(ii) ie: d({x]—x) 

(iv) J) (oa+]x+5 Ja 


b b 
Show that | [x]dx + } [-x]dx=a—b, 


x 1 1 
Show that NG [x] 5 Ja = (0) 1) 


where [x] and {x} are integral and fractional parts 
of x, respectively. 


Practice,Problems Es 


15. 


16. 


17. 


Determine whether or not each of the following 
functions is integrable over the proposed interval. 
Give a reason for your answer. 


1 x? +x-2 
as ———— ,[0, 1 
(a) cos— ,[0, 1] (b) ei [0, 1] 
x? +x-2 x7 +x4+2 
——,[0, 2 ——_, [0, 2 
(©) 71021 @ == >.10,21 


Prove that the function f(x) = a [2] for x# 0, 
f(0) = 0, is integrable on the closed interval [0, 1]. 


Prove that the function f(x) = sgn (sin is 


integrable on the closed interval [0, 1]. 


18. 


19. 


20. 


A number is dyadic if it can be expressed as the 
quotient of two integers m/n, where n is a power 
of 2. (These are the fractions into which an inch is 
usually divided.) 


te 0 if x is dyadic 

t = 

Ay 3 if x is not dyadic 

Why does f not have a definite integral over the 
interval [0, 1]? 

Prove that the sum of an integrable and a non 
integrable function is a nonintegrable function. 


Find out whether the following functions are 
integrable on the closed interval [0, 1] 


2.52 O 


(a) f(x)=x, (b) g,@)=1/x 


(c) f(x) +g,@), (d) fx) g,@) 
(©) £(«)= vx, (f) £(x)g,@). 
1 for —-2<x<0O, 
21. (x)= is for 0<x<2 
where D(x) is the Dirichlet function, 
0 if 
i (i if 


f(x) integrable on the closed intervals [—2, 2], 
[-2,-], [-1, 1], 1, 2] ? 


X isirrational 


eee ee Is the function 


b 
22. Let there exist [. | f(x)|dx . Does it follow that 


the function f(x) is integrable on the closed interval 
[a, b] ? 


23. Show that the function 


— , O<x<l 
0, x=0 
x)= aol. X= 


is integrable on the interval [0, 1]. 


24. Can one assert that if a function is absolutely 
integrable on the interval [a, b], then it is integrable 
on this interval ? 


25. Find the mean value of the function on each of 

the indicated closed intervals. 

(a) f(x) = sinx on [0, x], [0, 27], [a, a + 27], 
[a, a+ 7], 

(b) f(x)=sgn x on [-2, —1] [-2, 1], [-1, 3], [-2, 2], 
[1,2]. 

(c) Is the mean value of the function on each 
intervalone of the values of the function on 


2.7 IMPROPER INTEGRAL 


Up to now, when speaking of definite integrals we 
assumed that the interval of integration was finite and 
closed and that the integrand was continuous or 
piecewise continuous. It is this particular case to which 
the theorems for existence the definite integral stated 
in the previous section applies. However, it often 
becomes necessary to extend the definition of the 
definite integral to an infinite interval of integration or 
to an unbounded integrand function. 

We define integrals with infinite intervals of 
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that interval ? Explain why in some cases the 
answer in positive and in the other negative. 


2 
26. Calculate I. f(x)dx , where 


ee. for 0<x<l i 

f(x) 3 Re ae ie employing two 

techniques : 

(i) using the antiderivative of f(x), constructed 
on the whole closed interval [0,2], 

(ii) Dividing the interval [0, 2] into the intervals 
[0, 1] and [1, 2]. 


27. (a) Ifnisa positive integer, prove that 


[telat = nn — 12. 


(b) Iff(x)= [ii dt for x = 0, draw the graph of 
fover the interval [0, 4]. 
2 
28. (a) Prove that I [t*]dt =5~— V2 —J/3- 


3 


(b) Compute | [t* ]dx , 


-3 
29. (a) Ifnisa positive integer, prove that 


[ur dx =n(n— 1) (2n—-1)6. 


(b) If f(x) = ih [t]’ dx for x >0, draw the graph 
of f over the interval [0, 3]. 


(c) Find all x>0 for which | f [t]’ dx =2(x-1). 
30. Let f(x) = + and F(x) ae . Find F(1) —F(-1). 
x 


1 
Does | i f(x) dx = F(1)—F(-1)? Explain 


integration or infinite discontinuities within the 
interval of integration as improper integrals. 


Integrals with infinite limits 


Let y = f(x) be a continuous function in an infinite 
interval [a, 00), i.e. for x = a. Then we can take the 
integral of the function f(x) over any finite interval 


[a, b] (b >a) : I(b) = | i f(x)dx 


Now let us make b grow indefinitely. Then, there are 
two possibilities, namely, I(b) either has a limit as b— oo 
or has no limit, which justifies the following definition : 


1. The improper integral | f(x)dx of the function 


f(x) over the interval [a, 00) is the limit of the integral 


b 
| f(x)dx as b> provided that this limit exists 
oO b 
: | f(x)dx = lim] f(x)dx (1) 
a brad a 


Ifthe limit exists the improper integral | f(x)dx 
is said to be convergent. If the limit does not exist 


equality (1) is meaningless, and the improper 


integral | f(x)dx is said to be divergent. In this 


b 
case | f(x)dx either tends to infinity or has no 
a 


limit at all. 

If an antiderivative F(x) of the integrand f(x) is 
known, it can easily be checked whether the given 
improper integral is convergent or divergent: 


If lim F(x) = F() exists, then, by the Newton- 
x70 

Leibnitz formula, 

[ teoax = lim[F(b) — F(a)] = F() — F(a) 


and the integral is convergent; if this limit does 
not exist the integral is divergent. 

It is easy to see the geometric meaning of an 
improper integral : 


Y 


a 


b 
Ifthe integral i} f(x)dx expresses the area ofa region 


bounded by the curve y = f(x), the x-axis and the 
ordinates x = a, x = b, it is natural to consider that the 


improper integral | f(x) dx expresses the area of an 


unbounded (infinite) region lying between the 
curves y= f(x), x =a, and the x—axis. 

Consider the infinite region S that lies under the 
curve y= 1/x?, above the x-axis, and to the right of 
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the linex = 1. One might think that, since S is infinite 
in extent, its area must be infinite, but let’s take a 
closer look. 


The area of the part of S that lies to the left of the line 
x = b (shaded in Figure) is 


b | ik i 
A(b)= J an ae 5 


Notice that A(b) < 1 no matter how large b is chosen. 


: ; 1 
We also observe that lim A(b) = lim{1 = | =1. 


b> 


The area of the shaded region approaches | as b> 00, 
so we say that the area of the infinite region S is 
equal to 1 and we write 


1 b] 
dx = li dx=1. 
J ZZ x = lim 7 dx 


boodl XK 


Evaluate J (1—x)e “dx 
Integrating by parts with u= 1—x and v=e* 


yields 
Ja-» e*dx= —e*(1—x)- [em dx 


—e*+xe*te*+C=xe*+C 


° b 
Thus, I (1—x)e“dx = lim[xe™* [> = lim — 
0 boa boxe 


The limit is an indeterminate form of type 0/c, so 
we will apply L'Hospital's rule by differentiating 
the numerator and denominator with respect to b. 
This yields 


w \ 
I (l—x)e*dx = lim —=0 
0 boxe 


An explanation of why this integral is zero can be 
obtained by interpreting the integral as the net 
signed area between the graph of y = (1 — x) e* and 
the interval [0, 00). 


2.54 O 


Evaluate J [2e] dx, where [. ] 


denotes the 
greatest integer function. 


Let= |) (26 *}ax 


ae 2e*<0 0 
Sa ee Vv xe [0, «] 


“. 2e*is decreasing function VV x € [0, 0] 
=> 0<2e*<2 Vx e[0,~) 


Let y=2e* 


1 
Forx>In2 >e&>2> e*< 5 


2e*<1>0<2e%*%<1 
[2e*]=0 


RU 


In2 4 oa) a 
I= I, [2e*] dx+ J, le ] dx 


=(n2-0)+0=M2. 


——— dx 
Evaluate J, re, 
Putx=tan®. ~. dx=sec%0 d6 


A ‘ T 
As x increases from 0 to 07, 0 increases from 0 to oe 


I fe tan’ @ sec”? 6 dO (ig 
0 C 


) 


1 
: sin? @ d0 =—7n 
) sec’ 6 4° 


Ze |Note: Thus, sometimes an infinite integral 


can be tranformed into an ordinary definite integral by 
a suitable substitution, we must see that the 
transformation is legitimate. 


Example 4.) Show that J, e*x"dx=n! ,n being 


a positive integer. 
Let I, denote the given integral. 


& 
I, = lim] e*x"dx 


erndi 


_. =ArTK sn & © -x on-l 
= tim [ ex le ne x ax} 
[integrating by parts] 
=nlim} e*x™! dx since lime *. &" =0 
EO 
=nl, ,=nQn-1)I,, (as before) 


n- 


=n(n-1)(—-2)I 


nj 
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=n(n=1)(n=2)...2.1 [ e* dx, 
=n!, since I, e dx =1, 
[—« 
Evaluate | Gong ap 


k x+3 
> Gahooey © 
b 
= lim | — ie 
boods (x4 1)(x? +1) 
i 2 2x41) 
= lim dx 


bood2\x—-1] x74] 


dx 


= lim [2 In(x = 1) -In(x? + 1) -tanx]? 


T 
HOG +1n5+tan!2 1.14. 


Notice that we combined the logarithms in the 
antiderivative before we calculated the limits as 
b > o. Had we not done so, we would have 
encountered the indeterminated form 
lim (2 In (b—1)—In (b? + 1)) = 00 —o, 
The way to evaluate the indeterminate form, of 
course, is to combine the logarithms, so we would 
have arrived at the same answer in the end. But our 
original route was shorter. 
2. The improper integral over the interval (00, b] is 
defined similarly 


b b 
| f(x)dx= lim | £(x)dx = F(b)— F(—20) 


where F(—0) is the limit (ifit exists) ofthe antiderivative 
F(x) as Xx > —00. 


Evaluate [ xe* dx. 
[ixe* de= im f'xe* ax 


We integrate by parts with u = x, dv = e* dx so that 
du= dx, v=e*: 


0 0 
| xe* dx=xeX]? — f e* dx =-te*—1 +e? 
a a 


We know that e? > 0 as a > — ©, and by L’Hospital’s 
Rule we have 


: ‘i . a . 
lim ac?= lim —= lim = lim (-e*)=0 
a>—oo ar-n Ee ar-1 —e a>- 
Therefore 


0 
[ xe dx = lim (-ae*— 1 +e?) 


=—0-1+0=-1. 
3. If f(x) is a function continuous in (0, 0%), the 
improper integral can be defined for the whole interval 
(co, 00) by definition, 


o 0 o 
i) f(x)dx -| f(x)dx +). f(x)dx 
Ifboth integrals on the right hand side are convergent, 


the integral | f(x)dx is said to be convergent. 


Ifatleast one of the integrals on the right hand side is 
divergent the equality has no sense, and the integral 
on the left is called divergent. 

Here we have a simpler notation. If an antiderivative 
F(x) is known, then 


[fax = F(e) - F(-0) 


where F(co) and F(—°0) are respectively, the limits (if 
they exist) of F(x) as x > 0 and x >—o. Ifatleast one 
of these limits does not exist the improper integral is 
divergent. 


Here both F(—00) and F(00) are equal to infinity and the 
integral is divergent. 

It should be noted that all the simplest properties of 
definite integrals enumerated are extended without any 
changes to improper integrals provided all the integrals 
on the right hand sides of the equalities are convergent. 


ae | 
Example 7.) Evaluate he ieee dx. 
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Solution [orf el ee 
-0 14x? 0 14x? ‘do 14x? 
We must now evaluate the integrals on the right side 
separately : 


ro) 1 t 
=lim = limtan™' x] 
I; L+ x2 dx tooJO J+ x? too Io 
= lim Gay-1 aly Nh a8 a 
op aly tan 0) So tant 5 


ee 0 dx 
= li = |i -1, 70 
es 14x2 dx iim |. ie tim tan” x] 
lim -1 | _n)_t 
= tim (tan 0 —tan~ t)=0- a5 


Since both of these integrals are convergent, the 
given integral is convergent and 
| J 5 dxt42en 

-ol+x 
Since 1/(1 +x?) >0, the given improper integral can be 
interpreted as the area of the infinite region that lies 
under the curve y = 1/(1 + x”) and above the x-axis 
(see figure). 


© dx 

Example 8. Evaluate | eyeeeeente 
—me*+e 

i dx px _e*dx 


«2 e*dx . pe e'dx 
} 2x ra lim | 2x: 
De 41 creed e+] 


c 


= lim], ot Gy thevsubstitulion de 
> Dye woe e substitution u = e*) 


c—00 


= limtan” ul} = lim (tan7!(e°) — tan“! (1)) 
1 coo 


c 0 


ick 9 x : ° e*dx 
Similarly, ae = fim f e*4+1 
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1 it 
= lim 5 = lim tan’ u 
co-odeS yo +] c-00 ae 


Il 


2 ™ -l; ec T A - 
tim (7 —tan ©) = 77 lim tan”! (e°) 


_E 9% 
40° 4 

«© e*dx 0 e*dx 

cme, es *+e% =, i |: +1 


m5 5 TT 
—+— pers 
Ac AMD 


Integral of a function with infinite 


discontinuity 


We now proceed to the definition of the improper 
integral for functions with infinite discontinuities. Let 
y = f(x) be a continuous function for all x € [a, b) 
(i.e. a <x <b) having an infinite discontinuity at the 
right end point x = b of the interval [a, b]. It is clear that 
the ordinary definition of the definite integral is 
inapplicable here. Let us first take the ordinary integral. 


b-é 
I(e)= | f(x)dx where ¢>0 and then make ¢ tend 


to 0. 

Then I(g) either tends to a finite limit or has no finite 
limit (in the latter case it either tends to infinity or has 
no limit at all). 


b 
The improper integral | f(x)dx ofa function f(x) 
continuous for a <x <b and unbounded as x > bis 


b-e 
the limit of the integral i f(x)dx for e > 0 (e>0) 


provided this limit exists: 


b : b-« 
[ f(x)dx = lim [0 f@dx, e>0. 


b 
The integral | f(x)dx of the function can also be 


evaluated as follows : 


b b 
| f(x)dx = lim } f(x) dx 
a cob “a 


! dx 
Evaluate [| 7. 
Example 9 valuate |, 7 
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Sotution) J, >= tim 
(eee 
=— lim 2V1—x ) =— lim 2(J1-b -1) =2. 
17 bol” 


m2 COosx 


Evaluate |, 7—— 
Example 10 valuate J, Vivsnx 


Tt 
The integrand is discontinuous at x = 2 


nl2 cosx im [ COS X d 
ieee eo on 
= lim - | = sinxy (—cos x) dx 
u>n/2- 
= lim -24-sinx" | 
u>n/27 0 
= lim__2[(1 —sinu)!?-1]=2 


u>n/2- 


m/2 


Provethat_[sin’ Ocos""? 040 = &. 
0 
The integrand is continuous in 0<0< 5 TT, 


1, . The integral can only be 


but tends to 0% as 8 > ) 


ta-e ms 
defined as lim [? sin’ @cos 2 @d0 (1) 
o> 0 
Put cos0=A, —sin0 dd =da 


1 
06> 77,150 


when 0=0,A=1; 5) 


Thus (1) is given by 


1 
1 
lim [(1—42)x 2 
Eat a? dr 


5. Similarly, if the function f(x) has an infinite 
discontinuity only at the left end point x = a of the 
interval [a, b] we put 


b b 
| f£(x)dx = lim [ t@)dx where 5> 0 provided 


this limit exists. 
Ifthe limit does not exist, the integral is divergent. 


en eee 
Find |, p> &x 
We note first that the given integral is 
improper becuase f(x) = 1/./x_2 has the vertical 


asymptote x = 2. Since the infinite discontinuity 
occurs at the left end point of [2, 5] 


5 
ee = 2 = Him f° Jos = lim ve=2i 


= lim 2(V3 -Vt-2) =2/3. 


Thus, the given improper integral is convergent and, 
since the integrand is positive, we can interpret the 
value of the integeral as the area of the shaded region 
as shown in the Figure. 


1 
Evaluate I, Inx dx. 


We know that the function f(x) =In x has a 


f ; lim —_ 
vertical asymptote at 0 since “M7! In x oo. Thus, 


the given integral is improper and we have 
1 1 
| Inxdx= lim | Inx dx 
t to0* Jy 
Now we integrate by parts, 


1 1 
| In x dx = xInx]!—[ dx 
t t 


=1In-tlnt-(1-t)=-tlnt-—1+t 
To find the limit ofthe first term we use L Hospital’s rule : 
Int 


Int : 
ay 2445 — ji = lim (_4)= 
tne ae nO 


1 
Therefore, [ Inx dx= lim 1(a4Int-1+t) 


=-0-1+0=-1 
The figure shows that the area of the shaded region 
above y =In x and below the x-axis is 1. 
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1 
Example 14, ProvethatI= | x2 (1x) dx= a, 
0 


The integrand > o both when x > 0 
and when x > 1. We consider I as the limit, when 6 and 
e€ 0, of 


l-e 
= | x2 exy "dx 
6 


i 
7” and let 6,, 9, 


€ of x. Then 


Put x = sin20, where 0 < @ < 


correspond to the values, 6, 1 — 
dx = 2sin0 cos d@ and 


8 
L= * cosecO sec 0 2sin@cos0d0= 2(8, —0,) 
6} 


phase >and 8, >0asd—0, I=n. 


-.|Note: The above is an example of how a 


convergent improper integral, such as 


[taxa (1) 


may, when we use a substitution, (here we use 
x = sin?0) become a proper integral, such as 


2" 240 (2) 


The solution that merely puts x = sin20 in (1) and at 
once gets (2) gives the right answer; but since (1) is, 
in fact, an improper integral, this solution proves 
nothing. 

6. Ifthe function f(x) has an infinite discontinuity at 
an intermediate point x = c of the interval [a, b] 
(1.e.a<c<b) then, by definition 


b c b 
| f(x)dx -| f(x)dx + } f(x)dx 
Ifboth integrals on theright hand side of the equality are 


Since 8, > 
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b 
convergent, the integral | f(x)dx is also convergent. 
a 


Ifatleast one of these integrals on the right is divergent 
the integral is divergent. For example, 


= -(" S +{" o = 3¥x[ + #5] =34392 
aye Jag? to Ye is ° 

Note : One should not be puzzled by the use of the 
term improper integral to denote something which 
has a definite value such as 2 or n/2. The distinction 
between an improper integral anda definite integral is 
similar to that between an infinite series and a finite 
series, and no one supposes that an infinite series is 
necessarily divergent. 


Recall that the definite integral [ f(t)dt we defined 


as asimple limit, i.e. as the limit ofa certain finite sum. 
The improper integral is therefore the limit ofa limit, or 
what is known as a repeated limit. 


! dx 
Evaluate] 
-1X 


Since inside the interval of integration 
there exists a point x = 0 where the integrand is 
discontinuous, the integral must be represented as the 
sum of two terms : 


[ el =f 5 
1x2 1x2 ce 
Vdx 4 dx ' dx 


= = lim —= + lim — 
1X g70 ¢-1 XxX 6 90° 9&2 x 


We calculate each limit separately: 


&)30' “a X 


And this means that the integral also diverges on the 
interval [0, 1]. Hence, the given integral diverges on 
the entire interval [—1, 1]. 
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1 X 
Here both integrals on the right hand side are divergent, 
and consequently, the given integral is also divergent. 
In other cases, an integral with the integrand function 
becoming infinite on the interval of integration can 
yield a finite result. 
It should be noted that if we had begun to evaluate 
the given integral without paying attention to the 
discontinuity of the integrand at the point x = 0, the 
result would have been wrong : 


Mdx oly | (t-+}- > 
ax? Xo] 1 -l ; 


which is impossible. 


4 dx 
Example 16.) Evaluate I, Gey 


The integrand is discontinuous at x = 1, 
which is inside (0, 4). 


: 4 dx ; 1 | 
lim J, = lim- 
ul” (x 1) url” x 1 0 


= lim- (= pj=1 lim— (+1) =« 
uol- u-l ae u-l 


4 dx 
Hence, |,—= (x)? is divergent. 
lim if . 
We do not have to consider er dG? at all. 


4 dx 
For |,—= (x)? to be convergent, both 


tim [' li im J a 
seen (x1? and | ae Ge («_)? must exist. 


&.|Note: 


1. Ifthe function f(x), defined on the interval [a, b], 
has within this interval, a finite number of points 
of discontinuity a,, a, ...., a, then the integral 
of the functionf(x) on the interval [a, b] is defined 
as follows: 


} foots | GEE } eee } ” end 
a a ay ay, 


if each of the improper integrals on the right side 
of the equation converges. But if even one of 


b 
these integrals diverges, then | f(x)dx too is 


called divergent. 
Let 0 < f(x) < g(x) for a <x < b. Assume that 
lim f(x) =0o and lim g(x) = 00. (See figure). It is 
b 
not hard to show that, if | g(x)dx converges, 
b 
then so does i} f(x)dx and, equivalently, if 
b 
I f(x)dx does not converge, then neither 
b 
does | g(x)dx . A similar result also holds for 


a<x<b, with !im replacing lim , 
x>a xb 


b xX 
ffaae or 0<x<1, 


1—x4=(1 —x)(1 + x)(1 + x”) < 4(1 — x) and 


1 
Asan example, consider I 


rie 1- 


Since 1p does not converge, neither 


dx 
does [ Lox! Converse. 


o|— 


. d [ dx 
ow consider | >=. 
0x2 4Vx 


1 1 
Pade TK 
1 dx 
Since i ars dx converges, so does l= A Fe 
Assume that 0 < f(x) < g(x) for x =a. Assume also 


that lim 1 f(x) = lim 9(x) = 0. (See figure). It is not 


x—00 


For0<x<1, 
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hard to show that, if | bi g(x) dx coverges, so does 
| “E(x)dx (and, equivalently, that, if | “£(x)dx 


does not converge, then neither does [ g(x)dx. 


co dx 
As an example, consider J 1 ROR: 


1 


1 
Forx>1 ns 
poets Vxt4+2x+6 
e fies 4 [-: dx 
ince |, 2 converges, so does J, one 


Classify each of the following 
integrals as proper or improper. If improper, 
determine whether convergent or divergent, and, if 
convergent, evaluate it. 


(a) le (b) ie Sax 
(c) [sina (d) [ie 


1 
(a) Since nie takes on arbitrarily large values near 0, 
x 


we know that ise —= dx is nota proper integral. 


For every t in [0, Me 
1 

fiz x| =20--t). 
t 


Since lim 2d - vt) exists, we get 
t>0* 
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ne x= lim 2(1 - -Jt)=2. 
ne (@ist a convergent improper integral 
with value 2. 
1 
(b) The values of ex also increase without bound 


as x approaches zero, and (b) is therefore not a 
proper integral. For every t in (0, 1], 


1 io 
| 7 dx = 
tx xX 


= 1 J 
However, ue nfs 


r 
and, since he limit does not exist, the improper 
integral is divergent. 


-l=0 


dx = lim u 
too t 


sin a 
x 


(c) Since < 1 for all nonzero x, the function f 


defined by f(x) = sin — is bounded on [0, 1]. It is 


also continuous at jee: point of that interval. 
We now assign a value, say 0, to (0), and it follows 
that f is integrable over [0,1], and hence, 


1 
I, SLs dx is a proper integral. 


1] 
(d) J <a is an improper integral. 
It follows from the definition that 


1 0 1 
} dx =| dx + { Lie 

-1x -1x 0x 
and that both integrals on the right should be 
convergent. 
ae 

La lim De = a t) = 0 
Ox too et x 


and similarly ie Page is divergent. 


1] 
We conclude that J <a is divergent. 


A | CAUTION 


1 
Failure to note the discontinuity of the function — at 
Xx 


0 can result in the following error : 


1] ! 
i) dx = In|x\ 
-1Xx 2 


=0-0=0, 
1 
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3 1 
Example 18.| Find whether aac is 


convergent. 
3 1 
eee 5 | 
ene 


! 1 3 1 
a ax+ [| _ax 
=) 3) i(x— 1) (3) 
and both integrals on the right should be convergent. 
However, it easy to show that neither is convergent. A 
partial fractions decomposition yields 
1 1 1 1 1 


G=)els) oe=1 Dxo3-0 
1 1 1 
J dx In{x—1]+—In|x—3] + ¢ 
(x — 1) (x -3) 2 2 
1. ix-3 
=—In +c 
er ea 


In particular, therefore, 


1 
: dx = lim I : 
o(x=1l)G@—3) it oe -Da-3 
=| tii tal | Nee tacts 
tor 2 |t-1 2 , 
which is sufficient to establish that the integral is 
divergent. 


Example 19.) Ifthe value of the definite integral 


I [ Cai b din th 
eh B ipa acgey can be expressed in the 
As A ee 
form —cot — where — and — arerationals in 


B D B D 
their lowest form, find the value of (A + B2+C3+ D*). 


» (2x—x”)dx 
(dividing N‘ and D' by x”) 


» (2x—x~)dx 
1)’ 
=" (4 | +9 
x 


2 ! 1 
Put x°+— St | 2x=— dx = dt 
x x 
As x> 1, t>2andasx >, to 


1 ¢|" 
= | at dx = — tan 
2t +9 3 3 2 


Hence, A 
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1, B=3, C=2, D=3 
(A+B? +C3 + D4)=14+9+8+81=99. 


Concept.Problems Fa 


1. 


Which of following integrals are improper ? Why? 


iy 
ofa © J.a,—1% 


(c) (: ae as 


ol+x? 


2 
(a) f inx-1ax 


Explain why each of the following integrals is 
improper. 
vie ml2 
«4 | sec xdx 
@ [xtetax wf 


2 


x oJ 
————d dx 
) 0 x’ —5x+6 > Ae eres 


Find the error in the following steps: 


1] -lit oy ee | 
d = —-—=-2. 
J, x? % x B 1 -l 
Compute 


a) lim "Lax 
(a) 


t>0+ 


: t T 
(b) lim [. ee dx, 


How does ie result give insight into the fact 
that neither integrand is integrable over the 
interval [0, 1]? 


«© dx 
Sketch the region whose area is J, oe and 


use your sketch to show that 


f oe 
“of feo 


%, 2 -x2 1 7 -x2 
Show that | xe * dx -=| e* dx 

0 240 
Evaluate the following integrals : 


2 dx % 2 
ONS See ese 


w f 


; «6 dx 
(iv) ~0© x7 42x+2 


xIn?x 


8. 


10. 


11. 


Evaluate the following integrals : 


1 os 1 
: 0 ex ¥ 
(i) Ja @ Joege dx 


ii) x" dx ee 
Ws E-G-n Mle» fix 
Here is an argument that In 3 equals 1 — o. 


Where does the argument go wrong ? Give 
reasons for your answer. 


1 
=Inl-In= 
In3 =In n3 


: b-2 1 
= fim nf 5 } Me (1) 
5) 
= lim} In 
tim] x i ...(2) 
= lim [Iin(x—2)-Inx ] #3) 
bf 1 1 
= lim —— |dx 
boad3 (+ ~| (4) 
gs 
ae: ee ae dx (5) 
= | ax-f"*a 6 
= J, 507 &- J), & ...(6) 
: _9\7> _ 1; b 
= lim [In(x — 2)], lim [In x]; aa) 
=o-o, 
Show that [sino dO and [cose d@ are 
0 0 
indeterminate. 
00 : b 
[. f(x)dx may not equal lim _fOodx, 
2xdx 
Show that J, — ei diverges and hence that 
2xdx |. 
[- > — diverges. Then show that 
“ox +] 
. p> 2xdx 
lim | 3 +1 = 


12. (a) Show that if f is even and the necessary 


2.62 O 


integrals exist, then 


[. f(x)dx = 2 I £(x)dx 


(b) Show that if f is odd and the necessary 


13. 
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integrals exist, then | f(x)dx =0 
For each x > 0. let G(x) 


= (4 


e “ dt. Prove that xG(x) = 1 for each x > 0. 


Practice,Problemis Fe 


14. 


15. 


16. 


17. 


18. 


19. 


! Inx 


iven that | ————4x j t 
Given a it (l+x)Vx 1s a convergen 


2 Inx dx 
improper integral, prove that J, ae = 


Given that 
al2 n/2 
I Intan 049, | sin’ @Intan@d0 
0 0 
are convergent improper integrals, prove that their 


T . 
values are 0, a respectively. 


Prove the following : 
4 dx 
(i) 0 Gon? =3.43 


4 
@) |, a 62 


0 (x2) 
% dx 1, 1b 

(iit) Jo a’e*+b’e* ab ue a 
1 dx 


(iv) Jip eae 


Evaluate the integrals 
; > xdx fe x’dx 
() o (l+xy" (ii) o (1+x)4 
and show that they converge to finite limits as 
boo, 


Evaluat ig cos’ 6d8 Tt 
Ne eae 0 a’cos’0+b’ sin’ 0 ~ Qala +b)’ 
a,b>0. 


Prove that 


i. sink 4, jo ay 


sin? A 4 sin? x 
= + | dx 
0 x o sy A 


0 x? 


A 
© sin” xX 
a dx 


20. 
21. 


22. 


23. 


24, 


25. 


26. 


(It may be assumed that the integrals are 
convergent) 


1 
-l 
Prove that, asn >, J cosnx tan™ xdx > 0, 


Show that 


; o Xx =1(" dx 1 
O Jo Gexy 2430 (l¢xy 2 
- o dx | © x? dx | elt; 
w) 0 1+x* I, 1+x! 25 
2 
Find J, f(x) dx , where 
1 
forO<x<l 
43 
f(x) = Vit 
—————  forl<x<2 
V(x — 1° 
[. dx S 
Prove that ViK- ab x) 


[ ite 1 x(a+b), 
{((x=a)(b=x)} 2 
(i) bymeans of the substitution x = a+ (b—a) t?, 
(ii) bymeans of the substitution (b—x)/(x—a)=t, and 
(iii) by means of the substitution x = a cos?t 
+b sin’t. 


Prove De 


On Me F 
f =» Le. <i 
(ii) Serres mr ae We 


It can be proved that | ie 
o 1+x 


Sue = 1 cosec nt 


for 0<n< 1. Verify that this equation is correct for 
n= 1/2. 
Ifa and bare positive, then prove that 
; os dx _ T 
@ So G2 4a +b’) 2ab(a+b)’ 


x © x°dx _ tt 
® bo +a Ge+b) arb) 


(iti) i fis? 5 J Ta. 


27. Prove that 


_ af 
af cole a n> 


2.8 SUBSTITUTION IN 


DEFINITE INTEGRALS 


When evaluating a definite integral by substitution, 
two methods are possible. One method is to evaluate 
the indefinite integral first and then use the Newton 
Leibnitz Formula. 

Another method, which is usually preferable, is to 
change the limits of integration when the variable is 
changed. 

While integrating an indefinite integral by the 
substitution of a new variable, it is sometimes rather 
troublesome to transform the result back into the 
original variable. In all such cases, while integrating 
the corrsponding integral between limits (1.e., 
corresonding definite integral), we can avoid the 
tedious process of restoring the original variable, by 
changing the limits of the definite integral to 
correspond with the change in the variable. 


Substitution Theorem 


If g’ is continuous on [a, b] and fis continuous on the 
range of u = g(x), then 


b g(b) 
[ teoo g@dx=[" fu) du 


Proof : Let F be an antiderivative of f. Then, F(g(x)) 
is an antiderivative of f(g(x)) g’(x), so by the Second 
Fundamental Theorem, we have 


[f(00) 2") dx =F(eG)]? =F) -F(e@) 
But applying FTC2 a second time, we also have 


g(b) 
Jira) £2 du=Flu) 188) =F(e(b)) -Flet@). 


Therefore in a definite integral the substitution should 
be effected in three places (i) in the integrand, (ii) in 
the differential and (iii) in the limits. 


4 
Evaluate i V2x+1 dx 


DeriniteIntecRaTION [J 2.63 
7 co dx _ 
@) od) Greate) 
ra xInx 
(iii) 0 (+x?) =0 
év) cee ee 
0 (1+x)? 2 


Using the substitution, we haveu= 2x + 1 


and dx = du/2. To find the new limits of integration we 
note that when x = 0, u= 1 and when x =4, u=9 


4 9] 
Therefore, ( V2x+1 dx= if oa du 


eee =. 
23 


Inx 
Caleulatef m5 


Let u = In x because its differential 
du= dx/x occurs in the integral. When x= 1, u=In 1 =0; 
when x =e, u=Ine= 1. Thus 


e] rl 2 1 
O* ax i udu = 
ie 4 0 2 . 2° 


lm Note: When computing the definite integral 
from this formula we do not return to the old variable. 


2 
Letf(0)=0and [ f°20) eat =5 
0 


then find the value of f (4). 


2 
We have } f'(2t) PP dt = 5 
0 


50" 13?) = 2 


Put ef 20 = y 
=> 2f'(2t) ef 2 dt=dy 
tet ef (4) 
Now 5 J £0) dy =5 — le dy =10 


=> FM_FO=10 
Hence, f(4)=/n 11. 


A| CAUTION 


Ifwe take f(x) = x , then 


1 n/2 
| vx dx = | ,/sinu cos u du is true. 
0 0 


> fV=10+°%=11 
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But [ve ax = [°° V@inu) cos u du 


is absurd since is ./x is not defined for negative x. On 
the other hand both the statements. 


D3 m2 4 
x’ dx = i sin-ucosudu and 
0 0 


iL 9n/2 4 : 
| x’ dx = } sin-ucosudu are valid. 
0 Tt 


2 
Example 4.) Compute J xsin xdx 
We put y= x”. Then 
4 


z 1 ¢¢ 1 
| xsinx’dx = =| sin ydy = —(—cosy) 
-1 241 2 1 


1 
= —(cosl—cos4 
5 ) 


Note that here we are not allowed to put x = ,/t , since 


vt = 0, and in the given integral x attains negative 
values as well. 


..|Note: The derivative of a differentiable 


function need not be integrable. Examples to illustrate 
this are not however very easy to construct. if we 
assume that g’ (t) is continuous (the usual 
assumption), the integral 


b 
[ £200) g'@)at certainly exists. 


sin” x 
(Examples) vate 


(Solution) Put sin'x=0> do =a x 
Vd - x?) 

O and | are the limits of x ; the corresponding limits of 

0 where 0 = sin“!x are found as follows : 

When x=0,0=sin!0=0 


When x=1,0=sin!1= : 


n/2 
1 


n/2 
I= [a0 = Ly?) ee, 
0 2 8 


0 


he, | Note: Ofcourse this example can be worked 


out by first finding the indefinite integral in terms of x 
and then substituting the limits. 
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Example 6.) Compute the definite integral 
ik x’dx 
0x°-17" 


Let u=x3-17. 


’ du 
Then du = 3x7dx, or, equivalently, x? dx = rc 


, pet . 
Risa oan a 


1 
= > In|x?-17|+c. 


3 
2 x?dx _l 3 2 
Finally, \, Bria zine 17 || 
1 1 
=—In|8-17|-=In|-17| 
3 3 
| 9 mT 17 =F Z 
Cea ere ae 0 
m/2 dx 
te | 
Example 7.| Compute eee 


To find the indefinite integral of the 


function f(x) = let us take advantage of the 


1+cosx 


2 
change the variable of integration in the following 
manner: 

x=2tan't. 
From trigonometric formulae it follows that 


substitution tan = t. To be more precise, let us 


De ne RE 
I+cosx j,,1-t? 14+t?+1-t? 2 
1+t? 
We then compute dx : 
dx= 2 5 dt 
11" 
Finally, since tan —=0, tan 7 =tan==1 wehave 
: Ove 2d, 4 ° 


to take 0 and 1 as the limits of integration in the new 
integral. Thus, 


m2 144? 1 
| z -| see dt=[ ae=1, 
0 1+cosx o 2 140? 0 
Example 8.} Show that 
sina + V3). 


fe dx 
ay aes ca ee 


Put x =sin0. Then dx =cos 6 d0 


Also when x = 0, 0 = 0, and 
1 Tt 
> 0= e 
_ (its cos0 dO 

0 cos20 cosO 


1/6 
= In tal + 0]| 
2 4 fi 


1 5 1 1 
= —| Intan—vnz — Intan—7z | = 
| 5 5 pa 


when x = 


n/6 
z I, sec 20d0 


V3/2 


(Example 9. ‘Example 9.) Com ute the inte mi 
P paetheimewal J Se 
Apply the substitution x = sin t (the 


given function is not monotonic), dx = cos t dt. The 
new limits of integration t, and t, are found from the 


O 2.65 


DEFINITE INTEGRATION 


; . ; 2n 5n ; 
is negative on the interval 3° 6) we obtain 


2a13 cos tdt -| 52/6 dt 


(hes J 
2 yf x2 Wiel sin t(—cost) ¥ 


22/3 Sint 
51/6 tan 5) 3 
= fnitant =n 12 =/fn Z ; 
2n/3 tan V3 


-.|Note: Ifwe take t, = me t,= 3 weneed to 


, ‘ ; : Tt : 
split the interval of integration at t = 3? Since 


' T 
Vl—-x? = |cost | and cos t changes sign at t = ey 


b dx 
Evaluate |, ayaa 


Sere clls S1es ee T 
equations > sin t; 7 sin t. We may put t, = 6 
and t, = 3 , but other values may also be chosen, for 
: 51 21 
instance, t, = 6 and t, = 3 


In both cases, the variable x = sin t runs throughout 


LB) 


the entire interval 2 7 


Let us show that the results of the two integrations 
will coincide. Indeed, 


V3/2 -("" cot dt he dt ti? 
= =fn|tan 
1/2 = x2 z/6 Sintcost x6 Sint se 
— éntan=- ¢éntan = fn 2+ 3 . 
12 V3 


On the other hand, taking into consideration that cost 


Solution) Put x=acos?6 + bsin20 
dx = 2(b—a)sin® cos0 
hte 2(b—a)sin 8 cos 0d0 
i 0 (acos’ 0+ bsin’ 0)(b—a)sinOcos0 


: [c sec” 0 

0 a+btan’0 

2 ee Vb.sec? 6d0 
Vb 40 (va)? +(vb tan6y 

2 Lan eo 
ee va 


0 


RL Tt 
ae 2 (ab) © 
Find the value of the definite integral 
f \ 


ae | 1-Inx 


i 1+ 
ny Inx in( 
Inx 
Substituting /n x =t, we get 
2010 1=—t 
(vee 
1 t(t-—(nt)) 


2010—In 2010 


— 2009+ ee ata 
oe Aubin) 


dx 
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V2-1 
roa dx 


2 
Evaluate |)? Sa. 
9 (2x+1vVx? +x 
Let x?+x=t? => (2x+1)dx=2tdt 


2t dt 
aR R= 5a 
2-1 
When x = v2 then 
pp see 
2 2 


_ W2-) (V2 +1) -1 a 


4 
When x= 0 then t =0 


(ia 2t dt \/2 2 dt 
Hence, I= 0 (Qx+l*t =| 


0 4x7 4+4x4+1 
2f dt [ t 
~ “Jo 4(t?)+1 440 t? +(1/4) 
1 pea xs T 
= 5 2ftan at] =tan ere 
Alternative: 
1 
Put aa aa 
= eT 


If x=0 thent=1 
1 1 1 


If x= 5 — 9 then J2-1+1=- 


> LS 


Hence, the integral becomes 


3 3 
Letx= 5 tan 0, which gives dx = 5 sec? dO 
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and ./4x?+9 =V9tan?9+9 =3 sec 
When x = 0, tan 8 =0, so0=0; 


when x =3 /3 /2,tan0= /3 ,so® 


3v3/2 x3 


= —_——__ dx 
wT 3. (4x? +9)? 
1/3 1 (3) 
= an’ 6 3 ac? d8 
27sec? 0 ) 2° 
3 n/3 sin? 
s aah tan? 249 = | sil 
16/0 sec 16°09 cos“0 
n/3 
7 aah 1—cos ere 
1640 secO 
Now we substitute u = cos 8 so that du = —sin 0 dé. 
1 
When 0= 0, u= 1; when 0 = 77/3, u= 3: 
3V3/2 x? 3 pl21-v? 
Therefore, iF (4x? ni gy? dx =— 16 f Ww du 


Quadratic substitutions 


A substitution of the type 

y=x?-2x+10 (1) 
fails at the outset to give x uniquely in terms of y and 
must be replaced by one or other of 


=1+ Jy-9,x=1-Jy-9 


at least for the purpose of substituting for x in terms of y. 
For x < 1 we use the second form; for x < 1 we use the 
first. In order to use (1) in an integral 


2 
| f(x)dx 
-2 
we consider the integral in the form 
1 2 
| f(x)dx +f f(x)dx 
-3 1 


and use in each integral the substitution appropriate 
to its range of values of x. 


i 
Suppose for example that I = \, (x* —6x +13)dx. 


We find by direct integration that I = 48. 
Now let us apply the substitution y = x?— 6x + 13, 


which gives x=3+ ./(y—4). 


Since y= 8 when x= | and y= 20 when x = 7, we appear 
to be led to the result 


20 1 p20 
eae 
8 ~ dy 2°8 \fy—4 


The indefinite integral is (1/3) (y—4)37+ 4 (y—4)!, 


and so we obtain the value + ma which is wrong, 


whichever sign we choose. The explanation is to be 
found in a closer considerationof the relation between 
x and y. The function x*— 6x + 13 hasa minimum for 
x =3, when y=4. As x increases from | to 3, y decreases 
from 8 to 4, and dx/dy is negative, so that 


dx sl 

dy 2./y-4 
As x increases from 3 to 7, y increases from 4 to 20, 
and the other sign must be chosen. Thus 


I= [vax =[" a dy+f ay 
1 8 2/y-4 ae ee eae 
a formula which will be found to lead to the correct 
result. Similarly, if we transform the integral 


[ax = by the substitution x = sin~! y, we must 
0 


observe that dx/dy is (1-y?)~!? or — (1-y?)"! 
according as O0<x<7/2or n/2<x<r. 


3 
Example 14.) Transform the integral I (x—2)'dx 
by the substitution (x — 2)?= t. 


A formal application of the substitution 


throughout the interval [0, 3] would lead to wrong 
result, since the function x has two branches : 


xX, =2—-t;x,=2+ Jt. The former branch cannot 


attain values x > 2, the latter values x <2. 
To obtain a correct result we have to break up the 
given integral in the following way : 


3 2 3 
} (x —2)?dx -| (x—2) dx+f (x —2)?dx 
0 0 2 
and to put x = 2— alt in the first integral, and 
x =2+./t in the second. Then we get 


2 o dt 1¢4 8 
Z 2)d at =| viat= 
I= J (%-2)°dx Naat 3 


3 [ 1 
=| (x-2)'dx =| eae Wee 
2 2 0 at 240 3 
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Hence, I= af - =3 which isa correct result. It can 


be easily verified by directly computing the initial 
integral : 
(x-2y 1 8 


+—=3 
3. Be Oe 


[i 2)? dx = 
0 


0 


Discontinuous substitutions 


The example that follows shows that a formal 
application of the formula for a change of variable 
(without due account of the conditions for its 
applicability) may lead to an incorrect result. 


Since the integrand of the integral 


1 
I= } dx is positive, it follows that I >0 
114+ x? P ‘ . 


However, if we make the change of variable x = 1/u, 


then 1= [ u=-lI 


1 1] 
X=- d 
1L+x? dea +w 
This implies I = 0. Explain. 


The graph ofu= 1/x has a discontinuity at 


x = 0. Thus the indicated change of variable does not 
satisfy the requirements of the Substitution Theorem. 
To make the change of variables properly, we first 
break up the interval of integration, i.e., 


I=’ ‘o- oe 


Now if we let x = 1/u, we obtain 
0 1 1 1 
I= du + du 
re Ewer 


: ae | 
The integrals | aaa 
-1l+u 


1 


ae 


du and i 


can be evaluated to get the correct result. 
However, by putting x = tan8, in I 


we get l= [ido =-2 easily. 
-= 2 


&|Note: While applying Newton-Leibnitz 


Formula students are advised to check continuity of 
antiderivatives before putting the limits of integration. 
A discontinuous function used as an antiderivative 
may lead to wrong result. 


2.68 O 


Example 16.| Find a mistake in the following 


evaluation of the integral : 


[ dx _ i d 
0 14+2sin’ x 0 cos’ x +3sin’ x 
ik sec’ xdx 1 ; 
= | —— =—1an 
014+3tan?x 3 
(The integral of a function positive everywhere turns 
out to be zero). 
The Newton-Leibnitz formula is not 


applicable here, since the antiderivative 


= (V3 tan x) =0, 


1 = 
F(x) = a '(/3 tanx) hasa discontinuity at 
3 
the point x = 5 because : 


lim F(x) = lim Me tedaan x) 
a wt NB 
2 


2 


= saan) 7 
3 


caer 
23 and, 
lim F(x)= lim LL tan(/3 tan x) 


xo x95" V3 
Ds 


2 
ee | Tt 
V3 23 


The correct result can be obtained in the following way: 


tan !(—00) = 


( dx i 1 dx 
2 +2 2 fe) 
0 cos’ x+3sin° x 0 cot’ x+3 sin’ x 


1 “1 -lj/ nt Tt 
=——=tan wW3 | = ; 
V3 V3 2 3) AB 
It can also be found with the aid of the function 
1 -I 
F(x) = cle (V3 tanx) | For this purpose divide 


the interval of integration [0, 7] into two subintervals, 


0. 4 and E n| and take into consideration the 


above indicated limit values of the function F(x) as 
- 


T 
es . Now, 


7 dx ae dx {7 dx 
2 - 2 2. PS rae 2 - 2 
0 cos’ x+sin°x “0 cos’ x+sin° x z/2COS’ X+Sin° X 


~(/3tanx)| tegen Bian) 


== 
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“#lE-(0-C) 


Now, we have an alternative solution for above 
integral. 


[ dx 
~ Jo 142sin? x 
™ sec” xdx 


~ Jo 143tan? x 


0, f(2a—x) =-f(x) 


(1) 


2a 


wing Jy TOOK Vo f*F(axpdx, fax) = f(x) 


<2 
Xx 


Ht) sen 


we have f(m— x) = f(x) 


nl2 gec? xdx 


1+3tan? x 


(1) reduces to =2 \, 


ah Le 


Put /3 tanx=t = ./3 sec? xdx =dt 


2 2 
- Fears = BF} Fe 
as 
0142sin?x 3° 


dx 


2a 
lealte I= | a sccnx 
Example 17.) Calculate I= |) 7 scosx 


The integrand function f(x) = aa 


is continuous on the closed interval [0, 2x] and, 
consequently, has an antiderivative. An appropriate 
change of variable for finding an antiderivative of the 
function f(x) is t= tan(x/2). However, when we seek 
the integral I, such a change of variable does not 
satisfy the conditions of the Substitution Theorem. 
The change of variable t = tan(x/2) is permissible for 
each of the intervals 0 <x <nmandm<x<2n. 


t é 
ie and we obtain an 


cOsx = Leet 7, dx = 
antiderivative 
dt 


dx 
= = +C 
x) ce lane 


t=tan(x/2) 


4 -1{ 1 x 
= tan tan* ]+C 
3 (4 s) 


For any constant C, the function (x) is an 


antiderivative of f(x) = on the intervals 


(0, =) and (x, 27]. 
Since it has a discontinuity of the first kind at the point 


a 
1+0.5cosx 


4 
x=, Le. O(n") — 6 (= ~ ace it follows that 


1 


(x) is not an antiderivative of f(x) = T-0.5cos%. 


on 


the whole closed interval [0, 27]. 
However, using o(x), we can now easily construct an 
antiderivative for f(x) on the whole interval [0, 271] we set 


x 
tan! tan for 0<x<q, 
V3 3S 
2m 
F(x) = a for x=1 
4 ai 1 *) 4n 
tan tan | for t™<x<2n 
V3 V3 2) VB 


We have thus taken C =0 on [0, 7], extended the definition 
of (x) (for C =0) to the point x = 2 by continuity from the 


4 
left and have taken C = ar on (1, 271]. 


We have got a function F(x) whose derivative is equal 
to the function f(x) at all points of the interval [0, 27], 
the point x = m inclusive, i.e. F(x) is an antiderivative of 
f(x) on [0, 271]. 

From the Newton-Leibnitz formula we have 


Qn 4n_o_4 
I= F(x)|," =F(2n) FO)= 5° are 


Note: We could have divided the integral I 


a 2a 
into two integrals I = I f(x)dx +f f(x)dx and use 


the fact that the antiderivative of f(x) on [0, 2] is the 
function 


sran{ ran for O<x<na 


Ee) = 2m for x= 


and on [z, 27] the function 


4 -1{ 1 x 
——tan™|—=tan*| for 0<x<2n 
fee Jond) 


v3 
_ 2m 
V3 


F(x) = 


for x= 


O 2.69 


(F(x) results from (x) for C =0 when the definition of 
(x) is extended to the point x = 1 by continuity from 
the left and F,(x) from the right). In that case, applying 
the Newton-Leibnitz formula to each of the integrals, 
we obtain 


DEFINITE INTEGRATION 


I= F\(x)* + F(x)" =F\@)-F,0)+E,20)-F,) 


pene 


~ 3 
cos’ 6d0 T 


n/2 
Example 18.) Prove that J cos20+4sin?0 6° 
sec’ 0d0 


n/2 fale) n/2 
ie i aeeesk (1+ tan? 6)(1+4 tan? 6) 
Now put tan@ = x 


2 dx 
), 4x2)0+4x7) 


1 i | 4 
ieee 
340 \1l+x* 14+4x 6 
_—— 
Example 19.) Evaluate , (54+4cosx)? 


a dx 


i 0 (5+4cosx) 


Ay 


x 
sec’ —dx 
2 


2, 
s(14+tan’ *) +4(1- tan’ *) 
2 2 


x 1 2X 
a sec’ ~dx = dt 

Put tan’, t ) 7 
© (1+t)2dt (= 
~ Jo (9402 Jo (9414?) 


cee | 2 dt 
= 2 dt-1 
[: 9+t? : 6f, 9+) 
=i 2s 1 ean! | 16 t ; tan! 
3 3Jo 1g9+t?) 54 3], 


1 4 5m 
™| —— =—. 
Be Dy CDF 


2m 16 7m_ 
3.2 542 
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Example 20.) Prove that ore [me] ge a 


ae ax oA ~ (2009)? L1+u],, — (2009) ’ u(l+u) 
0 (Jcosx+Jsinx)* 3 72008 wiry 1 
=e du 
m1 2 dx -| 
I (2009) ¥~Lu util 
ee eo a 
2 
_ pn/2 sec? xdx a fin u go 
9 (14+tanx)* (2009)°_ utl], (2009) 
Put tan x =z then sec?x dx = dz and Pe 
x=0 z=0; x=3 Z=0, . ce 
=> a=2,b=2008 and c= 2009 
=f => (at+b+c)=4019. 
I= Jo Gaz)" 


Show that the value of the definite 


1 
Let 1+ V2 =t;th dz=dt and 
e sthen >F an 


; i [. (sin™' e* + sec”! e*) dx ; 
z=0> t=1; Z=0> t=0 we es (tan! e* + tan” e* )(e* po5) ERS 
% 2(t—1) of J 1 d independent of a. 
1= fa at=2 |, [aoe We hive 
2 a ( sin! e* + cos! e* e* 
1 1 = 1,1 2_1 = es dx 
2 + a{- + ) 1 ==, I | ( “13a =I x 2x 
. a 2° 3 3 3 -»\ tan e° + tan” e e* +1 
zp # las 
aia In(cot x) se ae ~ 2 J-« (tan e* + tan e*)\(e* +1) 
If I, (sin x)? + (cosxy"™)’ See ex 
Put tan“!eX=t > ae Fh = dt 
a°Ina hs oF 
oa (where a, b, c are in their lowest terms) ; Xn ity ¢ dt 
then find the value of (a+ b + ¢). 240 (t+ tan” e*) 
= Lin (t+tan” |" 
a4 
: J In(cot x) : -(sin 2x)? dx 


~¥o ((sin x) + (cos aad 


=F) in(2tan" e*) - In( tan" e )| = . In2 . 


f 74 In(cotx) 2708 (sin x) (cos x)’ 


1 
d } 2 
~ #0 (1+ (cotx)™ y (sinx)" (sin x)” . [Example 23.) Evaluate ig d(In x) 
Here the limits are the values of In x. Hence, 


72008 ie In(cot x) 2009(cot xy" Inx=-1>x=I/e 
a : ; x Inx=1 >x=e 
2009)? 1 aio sin’ cts ; 
Ree ote Mle aea)s 2) Cas Thus the given integral is equal to 
~2009(cot x)?” e e 
Let (cot x) 2009 =, ( 2 ) dx =du } Pay. = | x dx 
sin’ xX l/e x l/e 
72008 1 1 
I= | ~ aw du _x{ _e 4 str ei 
(2009) ¥0@ (1+u) Qlie 2 2e 22 
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Concept, PiOblCMS Cm 


1. 


Applying substitution, calculate the following 
integrals : 


(ie dx 

(Jo apa? +1 
fi sin! Vx 

@) 0 Jx(1—x) 

Evaluate the following integrals : 

ae eee 

@) 0 5x7 +1 


1 
(ii) | 5x*Vx° +1 dx 
=“ 


1 xdx 
(a) ere 
(c) [ver tax 


dx 


COS X 


2n 
@ Io Tae 
Ve 2 : 
(iv) I, X COS | X x 


Find out whether, when calculating the integral 


1 

I. V1—x°dx by changing a variable x = sint, we 
can take, as the new limits of integration, the 
numbers 

(a) mand n/2, 
(c) mand 5z/2. 
Calculate the integral in each case when this 
change of variable is permissible. 


(b) 2m and 5x/2 


If f' is continuous on [a, b], show that 

2 f foot" ax = (Ab)? [ar 
Evaluate [, (1+ 5x—x°)4(x?— 1) (x?+ 1) dx. 
If fis continuous and ie f(x)dx= 4, find 
[: xf (x*)dx 


Meet says, " J 0 cos2 9 dO is obviously positive. 


"Avni claims, "No, it's zero. Just make the 
substitution u = sin 0; hence du = cos@ d@. Then I 
get 


[; cos? 0 d0=[" cos®cos® dé 
0 0 


= [view du = 0 Simple." 


10. 


11. 


12. 


13. 


14. 


(a) Whois right? What is the mistake? 
(b) Use the identity cos?0 = (1 + cos20)/2 to 
evaluate the integral without substitution. 


Avni asserts that J! , 2x? dx is obviously positive. 


"After all, the integrand is never negative and 
—2 < 1." "You are wrong again," Meet replies, 
"It's negative. Here are my computations. Let 
u= x2; hence du = 2x dx. Then 


[% 2x2dx = [', x-2xdx 
= A Git du=— f,Vu du, 


which is obviously negative." Who is right? 
Why is it impossible to use the substitution 


3 
: : c 3 
x= sin tin the integral I, xV1—x" dx ? 
Verify the result of transforming the integrals 


! 2 een) 
J, (4x? -x+1/16)dx, and "cos? xdx 


by the substitutions 4x?—x + 1/16=y, and x= sin"ly 
respectively. 

Make sure that a formal change of the variable 
t = x5 leads to the wrong result in the integral 


2 
| ; Vx? dx . Find the mistake and explain it. 


Is it possible to make the substitution x = sec t in 


1 
the integral I= I Vx? +1dx, 


1 
Given the integral I V1—x’dx. Make the 
substitution x = sin t. Is it possible to take the 
T ae 
numbers 7 and 7 as the limits for t? 


a dx 


Given the integral | ———3—. Make sure that 
0 1+cos’ x 


-l V2 cosx 


7 an 
1+cos* x 


1 
the functions F (x) = V2 a 


1 -1 
F,(x) — V2 tan 
integrand. Is it possible to use both antiderivatives 
for computing the definite integral by the Newton- 


Leibnitz formula? If not, which of the 
antiderivatives can be used? 


tan x Ph ot, anid 
V2 are antiderivatives for the 
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15. 


16. 


17. 


2.9 


Evaluate the following definite integrals by 
finding Pe 


@ [—— sinvx+], Vx+1 
(ii) Ir cos2xv4—sin2x dx 


* In(-t) 
(itt) a 


(iv) (isms sin x 


Evaluate ie eee definite integrals by 
finding antiderivatives : 


ie xX 

O Jo G_ax2Wi-x? 
oe Z dx 

(i) reeriesilan 


tes J dx 
(itl) o 4+5sinx 


pt x27 
Vlog leas 


Evaluate the following definite integrals by finding 
antiderivatives : 


( =) 
sin} X —— 
4 


a/4 
@ | 
0 sin2x+2(1+sinx+cosx) 


4x74 
4 


ai J, 
af2 
(i) Jy 


(iv) i 


dt 


dx 


[ x \ 
+,/— oe) dx 
sin x 
x’ dx 


V(x — 3)(5 — x) 


INTEGRATION BY PARTS 
FOR DEFINITE 
INTEGRALS 


sin x 


The formula for integration by parts in case of definite 


18. 


19. 


20. 


21. 


22. 


23. 


Find the value of 'a' such that 


= In 3/2. 


i dx 
oe +4e*+5 


27 
The integral i 3 is readily taken with 
— x 


the aid of the substitution tan =z. We have 


{- dx =[- 
0 S—3cosx "aa gle 


Find the mistake. 
Establish the following : 


f. f(x)dx 
oV1-x? 


ik _ f(x)dx | 
{(x —a)(b—x) 


EAS 520 1 
Evaluate | = inf 1+x-4] dx 
1 x -x +l x 


n/2 
=|. f(sin@)d®, 


=? ie f(acos’ + bsin’ 0)d0. 


1 2e°* +xe* +3e*% 41 
0(e* +1) (e% + x41) 


If 


=K- (e+ D(e+2)’ where K is a constant. Find 


the value of K. 
Suppose that the function f, g, f’ and g’ are 
continuous over [0, 1], g (x) # 0 for x € [0, 1], 


£(0) =0, (0) = 7, £(1) = snd aa rind 


the value of the definite integral, 


= g'(x){g"(x)- I} +f") g@){g" +H a 
a g(x) 


integrals is as follows : 


(a u(X)v(x)dx 


= (ucxy/ u(x)dx) - [ (veo v(x)dx) dx 


m4 x. sinx 


Evaluate], “Soy dx 
0 COS xX 


m4 Xx sinx 


dx 


Let I= } 5 
0 cos” x 


X tan x sec’x dx 
—————— 


= ala 
[ 
0 u Vv 


2 
tan” x 
We have fran x sec? x dx = ~~ 


I= [xj tan x sec’?x dx] 


= (int I tanx sec? x dx|dx 


m4 n/4 
x tan’ x 1 
= ——— } tan’?x dx 
0 20 
1 ml4 
Se ere (sec?x — 1) dx 
8 2 0 
nla 1 
ate F } sec?xdx= 2- =, 
8 8 0 4 2 


Calculate = | |Inx| dx 


Dividing the integral I into the sum of 
integrals over the closed intervals [1/e, 1] and [1, e] (to 
get rid of the absolute value and using, in each case, 
the formula of integration by parts, we obtain 


1 e 
-| Inxdx + | In xdx 
l/e 1 


1 Ss 
1 
= —xInx| +] dx + xinxf — | dx 
l/e l/e 1 1 


1 1 
= -24(1-4) +e-(e- y=2(1-4), 
e e e 
Suppose f, f' and f" are continuous 


ef 
on [0, e] and that f' (e)= f(e)=f(1)=1 and J Oa 


1 € 
=>: then find the value of I f"(x) Inxdx 
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ious 


snk: f'(2)), = [ax 


+ (2 dx 
1 x 


e] 1 
= cae 4] — — ‘f(x 
L, ik —F(x)dx = £00), 


(- ) 1 1 
= dlp So Ss 
e 2 2 
£24 1 1 3 #1 
= ]-— + = 

e 2 2e 


Example 4.| Suppose that f, f' and f" 


are continuous on [0, In 2] and that f(0) =0, f'(0) = 3, 
In2 
f(in2)=6,P(In2)=4and [© &?*-fCOdx = 3. Find the 


2% -£"(x)dx . 


J 


In2 


In2 
value of | e 
0 


2x -f ne dx 


In2 
=e. PO) val e °*-f'(x)dx 
0 


2 fins) 


In2 


In2 
42 | 5 
0 


42 e 2% - f(x) 
0 


6 
=(1=3) +2] 5 £0102) +2°3] ~-2+2| $46 


=-2+3+12=13. 


n/2 (1+ 2cosx) 


(Example 5) Evaluate], Grong o 
n/2 (1+ 2cosx) 
Lett=] 


0 (2+cos x)’ 
(ee cos x(2 + cos x) + sin? x 


do (2+cos x) ‘ 
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wi2  COSX m2 sin” x dx 
I, (2+cosx) =, (2+cosx)* 
In the first integral, integrating by parts taking cos x 
as second function and second integral unchanged, 
we have 
n/2 


l= [asin x 
(2 +cosx) 


ie sin’ x dx (lis sin’ x dx 
( 0 


0 (2+cosx) 9 (2+co0sx) 


1 1 
~(2+0) 2 
Alternative : 
_ hi (1+ 2cos x) 
~ 40 (2+cosx) 
Dividing N'and D'by sin? x, we get 


n/2 (cosec?x +2cosec xcot x)dx 
i=] 
0 (2cosec x + cot x)’ 


Put 2 cosecx+cotx=t 
=> (2 cosec x cot x + cosec? x) dx =— dt 
When x =0, t=, 


henx = —~,t=2 
when x = >? 
2-dt edt 1)” 1) 1 
= = Q- 
I [ 2 i: t2 a | | a. 


nl4 sin? xdx 


Example 6.) Evaluate I, 
Let (ik sin? xdx 
etl = : 
0 e™*(cosx —msinx)” 


_ ( sin? xdx 


e’™* (cosx —msin x)” 


0 {e™(cosx—msinx)}° 


(—(m? + 1)e™ sin x) 


= 1 ie sin xX 


(m? +140 e™ e™{e™(cosx—msinx)}° 


sin x . 
—[n_ as the first function, 
e 


Integrating by parts taking 


‘ m4 
1 sinx 1 
I=- (m? +1)] | e™ e™(cosx —msinx) |, 
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7/4 e™ cosx —sinxme™ 1 
+] 2 . Z dx 
0 e™ e™(cosx — msinx) 
man /4 
ve eae 
2 = 
(m? +1) ema( 2 =) 2m |, 
v2 
are Z 1 a 1 (eon »} 
(m- +1) |(m—-De™ 2m 


—mrn/2 
7 1 {sone +H 


(m?+1)| 2m(m-1) 2m 


Example 7.) Show that 
es (n? +1) (n? +2°) (n? +3°)........ (n? +n’) ) 


nao 


= ~ [finn + 1)+In(n? +23) +... 
.... + In(n3 + n3)} — 31n4] 


1 
Hence T,=— [In (n?+17)-3 Inn] 
1 ay 
=  ato-inft+(E) Js. 
n h 
a 
In (5) | 


n 


n 3 
| r 

Let § = lim —— > In 1+(2) 
nN r=1 h 


1 
=| nd +x)dx 


1 1 
= [ nd+xdx + [ InGe-1x4 Dax 
0 0 


. fiers 
=In(1+x).x ], -| dx 


1_[ 5 re 


+In(1-x+x’).x ], i eran | 


4 
2x° -x 
2 


=In2—(1-In2)-J, dx. 


S=In4-1-I, 


x -x41 


Example 8.| Show that for a differentiable function 


i 1 
f(x), I. Po {IxI-x43 dx 


n 1 1 = 
_ | , flax)dx +50) +5 f(n) a f(r) where [.] 


denotes the greatest integer function andn € N. 


. a - ' 1 ' 
= I f (x Lxldx =f xf (ode+5[) £"(x)dx 


Ss | f'(x)[x]dx — fasten = } rox + 5 (Foo 
0 


r=l p-1 


yor -1) { f'(x)dx — nf(n) 
r=1 r- 


1 


1 1 F 
+5f(n)-3fO+ J f(x)dx 


= Ve-Dif@-fe-D} 


r=1 
1 : 1 
-nf(n) + F(n) + } _Foodx £00) 
SR) AO) lex n—1)—f{n) 


1 1 7 
fs f(n) + 5 10) I f(x)dx 
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. ps f(r) ++ stn) + 510) + | : f(x)dx 


Example 9.) Prove that i sinn 8 sec@d80 
2 cos(n-1) 8 
~  n-l 


— | sin (n—2) 6 sec0 dé. 


Hence or otherwise 


7/2 cos5@ sin30 
evaluate | ar aa 
0 cos® 


Consider sin n 9 + sin (n— 2) 0 


=2 sin (n—1) @cos 0 
=> sinn@sec0=2sin(n-1)0 


sin (n— 2) 8 sec ® 
Hence i} sinn@sec0d0 


7 5 cos (n — 1)0~ f sin (n -2)6 sec 46 


1 (i 2 sin3@ cos50 
C 


N 
ow, 5 


) cos@ 


1 ¢7? sin80 — sin20 


2, 40 cos@ 


2 as 7/2 sin60 
I,=—7 60878 ]o =i =a Ae 


0 cos® 


2 2 n/2 n/2 sin4®0 
petra |-2 cos50]° -| pee 40) 


0 cos@ 


7 
2 2 = (-2 00330] -[" sme dé 
SP LS 3 0 0 cos 


qs 28 dy <5. So-- 
30 — 42 + 70 — 210 152 
7 105 105 
1 76 + 105 181 
I=~=1L-1=- =, 
28 105 105 


2.76 (© _ Intecrat Catcutus ror JEE Main anp ADVANCED 


n/2 4 2 
Example 10. I (—_ \ ax 
0 X SIN X + COS X 


n/2 X COS X X 


i eerroreriai rc 
0 (xsinx+cosx) cosx 


1 n/2 


~ cosx XSinx+cosx|, 


72 cosx+xsinx , 
————— sec” x dx 


0 (xsinx+cosx) 


ll 


1 ae 
| - xX os sin x | |2 
cosx \xsinx+cosx cosx J Io 


TT 
sin x(x sin x + cos x) — x|2 


cos x(x sin x + COSsX) 


TT 
_ sinxcosx—xcos’ x [2 


COS X(XSiN X + COS X) |p 
ie (32) on 2 
le Go eee 
4.\3 
“( tan x 
evatuatet= [°["™) ax 
0 x 
Put x =tan 0 
7/2 sec? 8 


n/2 3 
[= Z =a 6d0 = I, tan? @ “~~ 
tan” 0 =e 


ie tan? ri 


Ba Waa, Ze 
=f 0° (cosec* — 1) dO 


n/2 Pe 
=f ce cosec cosec? 8) 40-7 
24 


sin X — XCOSX 


xX sin X + COS xX 


~ Qtan2 0/5 


tis 


Il 


3 2 n/2 m/2 1 
3|-0 cot |" ri (ocot0ya0—=| 


| 

| ve 
a 
“—~ 
oO 
— 
+ 
NO 
— 
oO 

a 
Sic 
N 
| 
Nia 
is 
ey 


& do 


Show that 


n/2 
J sin x - Insinxdx = In2—1. 
0 


Let = [r" sin x - Insin xdx . 


: : _ ii 
Clearly, the required integral = (1 I. 
Now, I = [In sin x.(— cos x)] f/? 


n/2 
COS X : 
= { —cos x * dx, using by parts. 


a) 

: n/21—sin* x 

= cos 0+In sind + [ ——— dx 
8 sin x 


n/2 
=cos 0°In sin 8+ i (cosecx — sin x) dx 
0 


= cos 8. In sin 6+ [-In (coseex + cot x) + cos x] 7/? 
= cos 6 - Insin 8+ In (cosec 8 + cot 8) — cos 8 


=cos0: inne wie cos 8 
sin® 


= (cos @— 1) In sin 8 + In (1 + cos 8) — cos 8 
LHS= limI 
0>0 


= lim {(cos 0-1) In sin 0} + In2-1 
00 


2 jig NON aia 4 
00 1 


cos —1 
[applying L' Hospital's Rule] 
cos0 


— lim sin@ +In2-1 
ald -(—sin®) 


(cos — 1)? 
cos0 (cos 0-1)? 
m 
80 sin’ 0 
cos (1—cos0)” 
90 1—cos’ 0 
cos8 (1—cos8@) 


80 1—cos0@ 
0+ In 2-1 =In 2-1. 


Prove that 


(lee Xsin X COS X T 
i 
0 (a° cos’ x +b’ sin? x) 4ab? (a+b) ° 


+In2-1 


+In2-1 


+In2-1 


Xsin XCOSX 


7 dx 


(ie 
tele 0 (a? cos? x +b’ sin? x) 


Integrating by parts taking x as the first function, we 
have 


-] m/2 
1=|x ay vay eee) a) \] 
2(b° —a°)(a“ cos” x + b’ sin” x) J |p 


nI2 i 
; i, 2(b” —a*)(a’ cos” x + b’ sin? x) a 


T Mi 1 i 
~— A(b? —a7)b?—-2(b? — a”) Jo 


sec? xdx 
a’ +(btanx) 


dt 
Putbtanx=t => sec?x dx= os 


2 


: J, 
~ 4(b* —a’)b? ar 0 ma +t?) 


—T e 
~ 4(b? —a7)b? * Babb? >|! ue )h 


—T 
~ A(b? —a*)b? “2a —al5 0| 
—. mm + 
4(b? —a*)b? —_ —a’) 
mb —a) 


~ Gab?(b2 — a2)" 
Example 14.| Evaluate 


30/2 
I (In| sin x |) cos (2nx) dx, n EN. 
0 


3n/2 
Let I= I (In | sin x |) cos (2nx) dx 
0 


Integrating by parts, taking cos 2nx as the second 
function, we have 
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ed fn bshinse sindax| fe cot xsin2nx 
a 2 0 2n 
0 1 [a sin 2nx cos x 
~~ Indo sin x 
1 t 
=e I, (1) 
oad 24 
1 (ie cos x{sin 2nx — sin(2n — aE: 4 
~ 2nJo sin x 
1 fe cos x2 cos(2n — 1)xsinx 
~ 2nJo sin x 
1 p3x/2 
Seip | (2 cos (2n — 1) x cos x) dx 
1 p3x/2 
Se el (cos 2nx + cos (2n — 2) x) dx 


3n/2 


sin(2n — 2)x 
2n 2n-2 0 


1 live sin 2nx 
= + 
2n 40 


1 
— 5, {(0+0)-(0+0)} =0. 


¥ t t t 
=> Weel pak oe: I, 
, 3n/2 sin 2X COS X 
Now, I, =| : dx 
0 sin x 


(1 + cos 2x) dx 


=(" (2.c0s?x) dx =f" 
“ 


3n/2 
oe - (+0) co+0)} = 38 


1 
From (1),1,=-7— 1, 


I’= 
a On? 


0 7 
H l= on 
ence 1,=—7 


Concept, PrObleMSiccccccce H 


1. Applying the formula for integration by parts 
calculate the following integrals : 


én2 Me 2n 4 
(a) ip xe * dx (b) J. x” cos x dx 


(c) [cos xdx 
2. Let f and g be differentiable on [a, b] and 


suppose f’ and g’ are both continuous on [a, b], 
then prove that 


[00 gaac+ J “tore ax= Abe) a) 2) 


3. Suppose f and g are continuous and 


f(a) = f(b) = 0. 
Prove [. f(x) g(x) dx =— [ f(x) G(x) dx, 


where G(x) = ie g(t) dt. 
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4. Suppose that f(1) = 2, f(4) =7, fC) =5, f(4) =3 
and f" is continuous, Find the value of 


[ x" cx 


Practice,Problems 
6. Calculate the ae integrals : 

@ {—— 

(b) f° * (xénx)? dx 


Sora X 
,/——d 
(c) J, sin ee Xx 


—————— 
(d) J, (2+ cos x)(3+ cos x) 


1x? 4x4] 


(e) [e sin x sin 2x sin 3x dx 


(f) i (x sinx)*dx 


7. Evaluate the following definite integrals by finding 
antiderivatives : 


(i) [. “[cos x(1+x)+ (1—x)sin x]dx 

(ii) Wise x"™* (1+ xcosx-Inx +sin x) dx 
e dx 

ewer 

(iv) (p x (tan! x)? dx 


1 
8. Compute J, xf"(3x)dx , given that f'(0) is defined, 
(0) = 1, (3)=4, and f'(3) =— 


2.10 REDUCTION FORMULA 
IfI,= [2° tan xdx show that 


| Pane UA = and deduce the value of I,. 


5. 


10. 


Show that 
(a) foc t dt =e*(e*—1—x). 
0 


(b) fre er pars ste*[e =1=x= aa 


1 
Show that I : xf""(x)dx = 3 for every function f(x) 


that satisfies the following conditions : (i) f(x) is 

defined for all x, (ii) f"(x) is continuous, 

(iti) f(0) = f(1), (iv) f' (1) =3. 

(a) Find an integer n such that nf, xf!"(2x)dx 
2 1 

= [ tf"(Wat. (6) Compute f. xf"(2x)dx,, given 

that (0) = 1, f(2)=3, and f'(2) =5. 


. Let fhave derivatives of all orders. 


(a) Explain why f(b) = f(0) + {, f(x) dx, 


(b) Using an integration by parts on the 
derivative integral in (a), with u = f'(x) and 


[vax =x —b, show that f(b) = f(0) + f'(0)b+ 
(e £)(x)(b—x)dx 
(c) Similarly, show that 


f(b) = f(0) + £'(0)b 4 


f(0) : 
5 b 


1 p>.) 2 
esi f (x) (b—x)?dx 


(d) Check that (c) is correct for any quadratic 
polynomial. 

(e) Use another integration by parts on the 
formula in (c) to obtain the next formula. 


Ltle3= aa Hence proved. 


1 1 1 
Now I, = I= ( 1) 


1 1 n/ 
Sey “tan xdx = ——+[In|sec x 3/4 
4 2 4 


= eg ede 
4 2 4 
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n/2 1 
Ifu,= I, x" sin x dx, (n > 0), then ul= J, x"tan'! x dx 


1 me -1 n+1|! 1 ‘ n+l 
prove that u, + n(n — 1)u,-2=n (5") : 7 tan x'x | x 
@ n+l |, n+141+x? 
n/2 0 
Integrating by parts, u,,= [ x"sin x dx 
° 1 Lopix™ [14+x?-1] 
‘ n/2 m2 4 sore RET ails re dx 
u, = [-x COS a + nf x cosxdx a 
0 
=> (nt Iu, 


ie m/2 . 
=n Cg sin ae - (nD x"? sin x dx 


1 n-l 
=n|—7 n(n — 1)u,_ 
G : ape +x™! tan x 
4 on 0 
Nes 
u,+n(n— Lu, = a5") : = i (n—1)x"*- tan”! x dx 
n/2 x 1 
If u, =| x(sinx)" dx , n> 0, > (nt ))u, a (n-1)u,_, 
n-1 1 Tq 
then prove that Mie ae Ue (n+ ai a= Pog go 


me ie ee oe r t™ dt 
w= J, xGsinxy"'. sinx dx If1,= | j,,2° show that 
0 


m/2 


1 
0 = = 
Tivo | n+l I. 
0 


+f" (n —1)x(sinx)" ?.cosx +(sinx)" | cosx Jac 


= —x(sinx)"!. cos x] 


1 ¢° 
n/2 Also evaluate laa 
= 0+(n-1) f° x(sinx)"? (1—sin? x)dx ) 


Iwo™ Jonge at= | 


n/2 ¥ di t? 
+] (sin x)" '.cos x dx 0 r 
9 l n n+l 
t fn 236 : 
1 -[° fa E we require in result 
=> u=(n-l)u (n—1l)u.+— 5 I+t n+1 
n n—2 n 
n+l 
= t — 
—! — 7 + 1 n 
nu, (n Iju, 4+ ‘ n 
n-1 1 Now], J 7? =tan'!t. 
> u, = Uj,» + 2 l+t 
gs " Using the reduction formula, 
1 = = = = 
Example 4.) Ifu, = (- x" tan’ x dx then prove For n= 0, 1,=t—I)=t— tan” t, 
4 t* v 
that For n=2, 1, 3 1, 3 t+tan7! t, 


x 1 
Gs) o.oo a a 


2.80 O 
1 +9 5 43 
re ee 
fae t-|4 ao tan ( 
ey i tae 1 _13_n 
(! Bee *) ae oe 


Example 6.| Compute the integral 


I= } (a —x*)"dx , where n is a natural number. 
0 


The integral can be computed by 
expanding the integrand (a? — x)" according to 
Binomial theorem, but it involves cumbersome 
calculations. it is simpler to deduce a formula for 
reducing the integral I, to the integral I,,_,. For this let 
us expand the integral I, in the following way: 


ye [let 


1 


0 


2 2 2)n-1 
=aLi- i x(a" — x)" xdx 


and integrate the latter integral by parts. 


We obtain 
L=al,+ Te@axy : 1 —x’)"dx 
n ml 2n 0 2n-o 
1 
= aly = oa 
ie a2 2n 
ae eat ee 
This formula is valid at any real n other than 0 and 
ile 
2: 


In particular, at natural n, taking into account that 
a 
I)= J, ax =a, we get 


2n(2n—2)(2n —4)....6.4.2 
(2n + 1)(2n—1)(2n—3)...5.3 


Example 7. Using the result of the preceding 


example obtain the following formula : 
1G BC, NC; £ 2G 
3 5 7 2n+1 
2n(2n —2)(2n — 4)....6.4.2 
~ (2n+1)(2n—-1)(2n —3)...5.3 ° 


Consider the integral. 


1,= , @-x?)"dx 


—y2nt+1 
=a 


1 
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2n(2n — 2)(2n — 4)....6.4.2 
~ (2n+1)(2n -1)(2n —3)...5.3 
Expanding the integrand by the Binomial theorem 
and integrating within the limits from 0 to 1, we get: 


1,= J d-x?)"dx 


= fia §O x 8 Ck IO idk 


allt "Cx? "Cx? n Cx’ ot (-1)" "Cx7nt 4 A 
3 5 7 n+] } 
1c Cc 2G n 
= J—-—14—2_-_3 4. (-lpb" —~.. 
3 5 7 2n+1 


Using the result of the previous example we can easily 
complete the proof. 


Example 8.| Find a reduction formula for the 


sin nx x Sinnx 
_——~dX and show that } —— = 7 or 0, 
sinx 9 sinx 


according as n is odd or even. 


We have 
sinnx —sin(n —2) x = 2 cos(n— 1) x sinx 
sin nx sin(n — 2)x 


integral i) 


: =2 cos(n— 1)x + : 
sin x sin x 
Integrating both sides we get 
sinnx ,, _ 2sin(n—1)x ~¢ | sin(n — 2)x fie 

sin x (n-1) sin x 
Above is the required reduction formula. 
Taking the limits from 0 to 7, we get 

I,=0+1,,=1,,..=], orl, 
according as n is even or odd. 


gin 2x 


Ifn is even, I, =I, = J dx = [ 2cos xdx 


o sinx 
= 2[sinx |j = 


x Sin xX a 
Ifnis odd =1,=1,= J, vax, nl =. 


sin nO 


2 
} d@=nz, 


Example 9.| Prove that J, ( 
new. 
Ifthe given integral is denoted by I, then 
LI (ie sin’ nO —sin*(n—1)0 
te ae sin’ 6 


sin 8 


dé 


do 


ib sin(2n — ves ) 
7 sin’ 0 


d@ = 


ie sin(2n —1)0 
i sin® 
[using the result of the previous question] 


L-h j= orlatl,j=nt+(rr+1,_,) 

or I,=2nt+I1,,=3nt1 nz+I1)=nt. 
2 
msin* 0 m 

=f “9 © [,odo=0. 
Alternative : 
We show that I, I,, I,,....constitute an arithmetic 
progression. 

Ta 1 21, Ie 1 me C41 T) (I, Te ») 


(im (sin’(n + 1)x — sin’nx) — (sin’nx — sin?(n DB) 


- 2 
0 sin” x 


il (sin(2n + 1)xsin x —sin(2n —1)xsinx) 
40 sin? x 


zs he (sin(2n + 1)x — sin(2n — 1)x) 


sin x 


n/2 2cos2nxsin xX m2 
=a x =2 K cos 2nx dx 


sinx 
sin2nx|“* 1 : Pet ae 
= On eg (sin nt—sin 0)=0-0=0. 
Eup laa 2h, 
ie.,1,_ 1,1, 1,4, froman A.P. 


Now [= 0 and I, = J, dO=n 


Hence I,=I, + (I, 
Similarly, I, 


I)=n+n-0=2n 


3" sin(2n— sin(2n— Dx , 


| IfS, x 
Example 10 =|" ae : 
v, = “( sin SEK) a i 
sin x 
n being an integer, then show that 


1 
n+l 1 Pike and Vat = Las Smet 


Also obtain the value of V,. 


O 2.81 


DEFINITE INTEGRATION 


m/2 
As: ={' sin(2n+1)x—sin(2n— Dx 4. 


sin x 


n/22.cos2nx.sin x nl2 
=| - dx=2] cos 2nx dx 
0 sin x 0 


sin2nx ]"” : 
=| Bae = 0 for allintegral values of n. 
2n 0 
S44 ee =S). 
nl2 siNX 4 
Now, 8, = [. aa mee dx=> 
TT 
Sit = 3k = 2 
n/2 sin?(n+1)x—sin? nx 
Also, V4;—-V,= \, < =" 5 ts 
n/2 i 
=| sues Le 
0 sin* x 
n/2 sin(2n+1 
om I Sun ca us dx = Saat 
0 sin x 
T T 
Ver Ved a Sa 5? Vat Vn2= oe 
T 
»V-Vi= 5 
T 
On adding, V,,— V, =(n—- 1) 5° 


n/2 T NT 
Since V, = I, dx= Be we have V, = os 


n( 1—xcosnx 


1ru= Jf [FASS Jacwheren 


is a positive integer or zero, then show that U,,,+ U, 


=2U,,, ,. Hence show th (fS ei 
ence show tha 29 7 
1—cosnx 
U,= -((-= oe 
aes 
™(1—cos(n + 2)x) —(1cos(n + 1)x) 
~ 0 (1—cosx) 
™ cos(n+ 1)x —cos(n + 2)x 
=| dx 


0 (1—cosx) 
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=i 2sin(n+3/2)xsinx /2 d ly 1 fe b 
" dein? x/2 Xx 7 Un= 5 nt from above. 
™ sin(n +3 /2)x Sify ie aia 
= Uses Cael ao dx (1) If, hs. e* sin" xdx Vn >2 EN, 
Saiki eiecth= i sin(n +1/2) bs then prove thatI_,, I, I,,, cannot be in GP. 
imilarly, U,,, Tea) ed _ 70 ; 
I= e* sin" x dx 
From (1) and (2), we get iB 
(U3 =U, A) AU U0) = [ sin" xl et dx] - i. nsin"-'x cos x e* dx 
=sin(n+3/2)x—sin(n+1/2)x 
=; sin x /2 ae [i si n"-'x cos x e* dx 
=(" Ecos 1)xsinx /2 =-n [sin™” eee ie 
sinx / 2 i 
{ae + a +nf_ ((n—1)sin"* x cos” x —sin"”’ x sinx)e*dx 
= +1 0 
mel) J = n(n— yf (sin"* x (I—sin? x))e*dx 
Hence, (U,,,—-U,.,))-(U,4,- U,) = 9 Oe hte) as 
—n sin” x e*dx 
Ussot U, =2U,41 ate 
0 pemee  baa x 
7 UW eo eS Uh Ue =n(n—1) [_ sin”? x e*dx-n(n-1) 
Similarly, U,..- U4, = Un41- Un le sin" x e“dx -nf" sin" x e*dx 
=U,- U1 = =U; - Uy => [=n(n-1)I ,—n(n—-1)I,—-nl, 
U,-U,_,=U,-U,=2-0 > [(+n)=n(n—1l,, 
=> Unt, ,=r+nt+U,_,=20t+ UL» => pes) (1) 
n +] n-2 ae 
U,=nr+U, " 
: Now, oe 5 
Us nm sg gearrrg 0 
* 0 From ee (1) and (2) 
x/2 sin? nO 7/2 1—cos2n0 I, n(n—1) Iw. — (nt+1)(n+2) 
Hence, } = ee = J eS 0 . = and—=* = 
0 sin 0 0 1-—cos20 I, ntl I, n+4n+5 
Put 20=x LetI__,, I, andI,,, are in GP., then 
d0= dx I, _ Tie _, ae 1) _{n +1)(n+2) 
2 | oe n+l n° +4n+5 
w2sin? nO ., 1 p=l—cosnx d => 2n’?+8n+2=0 which is not possible Vn €N. 
Hee, lk; sin? 0 2 J, ae => I,_.,,I,andI,,, cannot be in GP. 


Practice,Problems a 


1. Derive a reduction formula and compute the 
3. Evaluate i 4 — Lf sec" 0 ao | dx 


0 

integral } xve'dx , (Nis a positive integer). 
= m/2 

4. Ifl,= J, x" sinx dx, prove that 


5nt 
16 


2. Prove that if J,, = fin” xdx,thenJ,,=e-mJ,, | 


(m is a positive integer). I;= —15n?+ 120. 


5. Evaluate I, (a? - xP? dx 
6. Evaluate 


> 25 Di ON5/2, 
() [xP @-xP dx, 
fe eS ah fh 3: 2 
@) Jaye i) [xe dx 


n/2 8 

7. Prove that cos* x cos 3x dx = 

I ae 

sin 7x 
8. Prove that Ie =T, 
is cos nee 

9. Prove that ie T- cox =5n 
10. Prove that lee 7 


11. Show that 
2 dx 2n — 3 
@ W=f, +x)" 2n-2 "7 
2 PRE 2 oo ae 
@) Jo G4x2  2.46.82° 
12. Employing Euler's formula e* = cosx + isinx, prove 


oi —inx imx a 
that iP ee dx = 


0 for m#n, 
2n for m=n 


13. Using Euler's formulae cosx = iG +e"), 
sin x = 2 +e") calculate the integrals : 


n/2 


(a) Jos *™ x cos" xdx 


2.11 EVALUATION OF LIMIT 
OF SUM USING NEWTON- 
LEIBNITZ FORMULA 


From the definition of definite integral, we have : 


: n-l b— b- 

1, lim > ( =*) {axe} _ 7° f(x) dx 
~ wo(b- b- 

2. tim > [ =") (a+ = \)=[" f(x) dx 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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x sin Bax 


) | 


(c) ( cos" x cosnxdx 


0 sinx 


(d) it sin" x cos nxdx 


1 
Find i, x?(1—x)"dx (p and q positive integers). 
1 gn (n!)° 
1—x’)"dx = 
Show that J,¢ ) (Qn+I!° 


l 1 
Utilizing the equation J, xo dk = a? compute 
5 l n-l k 
the integral jx (In x)* dx. 
Ifu, = | cos n@ cosecO dQ, prove that 


2cos(n—1)0 


u U,o = 


ae . Hence or otherwise 


7/2 gin30 sin50 


find the value of I, = eg 


x" dx 
Compute [. ~ 2 When mis (a) even, (b) odd 
faso). or 


1(J—x)" 
Derive a formula for I, = I ( - dx , 
x 


(n is a positive integer). 

1 
Ifl,= i. (1—x*)"dx, prove that I, = 
n C, n C, n n C, 


3n 


Hence, evaluate 


ic a. 
lim 5 445) 
me Aya la) = |, 1 


ie ‘ ee ) =["£@)4x , where 


nao Nn. r=(x) 


(i) is replaced by [sign 


r 
(ii) a is replaced by x, 
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1 1 1 
lil) — is replaced by dx, T=— 
Gi isreplaced by -i 
(iv) To obtain the limits of integration, we use I+ a 
a= lim “2 and b= lim we esi a eee ik dx 
noo n no = —_ a 
oot ENG ps n 3k 0 J14+3x 


. k=1 ay 
Note: that we have to see the following ie " 


things before we can express the limit of its sum as a 


definite integral. (14 3x)! j2|! 
(i) Each term of the series must be multiplied by 1/n = } (1+3x) dx = 
which > 0 whenn—-> oo. g 3/2 5 


(ii) All the terms should be some function ofr/n which 
varies from term to term in A.P. with common 2 
difference 1/n 3 


Evaluate Evaluate 


lim 


: : n \2 
tel es ca Tar as +I in 32 (102 “1 
Let L 


2 
F “2 21 
— lim ! ! : bees d | in 2 (12) 
n0) J4n?-1 V4n?-4 J4n2-9 3n2 - 
1 
u =2| ((1+2x) +1)dx 
= lim >? l J, ( ) ) 
ae W402 = : ; 
= (1+ 2x) - 27 1 
“ (1-0) i i ST Sh EO ea 
7 lim 74 2-3 : 6 6 
n>0 oT n 1-0 2: 
+-[o+e{4°)} [2 >| 32 
n a2. + = 
6 6 30 


which is of the form SD Evaluate 
“1 b-a b-a 
lim f)at+r 
ae (*=")) in| Bs a a ae Ww 


no] n? 2427 244? nr +(2n-2) 


Here b= 1, a =0 and f(x) = —=—. n-I 1 
ae (Solution) Limit~ tim Y— | =[—1 


no pn’ +(2r)y?  914+(2x)? 


= [tan x] = tan! 2. 


ys" 1 
(Example 2.) Evaluate im )/-———. 
(Example 2.) oe nea. 
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Evaluate Limi 
ts 1 1 1 1 1 1 m 9) m n m 
lim + + + vessecnes + =] n 
noo be 2+n 3+4n om tin (2) +( bat 


i 1 : 1 ‘ 1 ie Z | Leaf)” 
eat l+n 2+n 34+n °° = lim — (=) 
1 


2n noon n 
: 1 1 m+l 1 1 
ae: 2 =[x™dx=|* = 
noo ™ Tt+n i ae \ unl 
im >? 
= lim = a J 1 dx Example 9.| Evaluate 
noo “— n 
= (£)+1 aa lin: (Po $82 aa VP eo ee ei) 
: 6,56, 26 6 
nee 1°4+2°4+3°+...4n 


=[In(x+1)] =In2. 


n n 
2 3 
Eval tim i sin 2 se 
ae see eee ee ete ee 
Example 6 valuate ( a ae The given limit is lim 


n 


2 2 
ro. ar A. Ted r art 
oor eer gree cL Ue 
ron n nn n 


i ST i Be ey _ lim Pea\n/ n\n 
imit— im = lim sin 7 ES n 6 
Limit noo Le eee Ln - n> Si 3 

1 n r=l n 
= . 2 
= J, xsin nx dx fixtax xd 


Put mx?=t > 22x dx=dt 


[.x°dx 
S ! [" int dt I Si 1 
=—] sintdt=—, 
slim Bice 
Example 7.) Evaluate 3 Jo sf 0-3 4.7 . 
7 1 
lim O+1,n+2 , 41 | 7 
ce 2252 ; i 
Limit Example 10.| Evaluate 
n 
; : 1+r/n) . n 1 n 1 
_] n+r_y 1 _( lim + te. 
ron +r° pea n(i+r?/n’) noo! (n+1) f(2nt¢+1 (n+2) ./2(2n+2) 


oe | 
0 2n,/(n.3n) 
1 T n 
= ~In2+— General term = 
ig Gaia 
Example 8.) Prove that 4 
limit= lim > | 


 1™42™43™ 4n™ 1 7 DEE got tage 
lim _ = oe (14£}n Gaz 


= [ <— dx = E In(x? +1)+tan™ x| 


Ox* + 


n> n m+l’ 
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ag ae b 2b 
tie = InL= jim “| ing(a+2}+ing{a+—) 
aoe +2x) o(xtDy{(x+b?-} y Hm a 


1 nb 
= [ seo '(x +1]. = sec!2 —sec"!1 = n/3-0 = 1/3 +...+1ng eae 


1 
: n!\n lim 1 or 
Evatt tin (1) ~ fim LS ing{a+ 2) =f mola bod 


= . (i In 0(z) dx [Putting a+ bx =z] 


1 
Solution) Let. = Him (©) aoa 
moe \n which is the desired result. 
(2! Evaluate 


InL = lim aa 


no n n -H{u2) i 
oa Gz ak a lim n° Se Oba? Orig) ae 
= lim —]p —=— =a 
no n n 


La 
: 1 1 2 3 n ay 1 i 
=lim 7 jn()sm(2)+m{ 3), Cass vn(2) is tim é 5" +) (1-22-33, on) 


1x r ; 1fn+l lx 
= tim 1 om(=) InL= lim + 7‘ Jinn Yikink 


no N r=! n Re k=1 
1 1 : 1fn+l 
=a Inx dx= xInx—x_| = thea Inn 
0 0 n-o n 
=(0-1)- lim xInx +0=-1-0=- n 
x90" cee 
nN’ k=l 
> L=—. 1 
= lim- kIn vk 
tin 5 ("Finn SS u 
a re ifn41 1k. k Inn n(n+1) 
lim br ~e = lim — Inn+ In—+ . 
Show that nied T]4(<+ =) e noo 2 n Ist n w 2 
1 patb 1(n+l n+l 
where = + |. In o(x) dx. --3( . Nin n+fe Finxdx+5(***) inn 


1 1 
= J, xInxdx =— 1 (by integrating by parts). 


We have 
1/n 


— li br 1 
— nis ufos al a ea. 
Example 14.) Evaluate 


= lim fo(e+®}a{a+ 2) o(aeae)] in} [14 - ic _ iG : }-(+ ie I" 


Taking logarithm on both sides, we have eae 


IfL be the required limit then In 
L=f,In(+x?)dx =[xIn(1+x?)—2x +2tan™ x], 


=In2+ = 


InL—-In2= ue 


L= 20-2 
Evaluate in CC) 
/n 
. 2n)! 
LatL= tim (C2) 
n>o\ nint 


_ [morn oo ay 


n!n! 


ea =P 
TAs is = n 


1 n+r 1 1 
Here, T.= —| In S| Ee 
ron t n r/n 
1X 1 
ame Mage 
Si | | 
f 1 
= {In} 1+— Jd 
Hence, In L J ( -) ye 


=i (In(1 + x) —Inx)dx 
(1+x)In(1 +x)-—(1 + x)-[k/nx-x] 
= [(+x)Ind+x)-1-xInx]) 


=(2 In2—1-—0)-(0-1) 
Thus, InL=In4 > L=4. 


Example 16.| Evaluate 
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. r 
lim (=) = 0, when r= 1, lower limit=0 


n>o n 


7 Tt : 2n 
and lim (=) — lim (=) = 2, whenr =2n, 
noo ln aan a) tl 


upper limit = 2. The given limit 
f. 1+x 


= x = 
0 14x? linge ® 2 
2 
E 1 2 
=tan'x},+ — In(1+x°) 
2 0 


=tan!2+ : In5. 
Evaulate 
lim : + A + : Ene L | 
moval V2 V3 V4 Van 
(Solution) LetL 
1 1 1 1 


: 1 
hed “el 


. 4n 
eee oe =4 


on 
L = 


(Example 18.) Evaluate 


“220 0)=4. 


: n 1 
lim a es +—— |}. 
n>] (nt+1y> (n+2) 64n 


Solution) Let 


n+l n+2 n+3 


+ 
m+ 242?) n?4+3? 5n 


nr nr? 1 
L= lim at a teases +— 
nol (nt+ly  (n+2) 64n 
3n 2 


= lim : 
aed r=1 (n de r) 


Put 3n = m, we get 
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m 2 
L= lim See 


3 
no r= m 
—+r 
3 


3 


ty ee 1 
= lim 
n>o im (+2 
m 
{ dx ats fe 1s 
Od +xy  20+x)?fp 32” 


Example 19.| Find the value of 
r=4n 
a lim 2, vn 
~ Bel Ji (3vr+4Vn) - 


Sis dx 
© 10 Vx (3Vx +4)? 


oie | 
Put 3Vx +4 i, ooo 
se at i 25-4] 
3 . 1 314 10 


Example 20.| Compute 


lim 3) 1+ [8 + jt +f + 
noon n+3 n+6 n+9 


Transform the given expression in the 
following way : 


3) 14 p+ f B_4.4+ | _2_ _ 
n n+3 n+6 n+3(n-1) 
ee {A Sites Wal ot 1 

ny) v1.40 132 vas jerescio) 


n n 


The -= sum is the integral sum for the function 


f(x) = 4/7— — on the interval [0, 3]. 


aa a 


lim 3]1+ J+ | B+ este n 
noo n n+3 n+6 n+3(n-1) 
ac dx = [d+x)1? dx = avi+x| 
ee 
ERRBEAT] compe 


; ( 1 1 1 1 
lim} —+ + shisiet 
nooln n+l n+2 an 
where a isa positive integer. Calculate approximately 
1 1 1 1 
tot 


+ +—+ta.. : 
100 101 102 300 
Let 
lim Ly ! + ! ++ u 
ape n n+l n+2 ~~ an (1) 


; 1 1 1 
— lim + wat 
nooln+0 n+l n+2 n+n(a—1) 
n(a-1) n(a-l) 1 


=lim >)? | =lim >)? 


noo “7 (n+r) se Sj n(l+r/n) 


(hide dx 
“Jo (4x) =[n(1+x)] 5 


Hence P= /na. 
Put n= 100, and a = 3 in (1), we get 


ig Be lg ae 
100101102." 300 
=2,303 log,y3= (2.303) (0.4771) = 1.1 approx. 
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For positive integers k = 1, 2, 3, .....,n, ly s n Lyi n | 


let S, denotes the area of AAOB, (where 'O' is origin) = Law n“2n¢+r a n—2n+2r 


r=] r=] 


ka 
such that ZAOB,.= ae , OA= 1 and OB, =k. Find the r 
n 


. le i 
value of lim a DES : = i » r 
noe n° oy r=l 2 2 


: 2 244") 


ae | 1 1 
a rena ower 


1 
0 


=[InQ+x]° - ; [Ind +x)] 


1 3 
= = =|2-—|In2 
In4—In2 5 In2 ( | n 


kn 
OB,=k, ZAOB,==— 


a ne 
1, . ka ; 1 : 2 B 
S.= ea (using A= Bo eme) Hence, least valueA+B+C=1+2+2=5. 
Le k 2 Ee Example 24.) IfH,, denote the harmonic mean of 
L=lim 2 Do: = =) >isin on n positive integers n+1,n+2,n+3.,......,n +n, then 
alas k=l n=l 
I Se _ Kt lei. mx find the value of tin( 
sin = [, x-sin dx nool yn ft 
2ns4H 2n 2 ¥0 2 
n 
=) H- 
= X COS + [cos os ‘Solution " 1 Pea be 1 
2% 2lo m n+l n+2 n+n 
1], 22f. m)| 2 BA MK 2° 3 ai 
_—|0 sin Papeete > bee ales 
2 tT 2) m2 n n+l n+2 n+n 
Example 23) Let a 1 
lim] —| = li : 
i ( rae |Sonrae 1 a in| up lree: lim > — 
Hoe || Gan la bh ee 2 ee ees r=1 Ee 
n+] 2n+3 2In+5 4n—1 i 
A . 1 dx 
= — InC, where A, B, C EN. Find the least value of =| =|n2 
B Ol+x 


A+B+C. 


. (H 1 
Let given limit be L, then . in | =-—. 
noo\ n In2 


tan”' (nx) 


L= lim ( Eades ape TE. 1 
mo\In+1 2n+2 2n43 4n Let C = [§ —>—4k then 
n au sin” (nx) 


: 1 1 1 1 
aly loceo toned on eg aes A find the value of lim n°-C, 
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+ tan”'(nx) tan? 
C = f* ey Tes (put nx=t) _ n+l 1 
no  *—5 sin” (nx) * D2 
sin! (n+1) m2 1 
L= lim n+l Bas 
1 ee) noo = “ 4 2 
> GE te sin") 


n 
Example 26.) Evaluate 
1 x 1 
lim| tan7! 
tim{ Peco 
tan n 
dt : 271°)... 1 1 
ea lim | ntan ‘lim 
J int Solution tim ( 2) in ene) 


k=1 


L= limn? ‘C, = lmn- ‘f= 


noo n>o AG sin t 


(20x 0) 


ani . ; 
= applying L'Hospital's Rule 
A (applying P ) 1+ In(sin1+ cos 1) 


=. 
n ectras 2 


Practice,Problems Ju 


1. Express the following limits in the form of an [t I 1 I 
na 


integral. (iii) lim 


n-o 


+ 
nat+l na+2 nb 


n>o f) 


| T 20 nt 
(i) lim —] cos— + cos—+...+ CoS — 
n n n 


(iv) lim 1 t 1 beet 1 
noo Jnvn+1 Vnvn+2 Jnvn+n 


(ii (ia eee eee el a Ve. 4. Evaluate the following limits : 
n> 6n 6n 6n 


2 1/n 
4 (i) tim tan - tan tan Lo tan | 
_ts0e'((n-D 2 ]4 3) Pie 2n- 2n  2n 2n 
t E 2 ba - iT 2 V2 3 1/3 7 I/n 
2. Evaluate the following limits : (ii) in| (1s ic (13 } {14 } 
noe, n n n n 
tea 7 5. Prove that 
@ i Foe 4 
ial 5, (a) m=lim— (/n?-14 yn? -2? +...4-/n? =n’). 
ie 7 
r=0 n -r Be 5 aa 44>... 
i ) [i +d Him Dn +2in+2i7), 
iii) lim 7 
my nootTnt+r 6. Evaluate the following limits : 
3. Evaluate the following limits : eee 1 i 1 = 1 a + 1 
‘ vr 2? n Qos n n+l n+2 °°— 4n 
(i) lim 7 2 oer 3 tat oe 
noo 3 + n° + n 2 2 
a 1 n n 1 
(i1) in| + Siete + 
(i) lim RiGee ce meee mn (ntl> (n+2) 80 
ii 


noo Po ow4+2? 243? 5n 


ae Te n+l n+2 n+3 3 
(iii) lim 2 +5 Peis te 


7. Evaluate the following limits : 


im ( n+]. nt2 7 | 
Oe met 9 eee n 

_ 2k 44k +6" +..4(2n)* 
(i) lim kel 


iii) lim 3 +] = + = + anaes 
a) no n+3 n+6 nt+9 


: 2] 
n+3(n-1) 


2 2 
n 


n 
(iv) lim (n24 1)” * (2422)? ss 


n 


: [n+ (n-1) lia 


2.12 LEIBNITZ RULE FOR 
DIFFERENTIATION OF 
INTEGRALS 


If f is continuous on [a, b], and u(x) and v(x) are 
differentiable functions of x whose values lie in [a, 
b], then 
d py dv du 
alas f(t)dt f(v(x)) ae f(u(x)) rs 
The following figure gives a geometric 
interpretation of Leibnitz rule. It shows a carpet of 
variable width f(t) that is being rolled up at the left 
at the same time x as it is being unrolled at the 
right. (In this interpretation time is x, not t.) 
At time x, the floor is covered from u(x) to v(x). The 


u 
rate —— at which the carpet is being rolled up need 


dx 
dv ; 
not be the same as the rate ae at which the carpet 
x 


is being laid down. 
At any given time x, the area covered by carpet is 


fat OS 
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8. Show that for each integer m> 1, 


1 1 1 1 1 
—+—+...4— < Inm < 14+—+4...4—— 
23 m 2 m-l° 


9. Show that for each integer m> 1, 
Ind +In2+....+In@m-1)<mInm-m+1 
<In2+In3+...+1Inm. 


+ nk 
nk! for k > 0. Find 


the approximate value of 1°+25+.....+ 100°. 
11. Prove that when a is large the sum to infinity 
; ! + u + : + : 
of the series = aap IS 


a+? 


1 
5 m/a, approximately. 


v(x) 
Aw)= [fcvat, 


The question is : at what rate is the covered area 
changing ? 

At the instant x, A(x) is increasing by the width 
f(v(x)) of the unrolling carpet times the rate dv/dx 
at which the carpet is being unrolled. That is, A(x) 
is being increased at the rate 


dv 
feo) 


At the same time, A is being decreased at the rate 


weed 
(ux) 
the width at the end that is being rolled up times 
the rate du/dx. The net rate of change in A is 
dA. eee — stacey St 
7 Ave) GZ —Hlu) 
which is precisely the Leibnitz rule. 
Proof : To prove the rule, let F be an antiderivative 
of fon [a, b]. Then 


| ie FCO dt = F(v(x)) —F(u(x)). acl 


Differentiating both sides of this equation with 
respect to x gives the equation we want : 
d pv(x) 


d 
dx Jui) Od ds [F(v(x)) — F(u(x))] 


dv du . 
= F'(v(x)) a F’(u(x)) ae [Chain Rule] 


2.92 0 


Soar Nde cece 
=f(vQx)) F — fue) =. 
x2 
For example, if F(x) = i) Vsin tdt , then 


F’(x)=2x.Vsinx? —1. Vsinx. 
IF(x)= [', tt , then find frst 
OTe 


and second derivative of F(x) with respect to In x 
atx=In2. 


dF(x) = dF(x) = dx 
d(Inx) ~ dx ‘d(Inx) 
3x 2% 
3x e 2x © 
=|3.e he®™ 236 ine x =e — efx, 
* d°F(x) d ace 
ow, a e*— e™* 
d (In x) d (Inx) 
d 6 4 _ dx 6 4 
Paes a dae en ame —4e*)x 


The first derivative of F(x) at x = 
is 2°—24=48. 
The second derivative of F(x) atx = In 2 (i.e. e*=2) 
is(6.2°—-4.24).In2=5.2°.In2. 


Which of the following functions 


are differentiable in (— 1, 2) 


a f° 


px Latte? 
ai) | ee 


In 2 (i.e. e*=2) 


2x sinx 


(logxdx i) dx 


(Solution) Since the functions (logx)? and “* 
Xx 


are not well defined in (—1, 2), therefore the 
functions (i) and (ii) are not differentiable. 
2 


The function f(t) = 7 1s continuous on (—1, 2) 


1l+t+t 


2 


x l-t+t 


and g(x) = J, fear ren dt is the integral function 


of f(t), therefore g(x) is differentiable on (— 1, 2) 
such that, g’(x) = f(x) . 
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: 2x dt 
Let 1= fim f°" and 


=1n2. 


m= 


l= lim In 2x —In x = In 2, and 


fine 
m= +— = lim __Inx__ _ lim ine =], 
xInx ~* xoo 1+Inx 


x'—+Inx 
x 


Hence /X m=In2-1=I1n2. 


“ 


2.fe'dt.e* 
= lim ing L’ 
ees at = Applying L’ Hospital Rule 
“e 
2.fe°dt ¢ 
ce eT ec, 
X00 a x00 2x . e* 


(Example 5.} Let f:(0, ©) — Rbea continuous 


function such that F(x)= |” _t f(t)dt If FOP)=x4+x5, 


L 
then find Sic) 


We have 


F(X?) = a f(t)dt =x*4+x° AL) 


On differentiating both the sides w.r.t. x, we get 
2x (x’) f(x?) = 4x3 + 5x4 


=> f(x2)=2+ ox (2) 


12 12 
dF’) = >(2+5:) = 944 Fee 
r= 


= r=1 2 2 
=24+(15)(13)=24+ 195=216 


12 
Hence, yf’) =219. 


r=l 


x ,2 
Example 6.) Letf(x)= |e" dt andh(x)=f{ +2(%)), 
where g (x) is defined for all x, g'(x) exists for all x, and 
g (x) <0 forx >0. If h'(1) =eand g'(1)= 1, then find the 
possible value of g(1). 


Given f(x)= Je" dt 
h(x)=f(lt+g(x)), g(x) <0 for x>0 
I+g(x) e 
h(x)= | e dt 
-l 
Differentiating w.r.t. x, 


Now 


hi(x)= elite(x))” “g'(x) 


h'(1)=e (given) 
ell#8)”. 911) ae 

(1+g(1))?=1 

1 + £ (1) Se 1 


=> g(1)=0org(1)=-2. 
Example 7.| Find the equation of the tangent 


xo! at 
to the curve y= fio ji+e at x=1. 


x dt 
Ie E ji+e 
dy 3x? 2x 


dx Aiea . Jl+x 
=> Slope of tangent at x = 1: 
3 2 5 


"bh 2 
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Also, the value of y at x = | is: 
1 dt 
|, =i0 


ltt? | 
= The equation of the tangent is 


= = (x0). 
Let F(x)= fV4+t? dt and 
G(x) = [vare dt then compute the value of (FG)' (0). 
We have F (x)= |” f(t)dt and 

G(x)= f'f(t)dt where £()= 4-22 


Let H(x)=F(x): G(x) 
H(X)=F(x)- G(x) + G(x)“ F(X) 


Af 00) (6 

+ (feat) (are?) 

= (44x) flare arf" Vase at], 
H)=4] [ae at fi Va at] 

We have [ Vx? +a7 dx 

Hence, [ V4+t? at 


Now 


1 


4 aoe van(oe J) 


= [SP +2n( 5-4] _21n2 
Also, [var dt =2In2- {-+ain(v5-0} 


=2In2+ 5 ane —1 
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H'(0)=4 [2In (V5 +1)+2In(V5 —1)—4In2] 
= 4[2 In (4)—4 In 2] =4[4 In (2)—4 In 2] 
=0. 


Example 9.) Given a function g, continuous 
1 
everywhere such that g(1)=5 and J, g(t) dt =2. 


1 px 
IF)=5 [> #7 g() dt, then compute the value of 
f'’"(1)-f" (1). 
1 
g(1)=Sand | g(t) dt=2. 


2f(x)= J (x2-2xt +) git) dt 


= x" | “g(t)dt—2xf “ta(t)dt +f "tg(t)at 


Differentiating w.r.t. x, 


2f(%)=x2 g(x) + | g(tdt-2x 


7 2) x°800+ J remer)| + x°g(x) 


2 £'(x) =2x I, a(t)dt— fit a(t) dt 
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Modified Leibnitz Theorem 


h(x) 
IfF(x) = ie f(x, t) dt, then 


h(x) 0 f(x, t) 
ig dt + f(x, h(x)) h’(x) 


~ f(x, g(x). 8) 
—— , then find f(x). 


F(x)= 


g(x) 


Ifflx) = Inn 
1 
mH °° Im Gaye ttle 


1 
~ x ae 


tee 1 1 
~ (x+tf.. = 2x x(x+iInx) 


ee Gee eee oe 
2x x+inx 2x x(x+Inx) 
1 x+1 Inx-l 
~ x x(xtinx) x (x+Inx)’ 
Alternative: 
{x)= i= saints +) | (treating ‘t’ as constant) 


> fx)= he In (x +Inx) 


(142) Inx-1 
= Ftx)=— (x+Inx) x) x(x+Inx)’ 
1 


f" (x) =xg (x) + I, g(t)dt —xg (x) Hence, f" (1) = J, g(t)dt =2 (given) 
i Also, f"" (x) = g(x) 
= | a(nat => f(1)=g(1)=5 
0 =) s35 33: 
Concept,Problems la 


1. If F®)= [, cost dt, find F'(x). 


2. Iff{x)= I, (cos t dt, find f(x). 

3. Find the derivative of the function 
-[* atpe 
Ol+t+ 


5 at atx=1. 


4. Iff(x)= | " x? sint dt then find f(x). 


y dt 4 
Ifx = I Apa and = ky then findk 


Find the derivative with respek tox of the function 


y represented parametrically 


t t 
(i) x= sintdt, y= cost dt; 
? 1 
(ii) ania ol 
7. If f(x) =e® and g(x) = 


value of f'(2). 


8. Find the second derivative with respect to z of 
the function 


jae dt then find the 


2 


7 dx 
y ie for z=1. 
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Practice, Problems Ke 


9. Find the derivative with respect to x of the function 
y specified implicitly by 


tees dt + [- costat =0. 
0 0 
10. Find the value of the function f(x) = 1 + x 


+ I ((Int)* +2Int) dt wheref (x) vanishes. 


2 
oe ieee 
11. Find dx? | Jo dase 
2 1 d 
12. Ifx=f zinzdzand y= | 2” Inzdz find a . 
dt 
l+sint’ 


13. If (FOO)}""=] FD) 


F(x). 


then find 


14. If d(x) = cos x — Joc —t) o(t)dt, then find the 
value of (x) + (x). 


2.13 PROPERTIES OF 
DEFINITE INTEGRAL 


Property P-1 
Note that the definite integral is independent of what 
letter denotes the variable of integration. Thus, 


J foodx = f° e@pat= J" e(uyau 


Property P—2 
Order of integration : if we reverse a and b then sign 
of the integral is changed. 


J, 00 dx=- ” (x) dx 
Property P-3 

b ie b 

| f(x)dx = J f(x)dx + | f(x)dx 


An interval can be decomposed into two intervals, 


5 
Evaluate [. sgn ({x}) dx, where {.} 


denotes the fractional part function. 


15. Find the interval in which 


F(x) = f,e- (2-t)dt, (x>-l) is 


increasing. 


2 


e Pat 


=— at. 
0 e +l 


16. Find the point of maxima of f(x) = 
17. At what value of x does the function 
I(x) = I ‘ xe dx have an extremum ? What is it 
equal to? 
2 * 1 
18. Let g(x) = xe* and let f(x)= I g(t) ie dt. 
Compute the limit of f'"(x)/g"(x) asx > ©. 
19. Let g(x) =x°e* and let f(x) = | “e2(3t? +1)? dt, 
0 


For a certain value of, the limit of f(x)/g’(x) as 
x > o is finite and nonzero. Determine c and 
compute the value of the limit. 


We have 


1, if x is not an integer 
sen (1x3) = O, if x is an integer 


[san (ix}) ax 

= [" sen (fx})dx+ f sen ({x}) ax 
= [itax+1s [ax 
=1(0+1)+15(1—0)=16. 


Find the value of the definite integral 


V241 4 


[ P-3] 


xi 4x742 
i} 2 44y A 
V2-1 (x +) 


V2+1 2 a ey 
@+)-@?-D 


Solution) '= | ~~ 25 


V241 2 
= i) 1-53 =) 
V2-1 
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V241 


-2- f ©) a 
Aa ® +1) 
I 
a (x? aia 
i= ore: rie" where (a= ./2 +1) 
1 
put x= 7 = dx=— 9 dt 
1 
=-l1 
clas tC {- +) at 
(1. i. 
ae 
(3 (1—t?)t* i (tt) 
da ttaeey a PY’ 


ie t’-l t i’ t?-1 dt 
“hh (ate > 7 Je @ap TT HEPA 


=> 21,=0>1,=0>2. 

«2 dx 1 dx 
Provethat |, a = | qogayin > D 
Solution) Ru.s.= [Fy =16a9 


1 
Putx = - >dx=— dt 
t t 
1 
; : “at aie He 
= ‘(1 . 1 i=l)" 
t" 
Put ®-1l=y°>t?-!dt=y""!dy 
n-l 
mye oY 
Now, R.H.S.= |, 7 a 
Oey JY 
n <p OY 


00 y 1 00 y 
= d = 
Lael i+(4) 
y 


1 1 

ue TZ=> V2 dy=—dz 
0 —dz «© dz 

I= = P-2 
ae, J 1+z" Ce 
«© dx 

= | — =LHs. [P-1] 
01+x 
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Example 4.| Prove that 


(= t cot x dt 
ve fae The 1042) ~ 


tanx cot x dt 


Solutio) LHS-f att) ay 
1 
Putt=— in the first integral 


-1 
then dt =—> du 
u 


LHS.= cotx (3) du cotx dt 
ae 


(1+) “Le ee 
u 


=[ ie dt ve 
aa ) 45 td+t?) 
=i +f" dt re 
cotx ay + 2 ») Le t(1 + t?) [ — ] 
=f =f" (* t ) 
Ve a +t *) Vet J+ t? dt [ P-3] 


Int-— sinc +) 


We 


-| 
-|1-Fina+e*)| -1 zin(t+ se] 


2 
=2- 3 nc +e) a 


1 
-5 [In e?] =2-—1=1=RHS. 
Find the value of 
i : sin” Vt dt + de : cos! Vidt 
0 0 


Put t= sin’ y in the first integral and 
t=cos’u in the second integral, we have 


[o's “sin”! a+ * cos Jt dt 


= Joy sin 2y dy -1 (a sin 2u du 


x m/2 E 
= | y sin 2y dy + } y sin 2y dy [ P-2] 


= [Py sin 2y dy [P-3] 


a n/2 
-|y/ cosy), n2y) 
2 4 | 
1 1 
=|—+0] - Se 
(3 ied a 


t 


F te dt 
Example 6.| I meee 


ie e' dt 
Mit=h=T1 


, then show that 


is equal to— ae”. 


1 edt _ 
(Solution) Given |, (5) (l) 
b e' dt 
b-1 t-b-1 
Put t=b-y=> dt=-—dy 


Now let I= J 


0 e Pty o e dy 

> 1= J, beyeabat (-—dy)=-e J -(y +1) 
le dy 

=-0* |, Gay [P-2| 
‘ te! dt 

a ae Meow [P-1] 


=-ae from (1) 


Property P—4 

@) | foodx = [00+ fx) dx 

(i) f 8 f(x) dx =2 [ x f(x) dx, if f(x) is an even function 
ie. f(x) = f(-x) . 


(iii) J foo dx=0, if f(x) is an odd function 
ie. f(x) =-f(-x) . 


Proof: (i) l. f(x)dx = ie f(x)dx + fr f(x)dx 


=— J, toodx + J, fax 


O 2.97 


In the first integral on the far right side we make the 
substitution u = —x. Then du = —dx and when x = —a, 
u=a. Therefore 


DEFINITE INTEGRATION 


— |" foodx =—["f(-w) Cdu)= ftw) du 


[/ fooax = [fw dut+ J, feoax 


(ii) If fis even, then 


| * £(x)dx = | “f(u)du + | “£(x)dx =2 i} “£(x)dx 
-a (0) 0 0 
(iii) If f is odd, then 


i- f(x)dx =— J, fau Fs I, f(x)dx =0, 


The above property is illustrated by Figures (a) and 
(b) For the case where fis even, part (ii) says that the 
area under y = f(x) from — a to a is twice the area from 
0 to a because of symmetry of the graph about y-axis. 
Thus, part (iii) says the integral of odd function is 0 
because the areas cancel. 


Y 


(a) feven st f(x)dx = 2[ fo)dx 


Y 


=a 0 
aX 
(b) fodd, [ f(x)dx =0 
Since f(x) = x°+ | satisfies f(x) = f(x), itis even and so 
2 2 
[, St dx=2 J, @*+ ax 


2 
m2] ix’ +x] =o 2 2)= 74 
4 F 7 7 


Since f(x) = (tan x)/(1 +x?+ x‘) satisfies f(-x) =—f(x), it 
is odd and so 


2.98 O 


if tan x a0 
a Dex? +x" : 


This property of odd functions can save a lot of 


computation. For example, 
m4 : 
i) ‘ sin? x dx =0 by inspection. 
1 


Xie * 


le 
Example 7.) Evaluate J, ee 


Cee 


Solution |, ~~ 
[eter ete) 
= — | dx 
0 1+e* l+e* 


She Ae lt 


[P-4@)] 


1+e* e* +1 


(e'-1)_ e-1 
-1 e 


(Example 8.) (Example 8.) Evaluate [ (x3—3x) dx. 


(Solution) The integrand, f(x) = x3— 3x, is an an 
odd function, i.e., the equation f(—x) =— f(x) is satisfied 
for every x. Its graph, drawn in the figure, is therefore 
symmetric about the origin. It follows that the region 
above the x-axis has the same areas as the region 
below it. We conclude that 


1 
3() (e* +e") dx =e-14 


ie (x3—3x) dx= 


¥ 


Example 9.) Find the value of the integral 
n/2 cos x — cos x 
ieee cosx — cos’ x dx. 


n/2 3 
1= Jo eosx = cose dx 
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I = 2 (: 


cosx — cos°?x dx 
[P-4] 


sin x ,/cosx dx 


I - 2 ie 


I=-2 iN 2tdt (Putting cosx=t’) 


4j, @dt > T= 5. 

Example 10. Bove lGe v(cosx) in( —* “c= 0 
Ue eS 1-x 

Lett= J, V(c083) In —* 


Let f(x) = Jeox 0 (7) 
w= Leos nf 


pa 
) 


(cos x) In (= =-f(x) 


Hence f is odd function 


-_ 
ll 
oO 


[P-4] 


3x°4+7x°—-x4l 


7 
aa 
If y= = then, 


f(x) dx. 


n/l4 
evaluate 
-—n/l4 


x’ —3x°+7x9- x4] 


f(x) = eet x 


x’ —3x° + 7x3 —x , 
°) F Sec’ X 
cos” X 


= (odd function) + (even function) 
m/l4 m/4 

| f(x) dx= | 
—nl4 —n/l4 


+4 [57 _ 3x5 453g 
i) dx 


2 
a7 COS” X 


=2+0=2. 


sec2 x dx 


[P-4] 


Evaluate f (-1) dx, n € N, 


where [x] denotes the greatest integer function less 
than or equal to x. 


Lei= J" cies 
Suppose f(x) = (-1)®! 
f(x) =(-DIM=Clyt Lx 1 


=—-(-1) 
1 a (-1)*! 
ae cl Dee 


=—(-1)l=_f(x),x ¢I 
Note that the function is not odd, but the property 
can be applied since difference at few isolated points 
does not affect the integral. 


I= li (-1)ldx=0. 


The graph of an odd function is symmetric with respect 
to the origin. A function may be symmetric with respect 
to some other point of the x-axis. 


Find 
{. x(x— 1) (k—2) (x—3) (x—4) (k—5) (k—6) dx. 


The point of symmetry is (3, 0). To 
exploit this we make the change of variable x =u + 3. 
Then 

x (x—1)...(k—6) = g(u), where 
g(u) = (ut 3) (ut 2)(u+ 1) u(u— 1) (u—2) (u—3) 


Thus, f. (x= 1) «. (¢-6) dx= [ a(u) du. 


But g(—u) =— g(u), so the integral is 0. 


Example 14.) Let 


eae 
We have 
1 2 6 2n 
I 2x (ee niaous é dx 
‘ 2 6 2n 
! odd = } 
(fie )dx=0 [P-4] 
2 x! x? ante 1 
A ee ee ee + —______ 
1:2 2:4 4-6 2n(2n+2) |, 
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1 1 1 1 
=D; + + Fee + ———___—_. 
12 2:4 4-6 2n(2n + 2) 


: 1 1 3 
Hence, lim pai) ae 
-.|Note: 


1. Iffisan odd function, then g(x) = he f(t) dt is an 


even function. 
Proof: Wehave (x)= [ f(t) dt 


= ax)=f° fod+ [mya 


=> o-x)=0+ [ fit)dt 


[- fisodd= | f(t) dt= 0) 
> g(-x)=- [ f(—y) dy, where t = —y 


=> a=] fy)ay 
[°. fis odd ] 


> go= [> fHdt > g-x)=g(x) 


Hence, g(x) = tr f(t) is even function, if f(t) is odd. 


i 1-t 
If (x) = J, In| | Jat, then find 


whether fis even or odd. 


1-t 
Let f{t)=In (=) 


f(t) = In (=) =—In (=) =_f(t) 


=> f(t) =—f(t) ie., f(t) is an odd function 
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x 


g(x) = f, in 7) dt is an even function, using 
the above property. 
2.  Iff(t) is an even function, then g(x) = | : f(t) dtis 
an odd function. 


Proof: We have, g(—x) = fe f(t) dt 
ae ie f(—y) dy, where t =-y 
=> g(-x)=- Jf dy[*. fis even] 


=> g(-x)=- J, to dt 
=> gx)=-g(x) 


Hence, g(x) is an odd function. 
3. If f(t) is an even function, then for non-zero 'a’, 


i) f(t) dt is not necessarily an odd function. It 
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will be an odd function if i. f(t) dt=0. 


Because if g(x) = He f(t) dt is an odd function. 
g(x) =-g() 
i} “f(t) dt=— [twat 


0 —x : 0 x 
| f(t) dt+ } f(t) dt =— | f(t) dt — | f(t) dt 
a 0 a 0 
{Put y =—t in the second integral of LHS} 
{" f-y) = fy} 
0 x x 
2 I f(t) dt= J, f(y)dy- \, f(t) dt 
0 
2f f(t) dtdt=0 
= f(t) dt=0 => J f(t) dt=0 


or g(x) = ( f(t) dt is an odd function when f(t) is 


even and le f(t) dt=0. 


Practice, Problems Lo 


% 1) dx 
in(x +) =mIn2 
1. I, x/ 1+x? 


In 


t 
dt ifx > 0. Compute 
1 (t+) 


1 1 1 
f(x) + f (=) . Also prove that (2) + (5) = 5 n’2. 
3. Prove that the function 


x | d x | 
FO bine tr, ie 


is constant on the interval (0, 0). 
4. Prove that 
i (x?)dx = 2[ ox ax, [ o(x?)xdx = 0. 


5. Evaluate the following integrals : 


(i) ie sin’ X dx 
#2 


. [em 1—sinx 
(leva Tagine 


10 
(ii) } igf3 + 7X” ~ 100x!" Jax 


Prove that 


Vx 


: 17 
(i) fifianxs mx cos gx =0 


5 
(i) [/Gx?-x"*sinx +x°Jl+x")dx = 250 


Evaluate the following integrals : 
1/2 1-x 
i In —— d 
(i) J sex n ae Xx 
3/2 
(ii) | ; | xsin 2x |dx 


3 x x +1 
7 -l -1 
(iii) f(s ai + tan : ) dx 


w (2 (2S )o 


8. Prove that one of the antiderivatives of an even 
function is an odd function and every 
antiderivative of an odd function is an even 


function. 


2: 
9. Evaluate [(X°te0 +x:f"(x)+ 2)dx , where f(x) 
is an even differentiable function 
Property P—5 
(i) f° fodx= f° fla—x)dx 
(i) [° fx) dx= f° flat b-x) dx 


(i) Proof: [° f{x)dx= J" fla—x)dx 


Putx=a-—-t >dx=-dt 
Also, when x = 0, t=a and when x=a, t=0. 


LHS = [ta t)(-dt) = [,t@ —t)dt 
= [ta ~x)dx = RHS 


Graphical proof : 


To draw y= f(x — a), the graph of y= f(x) is shifted right 
ward by'a' units and to get y= f(-x) we draw the image 
of y= f(x) in the line x = 0. 

Hence, the graph of f(a— x) is the image of f(x — a) in 
the line x =a (see figure). 

Finally, we observe that the graph of f(a—x) is obtained 
when f(x) is inverted laterally in the region {0, a] i.e. 
the graph of f(x) is reflected about the line x = a/2. 
Thus, the graphs y = f(x) and y = f(a — x) form equal 
areas with the x-axis in 0 <x <a. Hence, the formula is 
established. 
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(ii) Proof: ['f(x)dx = J’ f(a +b—x)dx 


Putx=at+b-t >dx=-dt 
When x=a;t=band when x=b;t=a 


LHS = f f(a+b-1) (-dt) =[f(a+b—nat 


b 
=) f(a+b—x)dx=RHS. 


Graphical proof : 

We can get the graph f(a + b—x) by shifting the graph 
of f(x) rightward by (a + b) units to get f{x — (a + b)} 
and then reflecting the resulting graph about the line 
x=atb 


From the graph it is clear that 


[fod = J fa +b—x)dx 


This property is the generalised form of the previous 
property. In this property too, f(x) inverts itselflaterally 
in the region [a, b]. As a result graphs of f(x) and 
f(a + b—x) form equal areas with x-axis in the interval 
[a, b] 
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cos” Xx 


Evaluate [= f° "dx 
Example 16 valuate eee 
= cos?(—x) 
Wehavel= | 5d 
-7 |+a 


using [food =[fca +b- x)dx | 


= is a* COS” X gy 
“™ |+a* 
Adding the above integrals, we have 


2T= (ie cos’ xdx =—2 i cos” x dx 


[°. f(x) =cos?x = f(-x)] 


‘ sin2x |" 
= [-(+cos2x)dx =| x+ = 
0 a> alli 


This gives I= 1/2. 


: g (sin x) 


Example 47)) Provethat \, = Ginx) +g(cosx) © 


[2 g (cosx) T 
0 g(sinx)+ g (cosx) : 4 


= . g (sin x) 
ec iF g (sinx) + g (cosx) 


(afl 22s 

las as 0, 

=> l=Jo (. (nm .\\ ( (nm _)\[P5] 
She Lp eRe. Sy 


Nia 


7 [2 g (cosx) 
0 g(cosx)+ g (sinx) 
Adding the above integrals, we have 


x ( g (sin x) g (cosx) } 
& 


= |2 
a (sinx)+ g(cosx) g(cosx)+g (sinx) 


0 
m/2 T 
- |. dx> I=— 


1° 
Ze|Note: 

(ig g (sinx) 
1 0 g(sinx)+ g(cosx) 
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(< g (cosx) 7 
~ do g(sin x) + g(cos x) ne, 


( g (tan x) 


P46 g(tan x) + g(cot x) 
{ n/2 g (cot x) nt 
~ Jo g(tan x) + g(cot x) a 4 
(i g (cosecx) 
3. 0  g(cosecx)+ g(sec x) 
n/2 g (sec x) T 
= J, dx = — 
g(cosecx) + g(sec x) 4 
ast) ia 
4 eee 


n/2 cos xX 


Example 18, Evaluate |’ 
Let f n/2 cosx a 
ee) 0 cosx+sinx 


cos(1/2 —x) 


cosx +sinx 


f(n/2.—x) = cos(m/2—x)+sin(/2—x) 
sin x 
sin x + cosx 

7 m/2 n/2 
Since f | fix)dx= f" ft/2—x)dx, — [P-5] 
therefore 

pele Nase n/2 sin x de 
: I ene I sinx+cosx. (1) 


. ee COSK +SINX gy = [7 dean 
0 cosx+ sinx 0 


l=7/4. 
Note that we have added the two expressions for I as 
given in (1) to obtain a simple expression for I which 
could be easily evaluated. 


Example 19. 
(he dx 
0 (4 x*\(1+x2) 79. 


Put x= tan 0 


fe dé ite (cos6)* 
I= Jo 1+(tan0)* ~ 40 (sin®)* + (cos) 


Find the value of the definite integral 


n/2 (sin6)* 
t= | 


0 Cindy + (cosy (P-5] 


T 
Adding the integrals, we get I= a : 


Example 20.) If[.] stands for the greatest integer 


function, then evaluate 


[" [x7 ]dx 
4 [x?—28x +196]+[x?] 
10 [x?]. dx 
Soution Leti=| oe 
10 [(14—x)?.dx 

Then, I = [, [x?]+[4—x)] ...(2) 
[P-5] 

Adding (1) and (2), 


2I= [tax =6 
I= 3 
Example 24) Evaluate |. 


7 1=[? =| VCOS X x : 

nt 21+ -tanx ® Joosx +Vsinx 2) 

Then [ = i ue dx ...(2) 
= Jsinx + Vcosx 


b b 
le ii f(x) dx = [ Hla+b-x)ds | [P-5] 


: 3 ma nm) © 
Adding (1) and (2), we get 2I {2 dx ( ) 


3 6 6° 
ek 
12° 
n/2 dx 
Evaluate J), <a cy. 
n/2 dx 


Solution) tett= |. (m5) 


0 dx n/2 dx 
Sf eee 
=a / 2 ese + 1 0 ens + 1 
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In first integral put x =—t 
dx =-dt 


f’ —dt ape dx 
= n/2 esnt +] 0 sinx +1 


n/2 dx 


[P-5] 


-sin’ t Jf(z)dz 


idl oi, ean ek 


-sin*t aff (z)dz 
T Joost /f(cos2t —z) +.Jf(z) a) 


J f(cos2t —z)dz 


=sin*t 
= J ‘ Vf (cos2t—z) +/f(z) 2) 
[P-5] 
Adding (1) and (2), we get 
2I= i ‘dz 
21= Ale : 


cost 


I=- > (sin4 t+ cos*t) 


= s{1-$sin 2 
Pa 


fee Galt 
= 2 4 sin . 


Example 24.| Prove that {om (1 + tan 0) dO 


Let I = I 4 in (1+ tan 0) dO (1) 
0 


T 
1+ tan] —-—0 
an -9}} a0 
=f" n jp = 106 
? 1+ tan 7 tan 0 


[P-5] 


ll 
Se 
rs 
an 
i=) 
a. 


an an a0 
1+tan6 


n a Ja 
1+tan0 
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nla w/4 
=i In 2d0- [ In(1 + tan 0) dO 
0 0 


m/4 

=In2J 1.d0 —1 [ from (1)] 

a= in2 
=> 2=7 In2. 

T 
Hence, I= In2. 
100 Inx 

Evaluate J. nx + Ins0—-0) &% 


66 In x 


i= |. jnapindsoae oD 


100 In (150 — x) 


Alsol= J. iy (150-x)+Inx) 2X [P-5] 
wo _ In(150—x) 
= Is In(150 — x) + In x dx (2) 


Adding (1) and (2) we get 
21= J,” dx=> 21=100—50 = 1=25. 


Example 26.| Suppose f is continuous and 


satisfies f(x) + f (—x) =x? then find the value of the 


1 
integral [fever 
I= [fooax = [fax [P-3] 
I= | “(Foo + f(-x))dx = (ex dx 


1 
21= 2 | x? dx 


Sea 
= 1= J,x dx = 3: 
&|Note: Removal of x from the integral 
J, xf@)dx . 


Suppose you know the integral of f(x), then in order to 
evalutate xf(x) we try to remove the factor x. This is 
done by the help of property P—5, provided f(x) does 
not change when x is replaced by (a—x). 


ie. f(a—x)=f(x) (1) 
Let I= [ xfoodx 


I= [@ ~x)f(a—x)dx [P-5] 
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2 [, (a—x)f(x)dx by (1) 
21= ['(x+a—x)fOodx =a fox 
a an f(x)dx provided fla—x)=f{x) _...(2) 


It is to be noted that x is eliminated only when f(x) 
remains unchanged when (a — x) is put in place of x. 
hence before applying the above method it should be 
observed that f(a—x) = f(x). 


w2 |, 1 
Example 27.) Suppose V = i) A) Slee dx | 
96V 
find the value of ra 
Wits a 
a ees 


1 p72 : n/2 
= al x|2sin* x -1|dx = =| : x|cos 2x |dx 
240 20 


dt 
Put 2x=t > dx= a 


lz len 
V= -{ tlcost |dt = [> (x—t)leost dt [P-5] 


8 40 
x 27 
2V= |, |cost |dt = = 
. T 96 1 ie 
SS 12, 
8 a 8 
2 + 2n 
™  xsin’"x 
Example 28.) Show that , an?” x a cost dx =r. 
ee (ie xsin’" x fr 
i 0 sin?” x+cos™” all) 
2n = (2m—x)sin?"(2n—x) 
=! sin?” (2m — x) + cos" (2m — x) ae ES 
2n (2n—x)sin*" x 
(2) 


~ Jo (sin?” x + cos?” x) 
Adding (1) and (2) we get 


7) 
2msin” nx 


2n 
Peat 
0 sin??x+cos*" x 


Qn sin?" x 


21=2n | 


0 sin?? x +cos*" x 


sin?” x 


2n 
= x| : dx 
0 sin?" x+cos*" x 


: {" sin?” x ps6 
Tho sin?” x +cos*" x [Fel 
I- (i sin?” x 4 
0 sin’? x+cos7"x Q) 
[P-6] 
a sin?" (S-x) 
“Jy “ ) af )° 
sin —x |4+cos —x 
2 

[P-3] 
1=4 {- cos * dx 4 
Tea (cos*" x + sin?" x) a) 


n/2 
0 


Adding (3) and (4) we get 2 I= 4n | 1.dx 


Hence, I= 712. 


m/4 9. 
Example 29.) Let I= i (mx —4x~) In(1 + tan x)dx. 


win2 
Ifthe value of [= 


where k EN, findk. 


I= ai (tx —4 x7) In (1+ tan x) dx 


iz [ox - 4.x?) [ In2 - In (1 + tanx) ] dx 
[P-5] 


21= In2 (ig (mx -4x?) 


In2| 2x? ao ne In2) rc ow 
Del 2 <3 ~ 24132 48 


0 
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Example 30. 


, xsin2x sin{ F cos x] 
Evaluate I = i ; 2 dx 
0 x-T7 


We have 
( (m—x)sin2(m— x) sin{ Tos (m- | 
[= 


0 2(m-Xx)-T 


(m—x)sin2xsin ( cos x) 
T 2 d 
x 


0 M—2x 


(m—x)sin2xsin ( cos x) 
T 2 F 
Xx 


_ 20 _2x-1 
Adding the above integrals, we have 


me (7 
I= I, sin2xsin( Ecoss }e 
Ts (7 
= i= |, sinxcosxsin{ Toosx dx 


1 . 
= J tsin( 2] dt [putting cos x =t] 
-1 


1 


Tt 
Eres 
Sh —— 27! Tt 
= +4 cos} —t |dt 
au T i ( 
2 -1 
1 
(ED) 
0+ = . 
Tl nm 


TT 
2 -l 
Evaluate 


7/4 x?(sin2x —cos2x) 


= 0 (1+ sin2x)cos” x 


n/4 x?(sin2x —cos2x) 


Wehavel= J, 


ig 2x°(sin 2x —cos2x) 1 
~ Jo (1+sin2x)(1+ cos2x) ee 
Also, 


Galfer) 
“eet 2) 


(1+ sin2x)cos? x 


2.106 O 


2 
{= - x] (cos 2x — sin2x) 
om m/4 4 


(2) 


0 (1+ cos2x)(1+sin2x) 
Adding the integrals (1) and (2), we have 


2 
} - ( - x) |onas —cos2x) 
4 4 ay 


(1+ cos2x)(1+ sin2x) 


A ie 
0 


peal 4 J(sin2x-~cos2x 
I= Jo ~~ +sin2x)(1+cos2x) 


m4 
“51 (@-2) genet) 
4 Jo 4/\1+cos2x 1+sin2x 


[using sin 2x = cos (m/2 —x)] 


AE fe edt 


T 
re O, (I,—-L,). 
Now, we have 


n/4 
mld 
I,= (x=) nx] - J tanx dx 
0 


0 


_ n/4_ = oe 
8 + [In |cos x]] 5 8 +In 


sll et-IE mfg 


T 
cos] x -— 
4 
Hence, we have 


Gall sl 


= = {in 
8 


m4 
= _jn a1. 
k 8 2 
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> cos Xx 


aK 
Example 32) Evaluate Join? 


x? COS X 


(Solution) tett= J, ax 


= ie {(1 +sin x)? cos x}dx 
0 
(applying integration by parts.) 


(pore I ff 2x. (1+sinx)! ie 


=1 =] 
I=(-774 2 (1 
ey 0 1+sinx (1) 
[P-5] 
™ (1—X) 
I=-7r?4 (2 
. 0 1+sinx 2) 
Adding (1) and (2), we get 
m 7.dx 
21 =-2r? 
ms I, 1+ sinx 
x1l—sinx 
21=-2n2+2n 5) 
9 cos” x 


=~ 2n? + 2m (tan x—sec x) 5 
=_2n?+2n {0-(-1-1)} 
21 =-27n?+4n 

I =-1r?+2n. 


TT x 7 
iff"{ } dx = 2. then show 
0\1+sinx 


= 2x” cos?(x /2 
that } ¢ ) 


Gainxy? dx =A + 2n- 12. 


= 2x? cos*(x /2) 


LetI= J, 


7 = x?(1+cosx) 
~ do (1+sinx)’ 


(1+ sin x) 


2 I x? COS X 


cee 
0 (+sinx) 0 +sinx) 
™ >  COSX 
= x°, 
n+], ince 


Integrating by parts taking x? as the first function, we 
get 


2 1 4 bs x 
= Se ca 
' i+|s amo} | Stee: 


(S254 —— (1) 
ae 0 1+sinx BH 
cio | P-5 
on 0 0 1+sin(a—x) s [ES] 
™(m—x)dx 
_ 724 
A-1 +2 doce ...(2) 
Adding (1) and (2) we get 
: {" dx 
21= 2-207 + 20 o (+sinx) 
x(1—sinx) 
a ee ere Series 
or, Il=A-1m+72 (eas 


Tu 
=A-Wt+4 | (sec? x — sec x tan x) dx 
0 


=)-—1?+ nm {tan x — sec x} 5 
A-w2+ 7 {(0+1)-(0-1} 
=A—-7?+2n 
Hence, | =A —2n+ 12. 


Example 34.) Show that J, f(sin2x) sin x dx 


= V2)" (c0s2x).cosx dx. 


Let I= [_ t0sin2x)sinxax (1) 


Then | = J, flsin(x—2xyhsin{ © » x] dx  [P-5] 


or, I= ik f(sin 2x) cos x dx (2) 
Adding (1) and (2), we get 
21 = {tein 2x) (sin x +cos x)dx 
= V2f f(sin 2x){ Se sinx-+ 7 c0sx Jax 
0 V2 V2 


= V2] (sin 2x) COS a dx 
0 4 


pit sy 
By 
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= af" sn aft + *) ost 


i= 212 | ‘f(cos2t).costdt 


[P-4] 


or, I= v2(" f(cos2x).cosx dx , 


Find the value of the definite integral 


[,«@e —x)(4+x)(6—x)(10—x)+sinx)dx. 


Let 


= [,«@e —x)(4+x)(6—x)Q0—x)+sinx)dx  ..(1) 


4 
Now =f [(6-0(3-(6-x)(4+(6-») 
(6—(6—x))(10—(6 —x)) + sin(6— x) ]dx [P-5] 


=| “(6 x)(x — 3)(10 — x)x(4-+ x) + sin(6 — x)) dx 


(2) 
On adding (1) and (2), we get 


21= [, (sinx + sin(6 — x)) dx 


=i) cos x + cos(6 vo, 


—cos 4+ cos 2 + cos 2—cos 4 = 2(cos 2 —cos 4) 
Hence, I = cos 2 — cos 4. 


Example 36.} For any t € R and f being a 


continuous function, 


1+ cos’ t 
let 1,= fx f(@-%) dx and 


sin’ t 


1+ cos’ t I, 
L= f(x(2—x)) dx then find TL: 
2 


1+ 


I= Jo. xf») dx 


1+cos?¢ 5 2 2 2 
=| (lees? #4 sin? Fw AC 4 cos? tA wn LD) 


- x)} dx [P-5] 


(2 —(1 + cos?t+ sin*t 


1+ cos?t 1+ cos? ¢ 
=2| f{(2—x) x}dx— f x f{{2 —x)x}dx 


sin“ t 


> 1,=21,-1, => 21,=21, 


2.108 O 
Example 37.) Suppose I, = [7 cos(aesin® x)dx , 
n/2 2 
I,= (. cos(2msin’ x)dx and 


= [7 costa sin x)dx , then show that 
I, =OandI,+1,=0. 
=: n/2 ae 
I, = {: cos(msin® x)dx 


2) n/2 2 
l= J, cos(m cos” x)dx 
On adding 


[P-5] 


n/2 2 2 
21,= fe cos(msin“ x)+cos(m cos” x)dx 


= [200s () “COS (Zcos 2x] dx =0 
0 2 2 


I,=0. 


n/2 n/2 
L,= ip cos(m(1—cos2x)dx =— J, cos( cos 2x)dx 


1 T 
=~ ils cos(z cos t)dt [Put 2x = t] 
es £7" cos(neos t)dt 
n/2 
lL, = =| cos(msint)dt =— I, 
I,+1,=0 
Example 38.| Ifthe value of the definite integral 
1 sin! Vx mw 
dx = — 
1 ae ce airs (where n € N), then find the value 
of n. 
1 sin Vx 
= d (1 
Sn () 


+l = -1 
={= v1 X ax = [08 VX ae 


0 x*-x+4l1 0x?_-x4] 


On adding (1) and (2), we get 


1 sin7 vx +e0s' Vx mr! dx 
al= I, x? -x+4+] elie a 
==), dx d 
20% 452 Wa) 
eae 
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H I " 
ence, 63 


VJ108— Vn’ 


=> n=108. 


Example 39.) Let f(x) beacontinuous function on 
[0, 4] satisfying f(x) f(4—x) = 1. Find the value of the 


4] 
definite integral }, Tears 


Solution) Lett- |, —— mo" A) 


[P-5] 
4 1 1 
I= |, pR@may ™ PEA) = 5 
4 f(x) 
> I= 0 F(x41 x (2) 


On adding (1) and (2), we get 
a= [dx >1=2. 


Example 40.) Iffand g are continuous functions 
on [0, a] satisfying f(x) = f(a —x) and g(x) + g(a—x) =2, 
then show that 


i f(x) @(x)dx = i f(x)dx. 


oo em ie f(x) @(x)dx (1) 
then [ = [, fa—» g(a—x)dx [P-5] 


= | f0012-e(x)Idx 
[*. f(a—x)= f(x) and g(a—x) + g(x) =2] 


= 2" f(x)dx — I, f(x) (x) dx 
= al. f(x)dx —I 


ye 2{ fx)dx or, I= J, feoax. 


3x? 


1 
Example 41.) Let f(x)=x° 5 +X +7. Find 


3/4 
the value of J, F(E())dx. 


3x? 1 


We have f (x) x= 5 ss So 


3/4 3/4 
I= li, f (f(x))dx = le f(f(1— x))dx 


[P-5] 


3 3 2 | 
Now, f(1-x)=(1-x) 5 x) +1 x+ 7 


3 1 
= 1=x°—3x+3x°— 5 (1 +x?—2x) +1 x4 a 


f(x)+f(1-x)=1 (1) 
Replace x by f(x) 
=> f)+ ff) =1 (2) 
Now.1= J) f(f(a)ydx 0) 


3/4 
AlsoI= f,, £(0—x))dx 


3/4 
=A is f(1—f(x))dx (4) 
[using (1) ] 
3/4 3/4 
Adding 21= i [Ff()) + £0. —£O0)] dx = fax 


Alternative : 


3 
Given f(x)=x? : +x4 


=— (4x3 —6x? +4x+1) 


ei 


= — (4x3 —6x?+4x—1+2) 


Ale 


f(x) = = (x9 4+4 


y) 
f( x)= 5 [l x)* tor 


22 
f@)+f(-x)=GtG=1 (1) 
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Replacing x by f(x) we have 

f {f(x} +f[1-f@)]=1 

f[f(x)] = 1-fU— fx) 
From equation (1), 1 -—f(x)=f(1—x)=1-f(1-x) 
Again, | —f(1—x) =f(x) 


3/4 3/4 
=| f(f(x}dx = [fax 
Wa /4 
3/4 
=| yy {d-x)dx {Applying P-S and adding} 
3/4 


3/4 
ae lk f(x) +f(1—x)}dx = I 1dx 
1 


A 
Example 42.) Evaluate [cot (1-x +x?) dx. 
1 
= = _x+x2 
Let I J, cot (1 —x+x*)dx 


= [cot (1—x (1—x)) dx 


1 
= far (— x(1— 5) ax 
1 _,f x+(-x) 
= fran = dx 


1 
= I, (tan! x + tan !(1—x))dx (- O<x<1) 


[= 


= [tan xdx+ [tan (1—x) dx 
0 0 
re ae ne 
= [tan dx+ tan (1—(-x))dx [P-5] 


1 
=2 tan! x dx 
0 


Integrating by parts taking unity as the second 
function, we have 


-1 1-4 1 x 
1=9] tan X.X]o ee =x] 


mx i ee mx i | 
=) |—-—[In]1+x —7)|—-—In2 
2/8 A | Ib 2| 5 


—In2. 


Hence, [=~ 
ence, I= 
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Wi x! Oe Adding equations (1) and (2), we get 
Example 43.| If laa cos ae dx nf (1+e?**)dx 
hie ge 0(542K = 2x" le * + 1) 
=k). 7rd then find k ; i de 
i x* de i , 0 5—2(x? —x) 
Wee ge Oggi tg lie 
-/V3 | — x4 =x" [be A 
pega = { dx 
V3 x _ 2x } 24041 1Y 
= [pees (x cos jas dx (2) 4-(s-3) 
Adding (1) and (2), 1 
Wi x4 Vi1/2+x-1 
2I=n | ax 2 Gi 2 
-1/¥3 | — x4 In 
4V11/2) fqqya_(x—1 
v3 x4 2/ |p 
21=2n dx [ P-4] 
J Le V4) NI 
k=n. = 1 In 2 2 In 2, 2 
dx avi} Vil_1 VU, 1 
Example 44. Evaluate 0 (5+ 2x —2x”)(l+e7**) 2 2 2 2 
(e dx 1 2o{ | 1 In (a4) 
(Solution) Let I= 0(5+2x—-2x)(+er**) 2V11 Vil-1)} vil Vi1-1 
f ax it ae. Piece pees 
Also, I= J\1549q—x) 20 -x)*][14e7 Jil V11-1 V11+1 
{' dx ae On, (i+) 
~ Jo(542x-2x?)(+e 2) [P-5] vil 10 
2: 
atx ae pis 25 EAA: 
{ es wi 10 
40 (5+2x—2x*)(e? * +1) +2) 
Concept.Problems Ja 
a f(x) b +b pb 
1. (a) LetI= I. f(@+fa-x) Prove that I xf(x)dx = a ; |; f(x)dx , 


Show that I=a/2. 
(b) Use the result of part (a) to find 


3 x 
1 >= 
0 0 Vx +V3-x 
n/2 i 
ii { sin x ae 
Oo sinx+cosx 


2. Let f: [a, b] — R be a bounded integrable 
function for which V x é€ [a, b], f(a + b— x) = f(x). 
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T : 1 T : 
Prove that ie x(sin x)dx = a \, (sin x)dx. 
Prove that 


@) [°c )sinodo=4, 


(i) fo — @)cos0d0 = 0. 


5. Ifa continuous function f on [0, a] satisfies 
f(x) f(a — x) = 1, a > 0 then find the value of 


{ dx 
0 1+ f(x)’ 


DerinireINteGRATION [J 2.111 
6. IfI,= [ xf (sin? x + cos?x) dx and 
0 


n/2 
I,= J, f(sin*® x + cos” x) dx then relate I, andL,. 


Practice Problems Ms 


7. Evaluate the following integrals : 


0% 
(i fn(4 ajax 
Hn 
n+ ®) a 
0 1+x 


n/2 
(iii) : Vsin 20 sin8@d0 
0 


, n/2 sin’ x 
iv) [°° ——*_ 
0 1+sinxcosx 


8. Evaluate the following integrals : 


(ii) 


n/3 
(i) | - sin 2x In (tan x) dx 


- oe 4+ 3sinx 
(ii) ihe n|7>——___} dx 


4+ 3cosx 


m4 tan?x 


(ii) dx 


-n/4 1 +e 


m dx 
(iv) 01+ pianx 


Property P-6 


J t00 dx = J, fe0 dx + J, f(2a — x) dx 
0, if. {(2a-x) =-f(x) 


2[fox)dx, if f{(2a—x) = f(x) 
0 


2a a 2a 
Proof: We have | “f(x)ax = | "f0xy(dx) +f “foodx 


Put x = 2a —t in the second integral > dt =— dx 
Also when x = a; t= aand when x = 2a; t=0 


| dee | "£(x)(dx) + | ” £(2a — t)(—dt) 
0 = 0 a 


= J, dx : J, (2a —x)dx 


9. Evaluate the following integrals : 


3n/2 . 

(i) Ie |2sinx |dx dx 
3n/2 

(ii) I. [2 sin x]dx 


es ts at 2x-1 ) 
(iii) (i tan pases dx 


10. Evaluate the following integrals : 


(i) 


xX x 


Tu 
«dx (ii) | 7>———__ 
0 1+sinx 0 sinx +cosx 
e ni2  XSINxCcosx 

(iil) J 0 sin* x+cos' x 

11. Evaluate the following integrals : 
an x dx 
() 


0 1+ cos2x + sin2x 
L 3/4 x sin x 

(ii 1 1+ sinx 

ee x’ sinx dx 

ti 0(2x-nm) (1+ cos” x) 
; * x* cos’ x sin’ x 

(iY) Jo nm — 30x + 3x? 


Thus, ia f(x)dx 
[ teodx 2 [ feo if f(2a-x) = —f(x) 


7 J teoax + [, teodx if f(2a-x) = f(x) 


Se 0, if f(2a-x) = —f(x) 
| f(x)dx =4 pa 
0 2 | f(x)dx, if f(2a—x) = f(x) 
0 
Graphical proof : 
First of all consider the case when f(2a — x) = — f(x). 


Functions satisfying this condition are symmetric about 
the point (a, 0) and such functions are obtained simply 
by shifting an odd function horizontally by'a' units. 


Thus, |" £()dx = 0 where fx) = f(2a—x). 
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Similarly, when f(2a—x) = f(x), the graph is symmetric 
about the line x = a and such functions are obtained 
by shifting an even function horizontally by ‘a’ units. 


Thus, f . f(x)dx =2 | : f(x)dx when f{x) = f(2a—x). 


Example 45.) Evaluate 
=| 3 


ae cos Tb? sin” X 


(Solution) Here f(x) = f(x) 
ie (m — x)dx 
0 a cos’ x +b’ sin’ x 
Adding and dividing by 2, we get 


I ay dx 
~ 240 a? cos? x +b’ sin? x 
> a dx ie 
~ "240 a? cos? x +b? sin? x LEr#] 
n/2 sec” xdx x1. ,[ btanx]*” 
oo nf AS 
° a’+b*tan’x ba a do 


25a E -0]= i 
abL.2 2ab * 
3 (,_1) 
2/3 1 — 
Example 46. Evaluate [ (x-+] ‘ y dx. 
1/3 2 


Then, we 


Let g(x) = (x -) ACAD 


have 
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2 ee ee (2 

dg|—-x|=|—-x]e % =-g]=+x 
nde(F-x)-[E-x] 8 =-2(3 

=> g(x) is odd symmetric about x = ar eT 


2/3 
Hence, we have ic g(x)dx =0, 


Example 47.) Evaluate I= J, xv1+|cosx | dx 


I= ['(-~ vie leosxladx— [P-5) 
a1= n° (iF Te0sx1dx 
2I= an” Vis cosx dx [P-6] 
2 n/2 
l= nv2["" cos~dx = 2/2 nsin— =2n. 
2 2\ 0 


Example 48.| Show that the value of the definite 


integral 


fo xin( 27225 Jax i 
' ae , 1s equal to 


: 2x (3+cosx 
(i) a n(2 + c08% | dx 


(i) anf In{ 2228 ) ay 


3-—cosx 
n 3-—cosx 
iii) 27 in( ax 
(it) I, 3+cosx 
(iv) zero 
2n 3+cosx 
i = xn( Jax 
@ I, 3-—cosx 
3+ cosx 
I= ike (Qn- syin( #225 J ay [P-5] 
COS X 
ai= 2nf. “in( £89) x 
3-—cosx 


2n 
I= x n( 228%) fe 
0 3—cosx 
(ii) Using P-6, we get 
t= 2nf "in 3*225* ) ay 
0 3—cosx 
3—cosx 
= 20 in{ Jax 
(ii) Now using P-5, I= I eee 
On adding (ii) and (iii) we get I=0. 


Example 49.| Without evaluating the integral 


at any stage, prove that , 
5 m/2 
16 


ley cos* 2x sin? 4x dx 


cost 2 x sin? 4x dx 


T= I; cost2x.sin?4xdx=—— dy. 
[ P-6] 
cos*2x.4sin?2x cos?2 x dx 
cos® 2 x sin? 2x dx 


™ 
1=4], cos® t sin’? t dt (Putting 2x =t) 


m/2 
I=8 | cos°t sin’? t dt [ P-6] 
0 
n/2 ; 
I=8f, sin’ t cos’ t dt [P-5] 


. m/2 
Adding, 21=8 |, 


r=4["" 


/2 1. 
I=[, sin? 2e(1~ 5 sin? 2¢) dt 


sin’ t cos’ t (sin*t + cos* t) dt 


sin’ t cos*t (1 — 2 sin’ t cos’ t) dt 


1 1. 
=5 ib sin? o(1~ 3 sin?) dz 


Putting 2t=z 


2 pn/2 ( 1 in*z| 
Ls in27| L——sin°z 
I a sin’ Z ) dz 


/2 1 
I =|; cos? (1 = cos” | dz 


m/2 
Adding, 2 I= I, 


[P-5] 
a 
a5 (sin* z + cos* z) dz 


m/2 
=, 1-5 (1-2 sin’ Z cos? z) dz 


n/2 1 1 Pare) ) 
= —+— sin’ 2z 
li (5 4 7 
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rel pt (Led ants) a 


i 2Z=y) 


m/2 1 1 ae) 
I=z x2 J, a ae Y| dz 


ms 5 
1 px/2 1 
Adding, 21= J (1+4) dy 
5 pn/2 
“16 dy. 


Example 50.) Prove that 
m/2 m/2 
} In sin xdx -| In cosx dx = 2 in2. 
0 0 2 
m/2 : 
LetI= Insin xdx 
0 
m/2 . T m/2 
I= J, In sin{ 2 — x| dx = J, Incos xdx 
m/2 m/2 
21= Insin xdx +f Incos xdx 
0 0 
n/2 
= J, (In sinx+ In cosx) dx 


2. sin2x 
n 


m/2 t/ 
=| In sinx cosx dx = | 1 dx 
0 0 


m/2 . n/2 
=| In sin2x dx-[ In2 dx 
0 0 
In the first integral put 2x =t and adjust the limits. 


=5/, In sint dt —[x In2] 6 Rid 


ee iieintdes a a 
2 0 3: 2 
‘. Taking I to the L.H.S., we get 


[= ss Oe 
2 2 2 


nl4 
Evaluate | In (sin x+ cos x) dx. 
—n/4 
(ea In [visin[ x+ *)| dx 
—n/4 4 
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a/4 
Putting x+ 7 = 0, dx =d0 =|. In(1+ tan(n/4 —x))dx 
= [ In(/2 sin0)do _f""m e nr/4— x)+cos(n/4- x), 
Fa dx 
1 pt4 n/4 cos(m/4—x) 
=5J, n2do+ [” In sino do 
2 Jo 0 — 2 Jo 
= n X = (In 2) 7/4—-I 
= { Frin2 | Fnin2 gS Sean 
2 win 
oa aa Zs ( =—nIn2) 
Indi 
Example 52) Evatuatet= [/ “Pax ce 
4 In(1+ tan 8) tn 
= J) seetq 800700 Example'54) Assume [“In sin @ d0-—xin2 
[putting x = tan 0] then rove that 
m4 (sin@+cosO fi _ 3m 679 : 
= I, In SECS) og J, @° Insin 8 d0= aah 0° In(./2 sin 0) dO. 


va {2sin(0+=) LetI= "0° in sin 0d A) 
_ In| ——_\—4 | ao 3 
=H goxe = | (x—0)' insin 0 do [P-5] 


tn ao a a8, 293 . 
sae so fo nsn( 0+) r [> @8—3120 + 3x0? 6°) n sin 0 40 
0 


ee =|" Insing d0-3n?{" @insing dé 
= i In (cos 8) dO 0 0 


3% \ 67 In sin 0 do— \ 63 In sin dO 


= In-¥2 [6]5/*+1,-1,= § In2+1,-1, 


a ae . = {° Insin6d0-372[" 0 nsino do 
Let us put 0+ ES t, dd =—dtinI,. o 7 


Also, when 0 = 0, then t= 1/4 and +3n[° 6?Insin@d0-I [From (1)] 
when 0 = 7/4, then t = 0. Thus, we have 2 
L=[ in sin@w2-1)(-d)=f""In(cost)dt=L, A=", 3m, +3 [, @insino ao. 


Hence, we have Now I, = \ In sin dO =—1 In 2 (given) 


I= = n2+1,-L== In2. 
ee 2 2 gone 


If I Insinxdx =k, then find the 


value of — n(1+tanx)dx in terms of k. 


1,= |" @Insin ode 
=| (x6) Insin (x0) d0 [P-5] 


=|" (-6)Insin odo 
[= ae n(1+tanx)d x 


21,= 2). In sin 0 dO =— n? In 2 (given) 
2 
T 

Vee eS 


3n* x 
Now, 21=—n? In 24 In2+3n | 62 Insin 6 d0 
4 


[ee nos 
=> ges 


Bae pit 
> J, In sin 040 
3m pt ‘ 3m pm 5 : 
= J, ln yzd0+ >], 6?In sin oo 


3m pt ; 
a 67 In (./2 sin 6) d0 
Evahat 


[ x(sin?(sin x) + cos?(cosx)) dx 
I= J, x(sin?(sin x) + cos?(cosx))dx 
= [ic ~ x)(sin? (sin x) + cos”(cosx))dx [P-5] 
=n J Gin?(sin x) + cos?(cosx))dx 
= anf (sin? (sinx) + cos?(cosx))dx [P-6] 
Alsol= (he (sin2(cos x) + cos?(sin x)) dx 


n/2 
Adding, 21 = a 2dx 


y) 
n/2 
> I= al dx = 


Example 56.| Evaluate I, x(sin(cos” x)cos(sin? x))dx 


I= ih x(sin(cos” x) cos(sin” x))dx 


I= J, (m—x)sin(cos” x) cos(sin* x) dx [P-5] 
21= nf sin(cos” x) cos(sin* x) dx 
: ae ig 
21= an" sin(cos” x)cos(sin~ x) dx [ P-6] 
2. 4 
I= x sin(cos* x) cos(sin* x) dx (1) 


O 2.115 


DEFINITE INTEGRATION 


I=n i SY sin(sin® x)cos(cos” x)dx (2) 
[P-5] 
Adding (1) and (2) 


n/2 
I= =| sin(cos” x + sin? x) dx 
240 
= nf (sinlj\dx => [= (sin 1); 


ExaMpleS7) Evaluate [7 $A 
mS Sake ner we 8+sin’ = 

x? sin X 
Solution) tet 1= [SS 


I= ie —(2n - x) sin X 


84+sin? x 


P-5 
0 8+sin’ x I 
Adding the above integrals, we have 


2a 
= {. 2n(2x — 27)sin x 


8+ sin? x 


2a : 
xsin x 2a | sin X ix [P-6] 


l=2n 
fz cos’ x 84+sin? x 


OS Pg Ce a 
0 


3+cosx 
dx 


2n 2n 
Ins*eeee) +2 fin 
3-cosx), 6 


1 4 Or? 
= —|2nIn—| = 
I =| | 3 In2, 
d(cos x) ae 


Example 58.) Evaluate I= J, Sie Sects 


We use integration by parts 
i d(cosx) 7 ih 


0 


3-—cosx 


xd(tan! (cos x)) 


I= 
1+cos” x 


=~xtan"! (cos x) |5 + J, tan”' (cos x)dx 
2 
== (-2)-o+1 =2 4], 
4 4 


where I, = j e tan™'(cos x)dx 


To find I, we make note of the fact that the graph of 
the function f(x) =tan“!(cosx) is symmetric with respect 
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to the point (7/2, f(7/2)) = (1/2, 0). Therefore the 
integrals of this function over the closed intervals 
[0, 2/2] and [7/2, m] are equal in absolute value and 
opposite in sign, and hence, the sum is zero, i.e.. 1, = 0. 
We can also establish this fact as follows : we divide 
the integral I, into two itnegrals over the intervals 
[0, 2/2] and [1/2, 2] respectively and make a change 
of variable x = 1—t in the second integral. We obtain 


I lo n/2 Sj dx uw eal d 

i= i tan” (cos x) +f" tan (cos x)dx 
n/2 0 

= J, tan '(cos x)dx + ,, tan '(—cost)(—dt) 


n/2 ai m/2 af 
= J, tan” (cos x)dx — J, tan” (cost)dt = 
Thus I, = 0 and therefore I= 17/4. 


Example 59.) Find the value of 


1 
1004 (1 — 1004 gx 


2010 
2 7 7 


ieee (1 — x2010 1004 gy” 
0 


x 2010 1004 ax 


Solution} Consider 1,= [ x'™ 


Put x1005 =+ = 1005 ener 
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1 
So, 1)= J d-t7y'™at (1) 
1004 
Also 1; => al, [i-a-v7] (2) 
[P-5] 
1 

24, ahs (t(2-t))!™ at 

_ aa, 1004 (2- tt dx 

Putt=2y => dt=2dy 
So, L, = aol, (2y yon (2- oy) dt 

1 
~ 005 8 Oe 1004 , a yon (l= yom dy 

L= ae — el yim aes yy dy 3) 

Now I, =I. x 1004 ee x)1004 ty 
1/2 
_ 2) x 1004 ce x)1004 de (A) 
[ P-6] 
From (3) and (4), we get 
1 2010 I, 2010 1 
L= 2 = 4020. 
210055 4 a 


Practice,Problems N= 


1. Let f be a continuous function. Show that 


2 1 
f(x) dx= i) (f(x) + f(x + D]dx 
0 (0) 


2. Evaluate the following integrals : 


; 1 sin”! x .. ope Xtanxdx 
() i, X a (id) iF sec x + tan x 
( ( ‘)) 
In} x+— 
x 
de ——— . In(1+ x? dy 
(iii) 40 1+x? dx (iv) J, spent 7 dx 


3. Prove that 
i. eg 
@ J. in(4 z 1 dx =0 


n/2 
(ii) I, sin 2x In tan xdx = 0 


TOL 


dii) J = 


01+cosasinx sina 


4. Evaluate the following integrals : 


o fr 


0 (sinx)*" +(cosx) 


(ii) I, x In (sin x)dx 


x(sinx)" 


Tm AX, neN 


(iii) if is (2cos” x) In(sin2x)dx 


(tan x)? 
iv) J, (——] 
5. oo the plewing integrals : 
(i) i xcos’ xsin* x dx 
0 
(ii) f xsin® xcos* xdx 
xdx 


iii a Ae ha 
(itl) 0 4cos? x + 9sin? x 


(iv) ik xsin° xdx 


6. Let A denote the value of the integral 
ff COS X 


0 (x+2) 


dx. Compute the integral 


Property P-7 
If f(x) is a periodic function with period T, then 


nT T 
@) J" f@)dx =n ff dxnel 
at+nT T 
(ii) J f(x) dx =n J, f(x)dx,neLaeR 
nT T 
(ii) J" £00 dx =(n—my J £00 dx, m,n €1 
b+nT Tr 
to Fetteoa =m (08 
fe [ t09 dx,nel,a,beR 


nT 


T 
Let us prove \, f(x) dx=n J, f(x) dx, nel. 


nT “pr 
Proof: Wehave ( f(x) dx= ae f(x) dx 
Putx=(r—1)T+u 


eT 
= Ze f(r -)T +u) du, 


net 
= » J, f(u) du, [ since f(x) is periodic with period 
r=1 


T, f(r-DT + y)=f(y)] 
= nf F(u)du=n [ f(x) dx. 
From the following graph the proof is obvious. 
Y, 


2T (n-1)T nT X 


Example 60.| Find the value of the definite integral 


J, V2 sinx + 2cosx |dx . 


We have 


JL. v2 
J= V6 f Lypsins spon 


dx 
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n/2 sin X COSX ; 
| —— dx in terms of A. 


0 X+ 


= vo [" |sin(x + a) |dx 


i ee 
where sin a=“ and cosa= 7. 
tana=/2 > a=tan(/2) 
Put x+a=t 
= vo f*" |sin t |dt 
_ v6 f. sin tat [P-7] 


= 2/6. 
Example 61.) Evaluate [i 2xidx where {.} 


denotes the fractional part of x. 
f(x) = {2x}is a periodic function with 
period 1/2. 
10 
LetI= [ {2x}dx = i) 


20(1/2) 
{2x}dx 


-3(1/2) 
2 
= 23 I, 2x dx (as {2x} = 2x — [2x] and 


when x €[0, 1/2), [2x] =0) 


92 23 


3210/3 
Example 62.) Evaluate! =| : v1+cos2x dx 
f(x) = J1+cos2x = a0. | cos x | is periodic with 


period 7. 


Hence, 
flint 
| 3| cos x | dx 
—n/4 
T —n/3 
= /2.11 | cos x dx + i) cos x dx 
0 —n/4 


= /2.11 ey: cos x dx + ~* cos x dx 
—n/2 —n/4 


= /2 [riz sin(—2) ~sin (-2)| 
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Z V3, 1 

5) 5d ke oN 

V2 2 ; | 

er | sin2x |dx 


Example 63.) Let I= i ene 


kn 


1/4 dx 
(k € N) and J = : : 
Oo sinx+cosx 
that 


n/2 gin2xdx 
1=2] 


then prove 


; andI=4—4J. 
0 sinx+cosx 


(k+Dz | sin 2x |dx 


Wehavel= f, 07 
kx |sinx |+|cosx| 


Since the integrand is periodic with period 7, 


I {" | sin 2x | dx ie 
~ Jo |sinx |+|cosx | Rome 
n/2 sin2x dx 
= 2 i 
if sin x + COS x [Ee 


(hie (sinx + cosx)’ -1 
( 


D sin X + cosx 


= [°° (sin x +cosx)dx 2f 


0 sinx+cosx 
n/4 dx 
=4-4[ ee = 4-4). 
0 sinx+cosx 


130 
Example 64.) Evaluate! el yeot '(cotx) dx 
3: 
The integrand is periodic with period n. 


Hence, 


3nt= 1 
i= i} 3, Vcot (cot x) 
es 


ws [ce fa 


D138 FON ais 
rac ee 
Example 65. 


b a+b 
if | |sinx |dx=8 and |cosx|dx=9, then find the 


b 
value of i sinx dx , 
a 


b 
Here | | sin x | X dx is the area under 
a 
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the curve from x =a to x= b. Also the area from x =a to 
x =a-+ mis 2 square units. Hence b—a=4n. 
Similarly, from the second integralm 


aoe, On. Ab On 
at+b-O=> ie.at ae 
T b 17 
=> a-7.b=—. 
17/4 
H : aa 1770/4 : 
ence, | xsinx dx XCOSX | 77 +[ sin x dx 
UM AT eT 4n - Win. 
4 Ae Ao AS I. 
Example 66.| Let the function f be defined by 
1 
f(x) =|k-1 pal SRSA Te 2) torallceR: 
Evaluate 


00 1 
() J) teodx Gy J 1f@x) Jax 


‘Solution 


2 
From the figure, we have J, f(x)dx=0, 


(i) Using the property of periodic functions, 
100 2 
| f(x)dx = 50] f(x)dx = 0, 
0 0 


(ii) 

1 1 2 1 1 1 1 1 
f(2x)|dx =—] |f(t)| dt = al x—x |- ‘ 

[lt@0 5 ll (ldt=—4[5x>x5]=3 


Example 67.| Show that ee cosx | dx = 2q+ 


™ ™ 
sin p where q € N and 5 <p< 3° 


Let I= JP" Leosx | dx 


= J, “leosx|dx+ J" Leosx | dx 


=qJ"|cosx| dx + [i leosx| dx 
) 


{++ period of |cos x| is 7} 
=q {f ‘|eosx|dx +f" JJeosx| ax} + + cos x dx 


n/2 Tt Pp 
=q i cos x dx -[" COS X ax + I, cos xdx 


=q {(sin 9 a —(sinx)",,}+ (sin x)} 
=q {(1-0)-—(O- 1)} +sin p—sin 0 
=2q+sinp. 


2nt 
Example 68.| Evaluate 1. [sinx + cosx] dx, 


where[.] is the greatest integer function. 


Let I= [,°"Isinx + cosx] dx 


DP .. o2e<" 
2, 
0 , Hp ot 
2 4 
-l , —<x<na 
[sin x + cos x] = 
3n 
<2, hN<x<— 
2 
3n 710 
1 , <x< 
2 4 
0 , Ta soe 
4 


2a 
So, \, [sin x + cos x]dx 
m/2 30/4 Tt 
= L.dx + i) 0.dx + (-I)dx 
0 n/2 3n/4 


3n/2 Tl 2n 
+ i (-2)dx + i (-I)dx + J, 04x 


ee _ on me RL 
Der vi ade eng AS Dee ee 
Since sin x + cos x is periodic function with period 27, 


2nt 
sol = [sin x + cos x]dx 
0 
2n : 
=n i; [sinx + cosx]dx =—n 7. 
Alternative : 


270 
We have [ [sin x + cos x] dx 


J," | Yasin( x42) | 
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DEFINITE INTEGRATION 


On/4 
= a [V2 sin x]dx 
= Area of the shaded region as shown in the figure. 


y=v2 sin x 


[B-he 24 (2m Z2 D=-n 


2nn 
Hence, J [sinx + cosx]dx =—n 7. 
0 


: [x] dx 
Example 69.) Evaluate a 
0 


{x} are integral and fractional part ofx and n € N). 
(Solution) Wehave, | [x]dx 


= [,0dx+ ['1dx+ [2ax+.. ef: (n—1)dx 
=0+1(2—1)+2.(3-2)+....+(n—D(n-(n— 1) 


, (where [x] and 
{x} dx 


14+2+3+....+(0-1) a a 
and Jes dx = nf (idx =n. (F-11) 0) 
I, [x]dx : ma 
[od 2 =(n—1) [using (1) and (2)] 
. 2 


5 tan !(x —[x]) 


Example 70.| Evaluate I, ee 
(Solution| We have 


=e OD ay fperiod 1] 
0 1+ Ex} : 
1 n/4 
=s| ie * ax=5| u du 
0 14+x 0 
n/2 
51° 


2 
2 Saas u i ; 
[Putting tan-'x =u] s| 5 I 39 
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Example 71.) Show that 
2n 2n 
I, Vvl+sin?x dx = I, V1+cos° x dx. 


In the integral on the left, replace sin x by 


cos (1/2 —x). Then make the substitution u= 7/2 —x: 


1 2n 
{, V1+sin? x dx = I, i 1+ 00s! —x]ds 
= [2° Vis cos? cau) 
= ie Vv1+cos*udu 


n/2 


= [v 1+cos* udu. 


[ since the integral is periodic with period 27 | 
The next example uses the same idea. 


Example 72.| Suppose n is a positive integer and 
f(t) is any function defined for — 1 <t < 1. Show that 


2a 2a 
| f(sinnx)dx = | f(cosnx)dx, 
0 0 


Substitute x = 2/(2n)—u into the integral 
on the left. 
Then sin nx = cos (7/2 —nx)=cosnu, dx=—du 


(eae 


2a 
=> j f(sinnx)dx =— f(cosnu)du 
0 nm/2n 


(n/2n ie 
~ Jnsony on nu)du = J, f(cosnu) du 


We have used two facts : 
(i) f(cos nu) has period 27, 


a+2n 2a 
(ii) [ f(cosnu)du = i f(cosnu)du, 


where a = 7/2n — 27. 


2a 
Example 73.) Compute i sin? (100 x) dx. 
2n 
a > 
Set A J, cos?(100 x) dx and 


2a 
B= J, sin2(100x) dx. 
By the last example, A= B. On the other hand, 


2a 2a 
A+B= i cos?(100.x) dx + \, sin? (100x) dx 
2a 
= |," [c0s?(100x) + sin2(100x)] dx 


-(" 1-dx=2n. 


Hence, A= 7. 
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Alternative : 


cos20. 


N |e 


Use the identity sin20 = =f 


[,* sin2(100x) dx 


1 20 1 2a 
= I, dx+ > I, cos (200x) dx =. 


The first integral on the right is 7. The second is zero 
because cos 200 x makes a whole number of compute 
cycles from 0 to 21. 


Example 74,| Find the value ofthe definite integral 


2nt 
max.(sin x,sin’ (sin x))dx (wheren € I). 
0 


The period of the function is 27. 


2nn 
I= J, max (sin x,sin ‘(sin x)) dx 


- nf [7 xdx +f (e—xydx +f" (6inx) dx | 


_ |e, 3m, |_ n(n?-8) 
a ce Se, 4° 


Example 75.) It is known that f(x) is an odd 
T 


function in the interval 55 and has a period 


equal to T. Prove that [ f(t) dt is also perodic with 
period T. 


Given that f(—x) =—f(x) and f(x + T) = f(x) 


Let F(x)= [ f(t) dt 


x+T 
F(x+T)= [> ft 
x x+T 
- I. f(t) dt + } f(t) dt 


T/2 x+T 
= F(x) + J f(t) dt + he f(t) dt 
Putt=u+T 


=F(x)+ [to dt+ f° flu+T) du 


“roy [to acs [00 
flut+ T)=f(u)] 


T/2 [ss 


=F(x)+ [fib dt 


=F(x) +0 te 
=F(x) 

“. F(x+T)=F(x) 
F(x) is periodic with period T. 


Example 76.| Let os be independent of x 


and 
P p" +10 
= J, f(t)dt L=[" 


2 
evaluate 3 
1 


Let g(x)= f° "fat 
Since g(x) is independent of x, g’(x) =0, 


ee! a 
= f(x) is periodic with period p. 


f(t) is odd} 


f(z)dz for some p, n € N. Then 
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DEFINITE INTEGRATION 


=|" : f(z)dz=p"" 
I 


>is 
i 


Example 77. Let F(x) be a non-negative 


continuous function defined on R such that F(x) + 


“fda [P-7] 


n-1 


Xt+ | 
F 2 )= 3. 
1500 
Find the value of J, F(x)dx 
1 
We have Foy +F( x+5] =3 (1) 


1 
Replacing x by x+ > 


5 in (1), we get 


1 
F Ong +F(x+1)=3 (2) 


.. From (1) and (2), we get F(x) = F(x + 1) 
=> F(x) 1sa periodic function with period 1. 


1500 1 
NowI=[~ F(x)dx=1500 | FOodx [P-7] 


1/2 
~ 1500 | [ Fooax+ | Lo 


1/2 


1 
Putting x=y+ 5 in the second integral, we get 


I= 1500 [Foon - [F [y bs | by 
= 1500 { ‘(Foo +F(x+ *)) dx 


Here J, "f(dt and = 1500 ie 3 dx [using (1)] 
Lf? reae= [eae Hence, I= 1s00()( 3] =750% 32250, 
Practice, Problems Os 


1. Prove that 


(i [. 000 


ai) J ao dx=400 J 


e*MIdx = 1000(e- 1) 


2000 x 


(iii) J, 1+ oan = 10007 


(iv) lage 2 inx-+0sx) dx = = (3-1). 


2. Evaluate the following integrals : 
@) fie ax 
-1 


Aln/2 
(ii) sin x dx 
0 


(i) be 


Sn/4 sin2x 
(iv) f 


|cosx |dx 


sin* x + cos* x 


2.122 0 
3. Show that 


(i) f° o(x?)dx =2f“g(a?)dx 

J xo*)dx =0 

Gi) J ocosx)ax = f°" o(sinxydx 
= 5 J o(inxydx 


(iii) (i (cos” x)dx = mf, (cos? x)dx, 


m being an integer. 
4. A periodic function with period | is integrable 
over any finite interval. Also for two real numbers 
a, band for two unequal non-zero postive integers 


2.14 ADDITIONAL 
PROPERTIES 


1. Shift property 


The function y = f(x — c) is obtained by shifting 
the graph of y= f(x) 'c' units rightward. 
Thus, it is obvious that 


b b+e 
J f0pdx =f" f(x -o)dx and also 


[ f0odx = [°F +e)dx 


We can prove the above results analytically, by 
substituting respectively x —c=tandx+c=tin the 
two formulae. 

Also, we have for example, 


[oct dx = fx dx = fxd. 
2. Expansion—Contraction property 


b/k b 
K| " f(kx)dx = i) f(x)dx for every k > 0. 
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atn b+m 
mandn, f(x) dx= f(x) dx. Calculate the 
: b 


value of [ f(x) dx. 


5. Suppose fis continuous on (— %, 0) with period 
p. Suppose f’ and f” are also continuous. Prove 


at+p atp 
that | f'@)dx= [0° Pex) dx=0. 
Si 


ae 
——2 dt in 
24n+2-t 


6. Given fo at =o, find (i 

. Given | ——dt= in 
< ol+t 4n 
terms of a. 

7. Given an odd function f, defined everywhere, 
periodic with period 2, and integrable on every 


interval. Let g(x) = I, f(t)dt, 


(a) Prove that g(2n) =0 for every integer n. 
(b) Prove that g is even and periodic with period 2. 


Proof: Put kx = t in the left hand side 
k dx =dt 

When x = a/k ;t=a 

when x = b/k ;t=b 


b dt. fb 
Thus, LHS = Kf fy = [ f(x)dx = RHS 


alk b/k a x 

In order to sketch y = f(kx) from y = f(x) the later is 
compressed 'k' times along x-axis. Note that the graph of 
y= f(kx) contracts w.r.t. y= f(x) when k> 1 and expands 
when 0<k<1. Asa result the area formed by f(x) with 
x-axis in between the limits a and b contracts to the area 
formed by f(kx) with x-axis in between the limits a/k and 
b/k; and the latter area is (1/k) times the first area. 


For example, Ie sin xdx = 3) sin(3x)dx 
3. Reflection property 


J f00dx = J" raodx 
The curves y = f(x) and y = f(—x) are mirror images of 
each other in the line x = 0 i.e. y-axis. 


4. Transformation of an integral into a new 
one with limits 0 and 1 


For any given integral with finite limits a and b, one 
can always choose the linear substitution 
x = pt + q (p, q constants) so as to transform this 
integral into a new one with limits 0 and 1. 

Let x=pt+q 
Since t must equal zero at x = a and t must equal unity 
at x =b, we have for p and q the following system of 
equations : 

a=p.0+q, 

b=p.1+q, 
=> p=b-a, q=a. 


Hence, [f0o¢x =(b a)f f(b a)tt+al]dt. 


Compute the sum of two integrals 
nn? 
5 2/3 9 x-> 
) oO) dx 3) e ( q dx. 
4 1/3 


Let us tansform each of the given 


integrals into an integral with limits 0 and 1. 
To this end apply the substitution 
x=(b-a)tt+a 
=> x=-—t-—4 tothe first integral. Then dx =—dt and 


5 2 0 2 1 2 
= (x45), FO (te? a, pty 
I, tee dx Joe dt = Joe dt 


ti 1 
Similarly, we apply the substitution x = 3 c 3 to the 


dt 
second integral. Then dx = 3 and 


} 1 
a 2 
3) dx = fe" at 
1/3 0 
1 2 1 2 
—_f p(t (tI ge 
Hence, I, + I, J, ee? dt +, ee’ dt=0. 


2 
Note that neither of the integrals (err2 dx nor 


2 
fe'[x-2) dx can be evaluated separately in 
elementary functions. 


5. Integral ofan inverse function 


If fis invertible and f' is continuous, then a definite 
integral of f ' can be expressed in terms of a definite 
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DEFINITE INTEGRATION 
integral of f. 


b f(b) 4 
J, foddx= bE(b) —af(a)— Jf "(ydy. 
Proof: Using integration by parts 


b b pb 
| f(x).1dx= xf(x)[’ -| f'(x)x dx 


We have y= f(x) => dy= f(x) dx. 
Also, x = f !(y) 
When x =a, y= f(a) and when x= b, y= f(b). 


f(b 


= [ f0odx= br(b)—at(a)— J E"(y)dy, 


f(a) 
This theorem can be given in a different form as : 


If g (x) is the inverse of f (x) and f (x) has domain 
x € [a, b] where f(a) =c and f(b) = d then the value of 


[ fooax + [- eovay = (bd—ac). 
Proof: y=f(x) = x=f '(y)=g(y) 
b d 
I= J foodx + J g(yydy 


_ [ fooax + [-xt'ooax iOS waaai 


= xf(x)]? =b f(b) —a f(a) =bd~—ac. 
Evaluate 


i} 7 eve 
i= | oY dx + 2f° Indinx)dx. 
0 e 


Lety=f(x)= e%**. 


x 
Then Iny= j= In(In y) = rs => x=2In(Iny) 
=> f'(y)=2In(Iny). 


b=l [5 d=e¥* 
Hence, I= F: eve" dx + 2f _ Indny)dy 


where f(0) = eand f(1) = eve 
=> I= bd-ac=1.e%—0.e= ev. 


2 \2 
Ifthe value of the integral |" e* dx 


is a, then find the value of | Jénx dx. 


2. 
The functions e* and ./fnx are 


2 
inverses of each other. Assuming f(x) = e* anda= 
1 and 


b f(b) 
b=2, we have J. f(x)dx = bf(b) —af(a) - Lae (y)dy 


a= I; e* dx =2.¢? —le- i Vény dy 


2.124 0 
=2e'— e- { énx dx 


et 
Hence, | énxdx= 2e*-e-a. 


Example 4.| Let f(x) bea differentiable real valued 


function which is strictly monotonic and a, b two real 
b 
numbers. Show that I. (f(x) + f(a)} {f(x) — f(a)} dx 


(bf) )d 
=2], xb-F'@))dx, 


As f(x) is strictly monotonic, f!(x) exists. 
Also, if x = f(y) then f(x) =y 
and x= f(a) > y=f" {f(a)} =a 
x= f(b) > y=f (f(b)} =b. 


RHS=2 f(y) (b-y) f'Q) dy 
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(2 x= fly) = dx= F'dy} 
=| a[eyy) 


=[(b—y)tAKy)}7T° —f" fffy}2-CD ay, 


(using integration by parts) 
=~(b-a) {fta)}?+ f° {fty)}2ay 
ad i tfla)}? dy + ii {fly}? dy 
=" [4y}2- @)}Idy 

=|" C409}? ¢Ha)}"Iax, 

. [ (f(x) + fla)} (fos) —fla)} dx. 


(Pra cticesPODICINScccccccccmm P ip 


1. Prove that 
U2 3 ae ()- 6 4 
(a) ih sin x dx= sin 5 I, sin xdx 
e = os = 2 x 
(b) (: Inxdx = (2e° —e) J e*dx. 


2. Show that for any number a> 1 


[, inxdx + ["eray =alna, 


y=Inx 


3. Use the accompanying figure to show that 


n/2 : 1 1 wk] 
J sin xdx = — — I sin. xdx, 
0 2: 0 


al 
4. Evaluate I, (W1—x’ —V1—x°)dx 
5. Ifg(x) isthe inverse of f(x) and f(x) has domain 
x €[1,5], where f(1)= 2 and f(5) = 10 then find 
5 10 
the value of iF f(x)dx + I g(y)dy. 
6. Suppose fis continuous, f(0) =0, f(1) = 1, f(x) >0, 


1 
and | ‘. f(x)dx = 3° Find the value of the integral 
1 
J, fay 


7. Show that i e* dx = f " \-tnydy by interpreting 
the integrals as areas. 

8. Let fbe an increasing function with f(0) = 0, and 
assume that it has an elementary antiderivative. 
Then f"! is an increasing function, and f'(0) = 0. 
Prove that iff"! is elementary, then it also has an 
elementary antiderivative. 

9. Let a> 0, b> 0, and fa continuous strictly 
increasing function with f(0) = 0. Prove that 


ab < | “£(x)dx + } "ex dx. 
Prove, moreover, ‘that equality occurs if and 
only if b= f(a). 
2.15 ESTIMATION OF 
DEFINITE INTEGRALS 


Not all integrals can be evaluated using the methods 
discussed so far. So wetry to find the approximate value 
of such integrals using some estimation techniques. 


1. Domination Law 

If f(x) < g(x) fora<x<b, then E f(x) dx < it g(x) dx, 
Actually [to dx < [. g(x) dx unless f(x) = g(x) for 
all x, in which case [. f(x) dx = {: g(x) dx, 


1 
< 


show that [<5 
ere 1q4xt 30 
. 1 eee 
Since 47 <77, it follows from 
1+x x 


domination law that 
B 3 
| Of Se fie | Sell etl 
11+x 1x 3x3 |}, 3 81 3 
This example illustrates an important technique : replacing 
the integrand f(x) bya slightly larger one, g(x), which can 
be easily integrated, gives the upper bound. 


Note: 


(i) If f(x) is an integrable function and f(x) = 0 for a 


b 
<x <b, then actually | f(x) dx > 0 unless f(x) 


= 0 for all x. 
(ii) If at every point x of an interval [a, b], the 
inequalities w(x) < f(x) < o(x) are fulfilled then 


[. y(x)dx <[f@)dx< [oeoax, ee 


This means that an inequality between functions 
implies an inequality of the same sense between 
their definite integrals, or, briefly speaking, that it 
is allowable to integrate inequalities termwise. 
On the other hand, simple geometrical 
considerations indicate that the differentiation of 
an inequality may lead to a senseless result. For 
instance, the inequality f(x) < C (C is a constant) 
does not, of course, imply that f(x) <0. 

(iii) Let fand g be integrable on [a, b]. Define M and m 
by M(x) = max {f(x), g(x)} and m(x) = min {f(x), 
g(x)}. Then M(x) and m(x) are integrable and max 


b b b 
(J f(x)dx, | g(xas| < | max {f(x), g(x)} dx, 
b b b 
[-min(f@0,2@0} dx <min | J foods, | goa} 
Estimate the value of 
1.3 l 
J, e* dx by using J, e*dx 


For x € (0,1), e* <e 


DEFINITE INTEGRATION 


1 ee 1 
=> [ida <foe dx < [ e*dx 
0 0 0 


1 x 
=> 1<foe dx<e-1. 


Example 3.) 1 


that 0.92 <I<l1. 


For x > e, we know that 


1/3 
x(e 
1<Inx< ( ) < 
e \x 


4 4 
> i ee Kas dx <I< [ dx 
3 3 


3 1/3 2/3 
> 5° (4° - 


a 


3 3/Inx 


1 
dx , 


1 


=> 0.92 <I<1. 
Example 4.) Consider the integrals, 


1 2 
1 93 
= {, e~*cos*x dx, =|, e* cos?x dx, 


ty 39 
ee eo 
3 0 


Find the greatest integral. 


For 0<x<1l, 


log X 


<1 


37) <I[< 1 
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then prove 


1 2 
dx and I,= J, e*” dx 


x? <xX?<x 


=> -x2>-x > e-* >e* 


1 
-x 
= J, e 


1 1 
> J, e* cos’x dx < J, 


< 


2 


1 
cos?x dx > fe e-* cos*x dx 
and cos’x < 1 


fae! 


— 9: 


a 


dx=1 


ek dx 


Hence, I, is ane greatest integral . 


1 Z (i dx oe 
Showthat 5 <J, [—a_3 
[Solution] Let the given integral be I. 


For x € (0, 1), v4- x ax 74 x? 


. gs Pex! <a 


=> p< sin’ 


2\0 
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i 1 
Also, [4 (x? =x) os V4 
1 1 1] 
i [4 — (x? =x) e ec 


I> 5 
> 2° 


Example 6.| Prove that 


0.573 < { : 


dx 
"4 -3x + x°) 
2 dx 
Let I 
es aes 


Put x =1+u, then 


I= [ du 
° (2+ 3u+u’) 


< 0.595. 


Since, 2 + 3u?<2+3u*+u?<2+4u2, (0<u<1) 
1 du 1 du 
J 2 <| 2 3 
0f2+4u2) °° (2 + 3u? +0) 


i du 


Solving the two integrals, the ee is established. 


T 


< 
Example?) Show that ie eae 42x54 


We have 1 + x?+2x5>1+x2 
and 1+x2+2x5<1+x2+2x?=14+3x? 
[* x5<x?on (0, 1)] 


1 1 1 
Hence, we have 143x2 s ere is 14x2 
1 dx 1 dx 
ra ioe ieee lines 


tan” v3x] <f x <[ tan” x] 
=O 3 ‘ 014+x? +2x° 0 


1 ™ 
< < 
ares Ge lees 4°? 
which is the desired result. 


Example 8.| Show that 
n/2 
l< J, V1-sin* x dx< 5 (v2 +n +V2)), 
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sin*x < sin?x < sin’x 
=> —sin’x <—sin3x <—sin‘*x 
=> 1-sin’x <1-sin3x <1-sin*x 


So, we get vi sin’? x S vi sin’x S vi sin’ x 


T, n/2 
| 1—sin? x dx = | cosx dx = [sin xf? = 
0 0 


n/2 : n/2 : 
and, {, 1-sin* x dx = J, (1+ sin? x)cos* x dx 


= [cos xV14 sin? x dx = [vive at 

-|3(¢ 414 ince] 

7 5 (v2 + In + V2) 

l< [0° Vi-sin’ x ax < 5 (2+ In +V2)), 
1f1,= | 


. 1 . 1 
() eg n-1 (ii) Os Oe a 


tan" x dx, prove that 


1 1 
(i) —— < 21 <——, where n> | isanatural 
n+l n-l 


number. 


ie 


ml4 
= \, tan"~? x(sec? x— 1) dx 


tan" x dx 


m/4 


tan"! x 
t= (n-1) |, ~Th-2 
I +I : 1 
=> Teh" F 4 (1) 
Replace n by (n+ 1) 
1 
Ee at 
ThenI,,,+1,_, re ...(2) 


Tl 
In the interval 0.4] , tan"x <tan"-2x 


nla mld 
\, tan" x dx < 1. tan"-2x dx. 


=> I,<I,_> 


SL —I, (from (1)) 


n-l 


1 
re ee G=D (3) 
And similarly, I, ,<I 


n+2 n 


1 
—— SS 
= 21, (A) 


1 
> — -Il<I 35> 
n a? eo +1 


+1 


1 1 
From (1) and (2) we get Gan +) <21,< Ge). 1)" 
10 xdx 144 
Example 10.) Show that — or 
P J 0 x>+16 160 


less by breaking up the integration into two intervals 
[0, 1] and [1, 10] and using appropriate approximations 
for the integrand. 


(be x dx {. x dx +f” x dx 


< 
x°4+16 40x34+16 41 x9 416 


f- xdx <[ 3%- 1 a(n xdx <f2%= 


ox>416 4016 32°41 x3 416 x 10 
ii xdx . 1 % 9 149 
Thus, Jo 43416 32 10 160° 


2. Max-Min Inequality 
Ifm < f(x) <M fora<x <b, then 


m (b—a) <[? f(x) dx < M(b—a). 


Further, 
(i) Foran increasing function in (a, b) 


(b—a) fla) < f ; f(x)dx <(b—a) f(b) 


(ii) Fora decreasing function in (a, b) 


(b—a). f(b) < [fax <(b—a) ffa) 
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x=a x=b X 


Estimate the value of the integrals : 
= x/3 SIN X 
. 5 : 
@ J &k i J 
. sin X 
(i) Let f(x)= =e 


xcosx—sinx (cosx)(x—tanx) 
(x)= 2 7 2 <0 
x x 
=> f(x) isa strictly decreasing function. 


f(0) is not defined, so we evaluate 


sin X 
X 


dx , 


t/4 X 


: _ sinx 
lim f(x)= lim ——— = 
x30" x20" x 


.. sin X . 
(ii) f(x)= — decreases on the interval 


3] 


Hence, the least value of the function is 


m= {2) = 3V3 and 


3 Qn’ 
242 
its greatest value is M = (2) = ay 
Therefore, 
(2 *) n/3 SiNX zee *) 
—| —--— <| — dx < ——| —-— 
2n \3 4 m4 XxX nm \3 4 
V3 7/3 SIN X V2 
> <| dx < ; 
8 m4 Xx 6 
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Prove that 


wT n dx T 
3 ai; 3 : 7: 
mw +10n+5 x +10x+9sinx+5 5 
Let f(x) =x? +10x+9sinx+5 
f(x)=3x?+10+9cosx>0 VxeER 
=> f(x) is strictly increasing 


is strictly decreasing in (0, 7) 


ane 
f(x) 


=> 


1 
= Absolute maximum of f(x) in [0, 71] is 5 and 


1 
absolute minimum is Ones: 
P — 
oe 410n+5 90 x3 410x49sinx+5 5° 


2( 5-x 6 
Provethat 1< J, {5— = }&X< 5: 
Letfix) = 5=X 


(9-x?), 

We first find the greatest and the least values of the 
integrand f(x) in the interval [0, 2]. 

(x-9)(x-D 

(-x?y 

For f(x) = 0, we have x = 1 as x € [0, 2]. 
Now f(0) = 5/9, f(1) = 1/2, (2) =3/5. 

‘. The greatest and the least values of the integrand 
in the interval [0, 2] are, respectively, equal to (2) = 3/5 
and f(1) = 1/2. 


=> f(x)=- 


2(5-x 3 
Hence, (2—0) > < I, (=) dx <(2—0) 5° 


2 = 
or, I< [. (2 ax< 6, 
—Xx 


3. Jf) eax < [£00 [ax 


Proof For anyx we have, —|f(x)| < f(x) < |f(x)|. 

(If f(x) > 0 the right inequality turns into an equality 
and the left inequality is obvious; if f(x) < 0 these 
inequalities are proved similarly) It follows that 


-[ "| £00 |dx < f'P@xdx < J") £60) | dx 


J f00¢x| < [| £00) | dx 


that is, 
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Thus, the absolute value of the definite integral does 
not exceed the integral of the absolute value of the 
integrand function. 


..|Note: Let K be a number such that |f(x)| <K 


b 
vx [a,b], then J £(x)dx| < K]b — al, 


Proof Ifa=b, the result is trivial. 
Let m, M be the bounds of fon [a, b]. 
Let b>a. Then for all x in [a, b], we have f(x)|<K 


=> -K<f(x)<K 
=> -K<m<f(x)<M<K (1) 
It then follows from (1) that 


_K(b—a) <m(b—a)< Ic f(x) dx 


<M(b—a) <K(b—a) 


= [food 


Ifb<a,thena>b. 
Hence we get from (2) that 


[food 


< K(b-a) ...(2) 


< K(a—b) 


b 
= ah f(x)dx| < K(a — b) 


= (a f(x)dx 
From (2) and (3), we get 


[ teoax 


Example 14.) Estimate the absolute value of the 


integral 


<K(a—b) (3) 


< Kb -al, 


(i sin X 
10 14+x° 
amma = (FP 0 < J oe cy 
Oo 1+x ~ #10/14+x a 

Since |sin x| < 1 for x = 10, the inequality 

sin x < 1 

(esl oes holds (2) 
Also, since 10<x<19, 1+x8>108 

1 1 

cece a (a es #@) 


From (2) and (3), we have 
sin x 


1+x° ue 


ihe sin X 
1 


Xx ‘4 8 
o14+xé a 10% dx 


19 sinx 
dx 
1 


a 8 -7 
o La gt 1] <(19-10).10%< 107. 


4. Schwartz-Bunyakovsky inequality 


For any functions f(x) and g(x), integrable on the 
interval (a, b), the following inequality holds : 


| [ feg(x) dx < : [ P oodx ib g?(x)dx 


Proof Consider the function F(x) = [f(x) —Ag(x)/? 
where A is any real number. Since F(x) = 0, then 


f, [CO -Ag@oT dx 2 0, 


= wf Pe Odx - 2a] “f (x)g(x)dx + [£2 eodx> 0 


The expression in the left side of the latter inequality 
is a quadratic trinomial with respect to A. It follows 
from the inequality that at any A, this trinomial is non- 
negative. Hence, its discriminant is non-positive, i.e. 


{ Preoecoex} “ [£200dx . 2?(x)dx<0 


Hence | Micrscorcy < "| [f200dx iN g?(x)dx , 


which completes the proof. 
Prove that 


[p V(1+x)(1+ x°*) dx cannot exceed 15/8. 
[ Varod+s) ax 
< Ufa % xdx]([ (14 x°)dx] 


2\! 4»! 
3 Gea Gea Pa caren (oe 
25 Ane 24 8 
Example 16.| Prove that 
1 
1>| l apie cual 
o1+x* n+2 
1 


Jp < fae =. 


Using Schwartz-Bunyakovsky inequality, 


(n> 0), 
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poe dx. ieee tal Sd 
aor I; i. 


1 4 1 n+l 
or, J, dx > = eo 
[d+ x)dx 
C 


5. Ifm< f(x) <M and g(x)> 0on [a, b], then 


b b b 
m | g(x)dx S | f(x)g(x)dx <M [. g(x)dx. 
Proof We have 


b b b 
| m.g(x)dx <| f(x)g(x)dx <| M.g(x)dx 
b b b 
> mf g(x)dx < | f(x)g(x)dx <M | g(x)dx , 
Example 17.| Show that | J, ies 
We regard the integral as 


[109 200 dx, x) =sinx,g0= 1. 
i 1+x 
Since |f(x)| < 1 and g(x)>0, 


(he sin xdx 


tt 
ri 


(i sinxdx 2 i. dx 
9 14x 9 J+x 
But tan! x < 7/2 for all values of x, hence 


2n 
7 =tan!x F =tan“!2n, 


Tl 


5) 


(ie sin xdx 
0 1+x? 


Example 18.) Iff(a)=0 and f(b) =0, then prove that 


[ to0ax Z -s[ (x —a) (b—x) f"(x) dx. 


Further, if |f’"(x)| <M, a<x <b, then prove that 
b 

f(x)dx 

We derive this result by two 


applications of integration by parts : 


[. (-a—x] F100 ax 


M 3 
<—(b-a 
2 ee 


== J" ((b—x)—(x—a)] P(x) dx 


z [. (-2) fix) dx=—2 [” fOx) dx. 


Now, suppose |f’(x)| <M, a<x <b. 
From the preceding result, 


2.130 O 


b 1] pb 
| f(x)dx| = all (x —a)(b—x)f"(x) dx 
but (x — a) (b—x) = 0 between a and b, 


= [fo0ax < SMJ.(x-ay(b-x) dx 


M 
= [ tc0ax <5 (b-ay. 


Weighted Mean Value Theorem for 
integrals 


Assume f and g are continuous on [a, b]. If g never 
changes sign in [a, b] then, for some c in [a, b], we 


b b 
have J f(x)goddx = f(o)[g@xax. 


Proof Since g never changes sign in [a, b], g is 
always nonnegative or always nonpositive on 
[a, b]. Let us assume that g is nonnegative on 
[a, b]. Then we integrate the inequalities 
mg(x) < f(x) g(x) < Mg(x) to obtain, 


b b b 
m [ g@odx < [ fdg@odx <M J g@0dx, 
b 

If | g(x)dx = 0, this inequality shows that 


[-foogcodx =o. 


In this case, the theorem holds trivially for any 
choice ofc since both members are zero. Otherwise, 
the integral of g is positive, and we may divide by 
this integral and apply the Intermediate Value 
Theorem to complete the proof. If g is nonpositive, 
we apply the same argument to —g. 

The weighted mean value theorem sometimes leads 
to a useful estimate for the integral of a product of 
two functions, especially if the integral of one of 
the factors is easy to compute. 


Generalized Mean Value Theorem for 
integrals 


Assume g is continuous on [a, b], and assume f 
has a derivative which is continuous and never 
changes sign in [a, b]. Then, for some c in [a, b], we 
have 


b c b 
i; £(x)g(x)dx = f(a) J g(x)dx + f(b) I a(x)dx ...(1) 


Proof Let G(x) = g(t)dt . Since g is continuous, 
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we have G'(x) = g(x). Therefore, integration by parts 
gives us 


b b 
(i f(x)g(x)dx = [ £(x) G’(x)dx 


= f{b)G(b)~ 1") Gex) dx, .Q) 


since G(a) = 0. By the weighted Mean Value 
Theorem, we have 


b 
| _ £00) G(x) dx = G(c) ii £"(x) dx =G(o)[f(b) — f(a)] 
for some c in [a, b]. Therefore, (2) becomes 


[ F(x) g(x)dx = f(b)G(b) — G(©)[fb) — fla)] 
= f(a)G(c) + f(b)[G(b) — G(c)]. 


This proves (1) since G(c) = fs g(x) dx 


and G(b) — G(c) = [200 dx, 


[Example 19.) Estimate theintegral I= — 


(Solution) By the generalized mean value eee 


sinx | 


1 sinx 


— dx 
01+x? 


we have } 


a 'x( = Tin, (0<u<l). 


Since the Saco sinx increases on the interval 
[0, 1] then sinu<sin1. Thus, we get an upper estimate 
of the integral : 


— sax dx < sin = 0.64, 


014 x? 
It is possible to get a ee estimation if we apply the 
same theorem in the form 


(—— ‘sin xdx = (1—cos!) 


eal {is sane 
O1+4x? 146? #0 14+ 
<1-cosl = 0.46. 
6. Concavity 
By making the use of concavity of the graph we can 
make more appropriate approximation integrals as 
shown in the illustration below. 
b 
Let us estimate the integral I f(x)dx , where 


f(x) = px? +qx +r. 


y= px +qx+r 


It is clear that this area is less than the area of a 
trapezoid with bases A,A and B,B. Let a midline C,C 
be drawn. If we draw a tangent to the curve at point C, 
then this tangent will intersect the vertical lines at the 
points A’ and B' and will form a trapezoid A'B'B, Ao. 
The area of this trapezoid is obviously less than the area 
under the curve. Thus, in the case of the above function 
f(x) with p>0 


a+b 


(b ~ayt( ; ) < [f(x)dx< (b~a) 
Example 20.| Using geometry, prove that : 


(a) If the function f(x) increases and has a 
concave up graph in the interval [a, b], then 
f(a) + f(b) 

2 


(b) If the function f(x) increases and has a 
concave down graph in the interval [a, b], then 


f(a) + f(b) 
2 


f(a) + f(b) 
wet 


(ba) fla) < J f(x)dx< (b—a) 


(b—a) < | ; f(x)dx <(b—a)f(b). 


(a) Without loss of generality we may assume 
f(x) > 0. Ifthe graph ofa function is concave up, it 
means that the curve lies below the chord through 
the points A(a, f(a)) and B(b, f(b)) (see figure). 
Therefore, the area of trapezoid aABb is greater 
than that of the curvilinear trapezoid bounded 
above by the graph of the function i.e., 


f(a) + f(b) 
2 


i f(x)dx < Area of aABb = (b—a). 


The inequality (b—a) f(a) < [. f(x)dx is obvious 


because the area of rectangle aACb < the area 
under the curve. 
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oo 
- 

ote 
= 


0 a a < 
(b) This can be proved as above. 


Estimate the value of ip e* dx. 
Solution): 


From the figure, 


1 
Area of rectangle OAED < [ e* dx <Areaof trapezium 
OABD 


a) 1 
=> i<Joe dx < x l(er)) 


1 et+l1 
=. 1s Je* dx < 3° 
1 
Estimate the integral is V1+x*dx 


using 
(a) Themean value theorem for definite integral, 
(b) Concavity and geometry, 


4 
(c) The inequality v1+ rues ae 
(d) Schwartz-Bunyakovsky inequality. 


(a) By the mean value theorem 


I= [ vie! dx = Jl+y', where O0<x< 1. 


But 1<J1+p' <2. 


=> 1<I< 2 =1414. 
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(b) The function f(x) = ./j4 x4 is concave on 
the interval [0, 1], since 


; 2x*(x* +3) 0 
f"(x)= (4+ x43”? > ,0O<x<l. 
l+v2 
Hence, 1< J Vi+x*dx < Y? 1.207, 


1 1 x4 1 
(c) 1< J Vi+x*dx <[iicjexere tan 
(d) Put f(x) = J14+x*, g(x) = 1 and taking 


advantage of the Schwartz-Bunyakovsky 
inequality 


ivi x‘dx =f vitx dx < [fid+xexf Pax 


= /1.2 ~1.095. 


| 5 
%s-.|Note: Comparision of geometric, 


logarithmic, and arithmetic mean 
We knows that the graph of e* is concave up over 
every interval of x-values. 


y=e, 


Al iD 
Ina Inat+Inb Inb xX 
2 


With reference to the above figure 
we conclude that if 0 <a<b then 

In b 

e(ina+ind)2 (In b— Ina) < ) atdx 


< . (In b— In a). 


From here we find that 
b-a a+b 
b 
abs Inb-Ina = 2° 
This inequality says that the geometric mean of 
two positive numbers is less than their logarithmic 
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mean, which is turn is less than their arithmetic 
mean. 


7. Wecan begin with the inequality and generate 
other inequalities by successive integrations. 
For example : 


t t 
cosx<1l> [,cosxdx< [1 dx 
sin x. <x'' 
= 0 x\, 
=> sint<t 


Reverting to the x notation, we have 
sinx <x (1) 


— [ sinxdx < fx dx 


t 
2 5 
t X u 
= ar, — cost < 
=> —-cosx|, < 2 |, = 1 —cost < “>. 
Writing 1 — cost <t?/2 as 
cosx > 1—x?/2, (2) 


we continue this process : 


ti t 2 
cosx >1—x7/2 > ie cos xdx > i; (1—x* /2)dx 


=> sint>t-t3/3! 3) 


3 ms t 3 
sinx >x—x3/3! = | sinxdx> | (x -x /3!)dx 


=> 1-cost<t?/2!-t4/4! (4) 
Clearly, this process can be continued. 


Let f(x) be a continuous function 


with continuous first derivative on (a, b), where b >a, 


and let lim f(x)=o0, lim f(x) =—co and f'(x) + f? (x) 
xa" aa 

> —1, for all x in (a, b) then show that the minimum value 

of (b —a) equals z. 


f(x) +f(x) 2-1 


f2(x)+ 1>—f'(x) in (a,b) 
f'(x) 
Seed) 


b b f(x) 
(eeoheea 


b-az— (tan (FOO), =— ( 


(b—a)27. 


VV 


in (a, b) 


Example 24.) Suppose f is a differentiable real 
function such that f(x) + f'(x) < 1 for all x, and f(0) =0, 
then find the largest possible value of f (1) 


Given f'(x)+f(x)<1 


Multiplying by e* 


f(x) e+ f(x) eX <e* 


< £(x)) <eX 


O 2.133 


DEFINITE INTEGRATION 


Integrating between 0 and 1 


1d ~ Ts. 
le f(x))dx < fie ads 


e* (x)|) wet 


e- f(1)—e° £(0)<e-1 


e-l 
< —— 
f()< ie 


Concept, PrObleMSin K & 


1. 


b 
It is known that | f(x)dx > 0. Does it follow 
that f(x) = 0 Vx € [a, b]? Give examples. 


b 
It is known that f"f(x)dx> f° g(x)dx.. Does it 
follow that f(x) = g(x) V x € [a, b] ? Give examples. 


Assume f is continuous on [a, b]. Assume also 


b 
that [feogo dx = 0 for every function g that 
is continuous on [a, b]. Prove that f(x) = 0 for all 


x in [a, b]. 
Prove that 


. o< n/2 
(i) J, sin 
(ii) 1< [°° ysin x dx< io 


ge ee ee 
(ill) ge 4< J,e dx<1 


41 TID 235 
x dx < [ sin” x dx,n>1 


1 1x cosx 1 

(iv) 58 8 a2 dx< 7. 

Prove that 

@ 0< [<2 ! 2 
9164+x 6 re 


X 944772 


ne 
4 
.. lOO a) 
(iii) i er 


(a) Showthatl< 14 3 <1+x?forx>0 


1 
(b) Showthat 1< f Vi+x°dx < 1.25. 


7. Prove that 
1 
——— es < a 
@) i xo+ +1 5 
Gi) 3/23 < ; V¥3x> -1dx<10V15 —8 V6 /5 
— 2A, 
2s iN = x 
; 1 ae dé ; 
@v) 2° ik sin?6 ae eee) 
20 2n 
8. Show that | [ f(x)sin2xdx|< f|f(x)|dx . 
0 0 
9. Estimate the integral Je (1+ sin’ x)dx. 
dx 
10. Ifl= — lee , prove that, (n2 < [z= re 
11. Show that 0.78 < (F aX __ £0.93 
e vit x4 
12. Prove that, ae n>1 


n™!xdx < [3 sin” xdx, 


(i 0< J si 
(i) o<[™ tan”! xdx< [" tan” xdx . 
(iii) 0.5< (ig 


dx 


< 0.524. 


Practice,Problems Qe 


13. Prove the inequalities : 


@) [ vxt+1dx 22 


wig fp BPP n 
(ii) } x sin xdx <— 
0 8 
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o ele 1 Gee 
Wy Mie Od 


14. Prove that 
; 2 : (is dx e 2 
@® 43 *Jo 104+3cosx 7 


n/4 me 
es A 
(ii) O< I, xv tanx < 30, 
1 (es sinx 4 1 


i re ee 
(itt) 2 ~dnia x J2 
: 4sinx 3 

eee. 
(iv) \ = dx| < 5 


15. Integrating by parts, prove that 


2007 COSXx 1 
J Te 
1007 x 100z 


16. Determine the signs of the integrals without 
evaluating them : 


(a) ie x? dx 
(b) (es sin x 


0 
(c) I xcosxdx, 


17. Prove that 


dx 


100 tan7! 
ri 99 <f tan : ask 99n 
400 /1 x 200 
2 2 
(ii) Seon < [Pan x)? dx < Sota 
4 2 4 
10J-e* 
(ii) (I—e*) In 10< dx < In10 
1 xX 


(iv) : ai x’ dx < | 
T 5 
YAO H0ALee 10 


1 dx 2 
18. Prove that I, (24x-x lies between 3 and 


1 
Yo" Also find the exact value of the integral. 
19. Using the Schwartz-Bunyakovsky inequality, 


5 
prove that [vi+ x dx < = ; 


2.16 DETERMINATION OF 
FUNCTION 


If f is continuous function such 


20. Using Schwartz-Bunyakovsky inequality with 


f?(x) = ; a ,2°(x) = 1 +x?, show that 


fu > 3 
Ol4x 4° 
21. Show that the inequalities 
1 
0.692 < J, x*dx <1 are valid. 


22. If a and are positive acute angles then prove 
that 


ih dx e @ 

>< Jo Ja — sin’ asin’ x) Ja —sin? asin’ ¢) 
Ifa == 1/6 z, then prove that the integral lies 
between 0.523 and 0.541. 

23. Let p be a polynomial of degree atmost 4 such 
that p(—1) = p(1) = 0 and p(0) = 1. If p(x) < | for 


1 
x € [-1, 1], find the largest value of | POddx. 


24. Proceeding from geometrical reasoning prove that: 
(i) if the function f(x) increases in the interval 
[a, b] and has a concave down graph, then 


f(a) + f(b) 
(b-aj——— < | 


b 
f(x)dx < (b — a) f(b). 
oe . . 3 << dx . 
(i) Estimate the integral J, lex. Using the 
above results. 
25. Let f be twice continuously differentiable in 
[0, 2x] and concave up. Prove that 


[te cos x dx 20. 
0 


26. Find the greatest and least values of the function 


x 2t+1 ‘ 

I(x) = | ~————dt on the interval [-1, 1]. 
sa t -2t+2 Ph 

27. Given that fsatisfies | f(u)—f(v)| <ju-—v| foru 
and v in [a, b] then prove that 

(i) fis continuous in [a, b] and 

b b-ay’ 
Gi) [[?F)ax—(o-ayf@)| < OS 


that f(x + y) = f(x) + f(y) for all real numbers x and y, 
then prove that f(x) = kx for some constant k. 


f(x + y) = f(x) + fly) ar 


Let us substitute t for y in (1) and then integrate 


from t = 0 tot = y with x held constant : 


[_,f@x+bdt = [" foodt + [7 fod. 


Then substituting u=x +t, du =dt on the left hand 
side yields the equation 


(ec f(u)du = y . f(x) + fi feat 


from which we find that 


y-f0)= J raat ~ JZ, foae — J feat. 


The right hand side is symmetric in the variables x 
and y, so interchanging them gives 


A) 0) 
x y 
for all x and y. Because x and y are independent, if 
follows that the function f(x)/x must be constant- 

valued, and therefore f(x) = kx for some constant k. 


If f is a positive-valued contin- 


uous functin such that f(x + y) = f(x) . f(y) for all 
real numbers x andy, then prove that f(x) = e* for 
some constant k. 

f(x + y) = f(x) . f(y) (1) 
Let g(x) = In(f(x)). Taking the natural logarithm of 
both sides in (1) gives 


g(x + y) = In (f(x + y)) = In (f(x) . f(y)) 

= In (£0) + In(f(y)) = g(x) + gy). 
The application of the previous example to g now 
yields In(f(x)) = kx, 
so that f(x) = e&, 


Find the real number a such that 


y. f(x) =x. f(y), so that 


5) 


« f(t)dt 
+ [ t? > 2 vx : 
Differentiating both sides of the given 
f(x). 1 


F 9. — 3/2 
expression, we get 2 ae => f(x)=x. 


Substituting this value in the given relation, we get, 
x dt 
6+) —~= 
p= ve 
6+ 2] = 2Vx 


6+2[ /x —Va]=2Vx 
2Va =6 
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=> a=9 
Hence, f(x) = x3” and a=9. 


Example 4.| A function f(x) satisfies 
f(x)=sinx+ J "f(t (2sint—sin’t) dtthen find JF). 


Differentiating both sides w.r.t. x, we get 
f(x) =cos x + f'(x)(2 sin x —sin?x) 
=> (1+sin’x—2 sin x) f'(x) =cosx 


COS X COS X 


=e E> 1+sin?x—2sinx  (1—sinx)? 


; cos x dx 
Integrating, f(x) = | (sin) 2 
Put | -sinx =t 


dt l 1 


7 =—= + 
ix) t? t I-sinx v 
Also ,f(0)=0, hence C =-1 
1 1-—1+sin x sin X 
f{x)= —_-1= —— =. 
1—sinx sin X sin X 


Let f(x) be a continuous function 


such that f(x) >0 for all x= Oand (f(x))!0! =1+ [ f(t)dt. 


Given (f(x))!% = 1 + J, fat 
Differentiating, 

101 - (f(x))!°°- F(x) = f(x) 

101 - (f(x) - f'(x) = 1 (as f(x) > 0) 
(LOI(F(x))”” 

100 


=x+C 


Integrating, 


but f (0) = 1 


101 101 

== fl 100 — + . 

790 HaNIM= x+ 
Putting x= 101, 


101 


100 
(101)! = 101, 


Example 6.| If im f(t) dt is independent of x 


and f(2) =2, find the value of f(t) dt. 


101 (101)(101) 
100 ~—:100 


(f(101))! = 1014 
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We have [oro dt . 


Differentiating both sides with respect to x, treating y 
as constant, we get 


d pry 
ak f(t) dt=0 
=> yf(xy)—f{x)=0 AL) 


1 

Putting y= in equation (1), we have 

* (1) =0 

~ f{1)—ftx) = 
=> fo=)-+ 

xX 
> f09 ax= ny f= ax= 1) Inx 
1 1x : 


5 and x = 2 in equation (1), 


Now, putting y= 
we have 5 f(1) — f(2) =0 

= f(1)=2f2)=4, 

Hence, we have [ f(x) f(x) dx =4 In x. 

Consider a real valued continuous 


fimetion fsuch that f(x)=sinx +f” (sin x +tf(t)) dt. 


Find the maximum and minimum values of the 
function f. 


Wehave f(x)=sinx+ |" 


=sinx+msinx+ [eo dt 
f(x) =(m+1)sinx+A (1) 


(sinx + tf(t)) dt 


Now, A= ie t ((t+1)sint+A) dt 


Wi”, 
=2(n+ vf. tsint dt 


=> A=2(r+1) 
ae f(x) = (a+ 1) sinx+2(m+ 1) 
: ax (m+ Iandf,.. =(m+ 1). 


Exam ane 8. | Let f(x) isa derivable function satisfying 
f(x) = , e' sin(x —t)dt and g(x)=f"(x)—f(x). 
Find the range of g (x). 
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(x)= |e! sin(x -t)dt 


= [e*' sin(t)dt [P-5] 


f(x) =e* |e sintdt 


f(x) =e*-e*sinx + (J e' sin tdt}e* 

f' (x) =sinx+ f(x) (1) 
f" (x) =cos x + f(x) 

=cosx+sinx+f(x) [using (1)] 

f" (x) —f(x) =sin x+ cos x (2) 
g(x) =sin x+ cos x 


The range of g (x) is [-v2,v2]. 
Example 9.| Let f(x) be a continuous function 
and c is a constant satisfying \, f(t)dt = ex — 
1 
en]. f(t)e"' dt then find f(x) and the value of c. 
Put x =0 in the given equation 


O=1-c- [ fide" dt 


Yu YY 


Yu 


1 
where k= J, f(t)e ‘dt. 
Differentiating the given equation, we get 
fi tayat = ee 


Integrating, we get 
f(x) = e*— 2e* 


=f t 4,,2ty),-t Sth t = 
saa 2e*)e' dt = | (1-2e')dt =3 2 


le ys 
Oe Biges 


: -x 
Iffix)=e'+ | (e* + te*) RO a find fs. 
Solution 


1 a 
A=1+ | f(t) dt and B= | t f(t) dt. 
0 0 


Lete= — 
oes 


We can write f(x) = Ae*+ Be~, where 


RATS [ (ae! +Be“dt =1+ (Aet—Be™)| 
0 0 


=> A=1+A(e!-1)-Be!-1) 
=> (2-e)At+(e!-1)B=1 (1) 


1 
Now, B= i t(Ae' + Be"‘)dt =A (tee) ¢ 


1 
+ B(-te'+e) 
0 


B=A+B(1—2e) 
A-2e!B=0 ...(2) 
From (1) and (2), we get 
2(e-1) e-1 
~ 4e-2e?’" 4-2" 
2(e—D) gxy en] ex 
4-2e" 4—2¢ 


YUY 


Hence, f(x) = 


If) =x+ [, @yt+x2y) (ly) dy 
find Xx). 
fx)=xtx[ yRydy+ 2) yhyydy 


=x(1+f y*rnay]+<°(f/ yranay] 


= f(x) isa quadratic expression. 
Let f(x) = ax + bx? (1) 
then f(y) = ay + by’, 


1 
where a= 1+ I, y*f(y) dy 


Oo 


1 
=e I, y(ay + by’) dy 


=> 20a=20+5at+4b 
=> 15a—4b=20. (2) 


1 1 
Also, b= | y fly) dy= | y (ay + by’) dy 
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From (1), 
80x? +180x 
ce aes FT ca 


If F(X) =x+ J t(x+t)f(t)dt, then 
find the value of the definite integral [it (x) dx. 
0 
f(x)=x+ xf tf(t)dt + f'e e()dt 
f(x) =x (1+A) +B where 
1 1 
A= J, tf(t)dt and B= (: f(t) dt 


1 


v B 
NowA= [ t[t+A)+B]dt = 7O+A)} +50 


1 
0 0 
1+A B 
A= 3 +S => 6A=2(1+A)+3B 
=> 4A-3B=2 (1) 
4 3! 
td+A), Be 
4 3 0 


Again B= [ie [t(1+ A)+B]dt = 


1+A B 
= +— 
4 3 
=> 12B=3+3A+4B 
=> 8B-3A=3 ...(2) 
(1) x 3 gives 1ZA—-9B=6 
(2) x 4 gives—12A+ 32B= 12 
Adding, we get 23B = 18 


2 8. 
a eS 
18 54446 100 
4A=(@)[53|+2 >44=— = 55 
ee 
> 7 ya 


ab ! Lf. 28\. <48 
<irie om (eB 
> =4ar 
Se rue ee, 0) +3); 218. 48" 18 
From (2) and (3), 23/2 23 (23)(2) 23 
180 ape 22 _ 2418 42 

“119 8°" 119 “OA. 08. OS 

Practice, Problems R, 


1. If fis a continuous function such that 
f(xy) = f(x) . f(y) for all positive real numbers x 


and y, then prove that f(x) = x* for some 
constant k. 


2.138 O 
2. IfF isa continuous function and 
F(x) = i F(t)dt, show that F(x) = 0 for every x. 
0 


3. A function f, defined for all positive real 
numbers, satisfies the equation f(x’) = x? for 
every x > 0. Determine f'(4). 


Find f(x) if[Mx)P=2 [* ft) at. 


Find a function f and a value of the constant c 


x 1 
such that I f(t)dt = cosx — 5 for all real x. 


6. Finda function f and a value of the constant c 


1 
5 x? for 


such that fe tf(t)dt = sin x — x cos x 


all real x. 
7. In each case, compute f(2) if f is continuous 
and satisfies the given formula for all x = 0. 


(a) [fed =x1+x), 
(b) i f(t)dt =x(1 +x), 
© J) Pa=e0 49 


x? (1+x) 
(d) I, f(t)dt =x. 


8. A function f is defined for all real x by the 


x]+sint 

0 2+¢? 

Without attempting to evaluate this integral, 
find a quadratic polynomial p(x) = a + bx + cx? 
such that p(0) = f(0), p’(0) = f'(0), and p’"(0) = 
f’(0). 


formula f(x) = 3 + 


2.17 WALLIS’ FORMULA 


The formula to evaluate the integral 


m/2 
Te J, sin" x .cos" x dx , where m, n are any 
positive integers, is called Wallis' Formula. 

First of all, we find a formula to evaluate a special case 


n/2 
of the above integral i.e. I, = J, sin" x dx. 


m/2 
To evaluate I, = J, sin" x dx , we need to find a 
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9. Finda function f anda number a such that 
2+ [teat =e, 


10. If each case, give an example of a continuous 
function f satisfying the conditions stated for 
all real x, or else explain why there is no such 
function : 


(a) [; f@at =e 
(b) f° tear =1-2". 
(c) J, f@at Fe —1, 


11. Let F(x) = I, f(t)dt . Determine a formula for 


computing F(x) for all real x if fis defined as 


follows : 
(a) f(t)=(t+ [tly 

1-t? if |t\sl 
” = {0 if |tbl. 
(c) f{t)=er*. 


(d) f{t)=the maximum of 1 and t*. 


12. There is a function f, defined and continuous 
for all real x, which satisfies an equation of the 
form 


"ada e area 
I, f(t)dt = I, PFOdt+ + +e. 
Find the function fand the value of the constant c. 


13. A function f, continuous on the positive real 
axis, has the property that 


[> feat =y he f(t)dt +x fe f(t)dt 


for all x > 0 and all y> 0. If f(1) = 3, 
compute f(x) for each x > 0. 


reduction formula. We have 


m/i2 7 
T= } sin’ XxX dx 
n 0 

Tw 


oe + nl 2 
=[-sin~ xcosx]j + 


n/2 es 2 
‘i (n—1) sin"~ x .cos* x dx 


=(n=1) J" sin" x. sin? x) dx 
TZ =) 
=(n—1) f° sin”? x dx -(n-1) 


m/2 a 
{ sin" x dx 


I+@-1)L=(@-I)1,, 


n-l 
> I= Tee 
n n n-2 


Using the above formula repeatedly, we obtain 


(F) (=) =) 
Fs n-2) \noasoo [or], 


according as n is even or odd. 


We have I, = ale 1. 


Hence, I, 


(HVlSy8) (=) Ms Bed 

5a . if nis even 

n n-2/\n-4 Daj 2D; 

(= (23 \(5).-(2) if n is odd 
n n-2/)\n-4 3 


Note: 


1. 


2. 


[°° sin" xdx = [°° ie a Ps 
» Sm xdx =] cos x dx [P-5] 


m/2 , 
In order to evaluate i sin" xdx_ or 


n/2 
J, cos" xdx we start with (n—1) in the 


numerator and go on diminishing by 2 till we get 
either 2 or 1. Similarly we start with n in the 
denominator and go on diminishing by 2 till we 
get either 2 or 1. Further, we multiply by 5 in 


case n is even. 


n/4 “i _ 3m 
Prove that |," (c0s20)"" es6d0=F 65. 
m4 
LH.S.= J ° (cos20)°? cos 646 


mld 
= I, (1 —2sin2 0)32 cos 6 dé. 
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Put /2 sin 0=sint 


cost 
cos 8 dé “a dt 


When 0 = 0 then t=0 
When 0 = 77/4 then t= 7/2 


x2 cos* t 131 
L.H.S. = = >. 
0 2 Rae wae 
31 
16/2 =R.HS. 


Now, we develop a reduction formula for 


n/2 
= } sin™ x.cos" x dx . 
m,n 0 


m _ 
Then show thatI_ = I> 
m,n m+n m 


n 


w/2 
: yf : 
We have I, = {, sin" x (sin x cos" x) dx 


Tu 
sin™ |x . cos"! x 2 


n+l f 


1 
n/2 COS"” xX : 
} (m-—1) sin™’ x cos x dx 
o n+l 


m-1 AD os ty 5 
= i sin” “X.COS" X.cos’ X dx 
n+l 0 


m-1l n/2 
= j (sin™° x .cos"x —sin™ x. cos" x) dx 
(=) (=) 
a nt+ 1 ee > nt+ Bf Lig 
(1+) (=) 
> n+ 1 Te = nt+ 1 Los 


m-1l 
I = I 
m,n m+n m-2,n 


Using the above formula repeatedly, we obtain : 


a, m-3 I 
m-2,n m+n—2 m-4,n? 

= m-—5 I 
m-4,n m+in—4 m-6, n? 
L,= —2~-I,,pifmisodd 
2.n 34n * “Ln 
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ba = La 7 Tow ifm is even 


Thus, 
m-l m-3 m-—5 2 
Tina m+n m+n—-2 m+n-4  34n '” 
ifm is even (1) 
m-l m-3 m-—5 1 I 
mo {m+n m+n—-2 m+n-4 24+n °” 
ifm is even ...(2) 
i ; xd ~cos™*! |” 1 
= sin x cos" xdx = = 
Now Tin 0 n+l 0 n+l 
(3) 
n/2 n/2 
| sin’ xcos" xdx= | cos” xdx 
pei eS NS 2. acini 
_} n n-2 n-4 3 : 
n-1 n-3 n-5 1 : : 
‘ : or I), if n is even 
n n-2 n-4 2 ; 


(A) 
0 m/2 - 


Toi = fo" sin x cos! xdx =[sinx |, 1 ...(5) 


m2, 0 0 * m2 
re I, sin’ x cos xdx =[x]>° = 2/2. m() 


From (1) and (3) we find that if m is odd, 

] == 1 ; m+3 : 
™ m+n m+n-2 m+n-4 

whether n is odd or even. 

From (2), (4) and (5) we find that ifm is even and n is 

odd, then 


m-l 


MOS a. eee I, 
34+n 1l+n’ 


m+3 m-—5 


m™ m+n m+n—-2 m+n-4 

1 n-1 1 : 
2 a ea 8) 
From (2), (4), and (6) we find that ifm is even and n is 
also even, then 


(9) 
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The above formulae (7), (8) and (9) can be combined 
to have the following simple formula covering all the 
cases : 


_ pnl2.. ii cee 
mn i sin X COS” X GX 


: (m—1)(m — 3)....(n—1)(n — 3)... eK 

7 (m+n)(m+n-—2)..... 
the three sets of factors starting with m— 1, n—1 and 
m+n and diminishing by2 at a time, end up with either 
1 or 2 according as the first factor of the set is odd or 
even, and K = n/2 ifm andn are both even, and K= | 
if atleast one of m and n is odd. 

/2 

Thus, 


Tt 
0 


5) 


sin™x . cos"x dx 


[(m-1) (m-3)..1 or 2 |[ (n-1) (n—3) (n—5)..1 or 2 | 
~ (m+n) (m+n—2) (m+n—4)....1 or 2 ’ 


T 
where K = 5 if both m and n are even (m, n € N); 


= | otherwise. 
The above formula is called Wallis formula. 


he, | Note: Wallis formula is applicable only when 


eee Tl 
limits areO to 5. 


2 
Evaluate 


n/2 7. m2 | ¢ 8 
(a) sin? x COS'X 4x (0) } sin’ x cos®x dx. 
0 0 


m2 5 
Lay J sin? 008" xdx 
5,7 0 


_ _ 4.2.6.4.2 : 
~ 12.10.8.6.4.2 
= an where K is | since the exponents are not 
both even. 
28, fe axe g _ - O37 531~ 
Tes if sin ROS AO ta 1108 64D 
eS here K is 1/2 since th t 
3948” Where K is 1/2 since the exponents are 
Sn 
both = ; 
oth even 1096 


2n 
JP sinc cosa 
Since sin4 (2m—x) cos* (2n—x) = sin*x cos?x, 


20 T 
I, sin*x cos?x dx = 2 i sin*x cos°x dx. ...(1) 


Again, since sin*( — x) cos*(m — x) =— sin*x cos3x, 


(a sin*x cos*x dx =0 (2) 


2n 
From (1) and (2), we find that I, sin*x cos3x dx = 0. 


n/2 
4 
Example 4. J, sin” X cos®x dx 
sin4(2m — x) sin°(2m — x) = sin*x cos®x. 
m2 | 4 mT 4 

J, sin” x cos®x dx=2 iF sin” x cos®x dx. ...(3) 
Again, since sin*( — x) cos°(m — x) = sin*x cos®x, 
therefore, 


I, sin* x cos®x dx =2 ae sin*x cos®*x dx __...(4) 


n/ 3.1.5.3.1 a _ 30 
Also, i 1086422 512° °°) 
From (3), (4) and (5), we have 


2) 
io 
sin” x cos®x dx = 


n/2 
J, sin’ x cos®x dx =2.2 3% = 32, 


512 128 
Evaluate 
n/2 - 2 2 5 
} |, Sin” x cos x(sin x + cos x) dx. 
—T 
The given integral 
n/2 23 2 
= | sin” x cos” x dx + 
—n/2 
n/2 a) 3 
} sin” x cos’ x dx 
—n/2 
mid, 2 3 
=0+2 I, sin” x cos’ x dx 


(*." sin?x cos’x is odd and sin*x cos*x is even) 
1.2 4 
ae Seal 15° 


Example 6.) Evaluate (7 xsin° xcos’ x dx. 
Let I= I xsin° xcos® x dx 


I= J; =x) sin’ (ex) cos® (w—x) dx [P-5] 
=% J; sin’ x .cos° x dx — 


% - 5 6 
» Xsin’ x . cos x dx 


O 2.141 


DEFINITE INTEGRATION 


m/2 une 6 
> a=n.2 [ sin” x .cos’ x dx 


Aousea 4 
=e PST 9.95.3 A 
7 8 
I= $3: 


Example 7.) Evaluate i xsin® xcos xdx . 
Here if we replace x by m— x in sin®x 


cos’x, it does not change. 
I= \ (m—x)sin® x cos’ xdx [P-5] 


Tw . M4 
23 2] (x +—x)sin® x cos’ xdx = nf sin® x cos” xdx 
0 0 


= ( a6 2 
= 7.2 » sil’ x cos xdx [ P-6] 


bl # _ 50 
"864.22 256° 


1 
Example 8.| Evaluate Il. x*(1—x)°dx 


xX 
=> 0= 


=S — 


7 m/2 6 2 5 ‘ 
=|, sin O(cos” OY 2.sin 8. cos 6 dO 


=e i gin? @cos! 6 dO 
0 


6.4.2.10.8.6.4.2 
a 18.16.14.12.10.8.6.4.2 
6.4.2.10.8.6.4.2 
~ 18.16.14 .12.10.826,.4.2° 


Example 9.) Evaluate '!°C,,. I if 


I= ip x” (1—x)"dx . 


Putx =sin0 


n/ 
r=2(: * sin'' Q- cos®' @d0 


2.142 0 


2(140-138......2) (60°58.......2) 
~ 202:200........ 2 


2:2” (70-69......1) 2°° (30-29.....1) 


70! 30! 1 1 
= 101x100! ~ 701) 1000 
101 x 100! 101 om 
. 1000 = 
Pree 101 ° 


Finally, let us find the Wallis product, which expresses 


T . Bae! 
the number 5 in the form ofan infinite product. 


Recall the formulae 


n/2 2m-1 2m-3 
La (- sin?" xdx =. = 


n/2 , 2m 
J = f sin?™! xdx = 
am+1 to 2m+1 


We find, by means of term wise division, 


2, 
R_{_2-4-6...2m 1 Ion 3) 
2 \3.5..22m—-1)) 2m+1 Imai ~ 


; 2m—-2 


: Ton 
We shall that lim ml 
e€ snail now prove a renee 4 
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For all x of the interval (0.2) the inequalities 


sin2™lx > sin2™x > sin2™!x hold. 


Integrating from 0 to = we get 


I > 


2m—1 — Lyn 21 


2m+1 


= lems, tom 5; AA) 
Toms Iomut 


I 
We have 2™=! = 
2m+1 


we Teens : 
Hence, lim 2™=! = lim 
m—oo Tom] m>o 2m 


From inequality (4) we have lim tom =1. 
m>® Lom+1 


Passing to the limit in formula (3), we get the Wallis 
product for 


2 
2 mol \ 3.5..(2m—1)) 2m+1 


This formula may be written in the form 


2 mox\1°3°3°5°5° 2m—1 2m-1 2m+1)' 


Practice,Problems S i 


1. Evaluate the following integrals : 

l 
(ii) ie cos® x dx 
2. Evaluate the following integrals : 


. m/2 5 4 
(i) J, sin” x cos’ x dx 


() f°" sin’x dx 


(ii) [? sin’ xcos* xdx 
0 
oP ni2 | 3 
(iti) i: sin” x cos® x dx 
A mn. 6X g X 
(iv) J, sin 58 ie 
3. Evaluate the following integrals : 
7 
(i) J, X (a? -x?)? dx 
2 
Gi) [, x? V2=x ax 


(iii) [ 8a-x)” dx 


(iv) [°x° J(2ax —x*)dx 


4. Evaluate the following integrals : 


(@) (iz cos* 3x-sin* 6x dx 
(i) J) x° sin“! x dx 
(iii) f, x*(1-x)’*dx 


(iv) [ x1d-x)""ax 


5. Evaluate the following integrals : 


() .a- x?)"dx 


(ii) ree sais 


(iii) fre ois —x)'dx 


6. Prove that 
n/2 7 Sta a n/2 fa 
| cos” xsin™ xdx = 2 J cos” xdx , 
0 0 


7. One of the numbers a, 7/2, 352/128, 1 — 7 is 


2.18 LIMIT UNDER THE SIGN 
OF INTEGRAL 


The value of limit of a definite integral can be 
determined by finding the limit of the integrand with 
respect to a quantity of which the limits of integration 
are independent. 


For example, lim ii f(x,n)dx = ih lim f(x,n) dx , 


if a and b are independent of n. 


(Example 1.) Evaluate lim n {(1- 
tim mf (1=a5in xa 
ee 


=< —(sin x)' = 


{°° tim [stins. a 


tor 


Vsin x )d xX, 


ll 
i 


Il 


_ ie In(sin x) dx = — In2. 


Ls 
2 
«| sin(x +t) —sin x | 


(Example 2. )Evaluate lim i Se as 
to0 40 |t | 
= flim ner 


=f. 


20 
= le | cosx |dx =4. 


sin(x + “ —sinx 


dx 


mn + : sin x 


rat 


ax 


(since sedis function is continuous) 
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i ae 
the correct value of the integral J, sin’ xdx , 


Use the graph of y = sin® x and a logical process 
of elimination to find the correct value. 


TX 


alf3 ( a) 2 gt= V2 
hi ‘t’ dt= v2 
(Example 3.) ir lim > 598 a 


where n EN, then find the value of'a' 


ty 
tin 1] tem 


2% nal ( 5) ‘ 
lim — 1-—| -t° dt 
= noo 2 -cay!/3 n 


3 pall ( E) 
== lim| 1-—] -t? dt 
=e (ay/3 noo n 


al/3 


a 3 
=| pe ot dt. 
-a 


oh 


3 3 
Pute*=y => -t?-e' dt= A 


a 


l fe 1 
- 5J-.dy= 5 (@-e%. 


3 
2/2 


1 
It is given that > 3 (er e*)= “aos 


> segheee => e_ ae —1=0 
SS 8 = 4/0 4/9 (/2-3 rejected) 
=> a=in (V2 +3). 


Evaluate lim f° 
lim JS 


Oo1+x" 


o1+x" 
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a e* dx 
= tim f= i } 
n>o 40 ao noovl Jax” 


e’dx fa.. e* dx 
+ | lim 
On>0 14 x" 1 n>0]4 x" 
n—o and x €(0, 1), x">0 


and noo and x €(l,a), x" 00 


es [ev dx+ f'0dx=e-1. 


lim es 

Show that lim "C= eg 
lim" a tim) : nC d 

noe nk(k 43) nH k 430 Vk" nk 


n 1 1 1 
= lim )"C,.--f xidx | x dx = —_ 
19015 n* 40 0 k 


+3 
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—(y2 xl _ ff x 
Ce ue 5 [2x -e%dx 


=e-2 

xyl ! 5. 
{ove Yo - fe ax} 
=e-2 {e-e+ 1} 
=e-2. 


WaiOGh Ces MiODLeMS emmammemarae To 


1. Prove that jim dx =0. 
ay a 
2. Iffis one in a 1], show that 
1 
lim EO) ax = FO), 
nood0] + n°x 2 


3. (a) Make a conjecture about the value of the 
limit 
: Piet 
imp a o> 0) 


(b) Check your conjecture by evaluating the 
integral and finding the limit. [Hint : Interpret 
the limit as the definition of the derivative of 


2.19 DIFFERENTIATION 
UNDER THE SIGN OF 
INTEGRAL 


A definite integral can be differentiated with respect 
to a quantity of which the limits of integration are 
independent. 

Let a function f(x, o) be continuous for a <x <b and 
c<a<d. Then for any a € [c, d] if 


(= [-£(x,0)dx , then 
dI(a) 


an 7 [(<te.0) dx 


an exponential function] 
4. Let fhave a continuous derivative for x in [a, b]. 
b 
Examine lim | f(x)sinex dx. 
5. Prove that 
aie 0 if x <b, 
o ifx=b 


lim ———_—— 
oro eke” x? dx 


(o> 0,k>0,b>a>0). 


6. Show that [x 


where r > 0 anda are constant. 


~™ sin ax dx equals a/(a? + r2), 


: = In(1+sinacos x) 
For example, if I(a) = | : dx 


COSX 
cos adx 


if T 
then we have = | : : 
da /01+sinacosx 


With the help of the above result firstly, new integrals 
can be deduced from certain known standard integrals. 
Secondly, the value of a given integral can be found 
by first differentiating the integral then evaluating the 
new integral thus obtained and finally integrating the 
result with respect to the same quantity with respect 
to which the integral was first differentiated. 


Ixk_] 
Evaluate I(k) = [| “— dx, (k2 0), 
nx 


1xk_] 
100)= [ax 


d Ud aot 
> |G UM) = Joakl tnx | & 


= po 


x 
0 Inx 


an xt 1 
=|, x= (FI 


1 
“ail as k4+1° 


= (10) =. 


Integrating both sides w.r.t.'k'. we get, 
I(k)=In a oe (1) 


x* rn 
Given I(k) = in ae 


“ 1(0)=0 ite ae 0) (2) 
also from (1), 1(0)=In(1) +c 
. [O)=c. (3) 


From (2) and (3), c=0 
= [(k=In(kt+ 1). 


tan ax 

(Examplez) Evatuae [> 
1=f°S" @X) 
te l= a) 


Differentiating w.r.t. a, we have 


I % 1 
=| 2 3, dx 
da “0 ([—x*)(1+a*x") 


% 1 a? 
= 2 2 2 73, |4x 
0; (1-a°)d+x°) (-a’)(+a‘x’) 
- : tan!x ——* 
1-a’ 1-a’ 


_ 1 1 _ sa _ Tt 
2 tea? ~ ta? 2(1 +a)" 


me da Te 
J=— =—In(l+a)+A 
J +a 2 ( ) . 


oo 


tan”! a 
0 


When a=0,1=0 => A=0. 


-1 
© tan ax 


Hence, J, ee 


Evaluate J, 


T 
=—In(l+a 
- (l+a), 


In(1 + a’x”) 
1+ b*x? 
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DEFINITE INTEGRATION 


22: 
Let 1= f Ine) Ge 


0 14+b?x? 
dl rx 2ax’ 
Then =| — Toa, ax 
da /0 (1+ bx“) (1 +a°x") 


= af[ 2 22 2 ~ a Ni 
lw —a = ee (b* —a“)(1+b°x*) 


0 


foe} 


= 78 ; [ean ax l tan bx 
b* -a‘’La b 0 


_ 2a (2 1). x 1 
b2—-azla b/' 2 biat+b): 


Therefore I = ‘3 In(a+b)+A. 


Now when a=0, [I=0 => A=-— (2) Inb. 


mat? 


1+ b*x? b b 


m/2 
Example 4.) Evaluate i, sec 0. tan“! (a cos 6) dé. 


The given definite integral is a function 
of'a'. Let its value be I(a). 


»In(1 +a? x) | _t 
Hence I, 


m/2 
Then, I(a) = J, secO . tan“!( cos 0) dO 
1 


1+a’ cos? 6 


{" 1 
~ do aoe” 


=> I'(aj= [es sec. . cos® dO 


(he sec’ 6 d0 
1+tan?@+a 


= tan 
Va? +1 a? +1/o 
~ fa241 (2 ; 
; 20 a2. 
LO? ira 


Integrating both sides w.r.t. 'a', we get 


>», put tanO=t 


[° dt 
~ Jo t+ (a? +1) 
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Tt aay nm da 
=> Ka)= > In|a+ a’ +1|+C Now, an ae 
. . l-a 
Since I(0) = 0, i.e. 0 +C=0, we have C =0. 


=> I= sina, since ata=0,1=0. 
T 
=> I(a= 7 Injas vi+a? |. 


= e ““sinmx 
Example 7.| EvaluateI= I, ————-dx. 
«tan! ax —tan' x 


xX 
Evaluate i Sea sag — = ic e ™ cosmxdx = 
m 


; ' a? +m?_ 
Let I (= ax —tan- am 
. ve dm _,..-i{m), 
0 X  I=afs z=tan( 2) +¢ 
a’ +m a 
dt _ geen tee _ dx Since the integral vanishes when m =0, C =0. 
= ro = 
da °° (lta’x")x 0 1+ax? 
: — tan—i{ M 
=f ; Sout 
= a? 40 om 1 - ata] acct inb 
a5 : » sin bx 
ee oe Example 8.) Evaluate the integral if re dx , 
I ua I ug Cc 
pla = 5 natC. 


Let T= [SP a> 0, 
xX 


Using differentiation under the integral sign, we have 


When a=1,1=0 =>C=0 


T 
Hence, I= 5 Ina. dl oe 
=| € cos bx dx 
F db 0 
n/2 l+asinx dx 
Example 6.) | of P| —~(lal<J. : 
“a 5D 2,a>0. 
: a’ +b 
n/2 l+asinx ) dx 
I= Ee In (een ae ) — (lal<1) Now, integrating with respect to b, 
di n/2  2Qsinx dx I= af db ae re ney @) 
ae } rT ae a+b? a a 
da 0 (l-a‘ sin’ x) sinx 
{" 2sec’ x ay =tan"! e +C (1) 
= No ay a 
Deana ae where C is the constant of integration. 
n/2 25sec? x From the given integral, we see that when b= 0, I= 0. 
= iF (1—a’)tan? ead (put tanx = t) .. From (1), we deduce C = 0. 
7 ie 2dt ae ie ents dx = tan”! p ...(2) 
0 (aj 41 ee oe 
Assuming I a continuous function of a, we deduce 
2 ie dt from (2), when a > 0, 
l-a’) ?0 ? » sin bx T 
=a ) e+[ 1 ) | dx ==) or _% 
Vvl-a° o x 2 2 
2 according as b > or < 0. 
= 2 [tan™'(tWi =a? )] = m 
1=a? 0 l-a? © sin x T 


When b= 1 we have } 


0 


Application of integration under the sign of 
integral 


Example 9.| Find the value of I, e* dx 


Denoting the proposed integral by k, 
and substituting ax for x, we get 


© -a2x? 
i) e adx =k 
0 


Multiplying both sides by ef 


we get 
OP nix =ke* 
0 
oe re —a2 (1+x?) =k naa? 
Hence J, J, e adadx J, e* da (1) 
1 1 
—a (14x? ) eral 
Since, fre ada eee , we have from (1) 
1 20 dx -? 
240 14x? 
Ear: 
4 
1 
H Vdxak=—Vr, 
ence, Joe 5 


ge 
Example 10.) Using the equation jx" ‘x= 1 


ow @ 74k _ 40% a 
= 0 
prove that I, tu= in } 
Zz a, 
1 
1 pa, = ay x? 
We have J, J, x° 'dadx =]. 
ag a a 0 
= es =In om 
a a ao 
2 


Also, f, ik x* Idadx = f, x 


da 
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1 xu = x20! a, 
Hence i) dx = In 
0 Inx ay 


Now, if we put x = e~ in this equation, we get 


—a)x aX 
i et a a 
‘i dz = In| —° 
0 Z ay 
o —ax a 
Gigetn |, Seo aN 
a> +m 


prove that 


—ajx 


Seow ere 1, (ap+m’ 
|, ——— cosmx dx = In ae 
0 x 

We have 


of pa | a ada 
I I e “da cosmx dx = | 5 5 
0 ag aa +m 


Simplifying both sides, we get 


@ @ 4X _ @ 740% 1 at +m? 
—— cosmx dx = —In| ——, 
0 x 2 \ajtm 


Example 12) Using the equation i e “ sinmxdx 


sin mx T 
dx=—., 
2 


a : rove that |” 
ae 2>~P 


Solution) We set 


Opa . a) mda 
| | e ““sinmxdadx = | 
0 day 


ot) a? +m? 


—ayxX —ayxX 
ck ite 4f a {a 
j —————-sin mxdx = tan] — |—tan 7} —° | 
0 x m m 


If we make a, = 0 and a, = © in the latter result, we 
obtain 


[ma T 
pe x=—, 
0 x 2 


Practice, Problems U, 


1. If F(t)= J sin(x+t?)dx, find F'. 


én (1+ a cosx) 


2. Showthat [ dx=nsin-a, ((a|<1) 


COS X 
3. Evaluate J; In(1+ bcos x) dx 


tan'ax 


x Jl—x? ax 


1 
4. Evaluate J, 


m2 dx 
5. Evaluate [. In(1+ cos Ocos x) page 


6. Evaluate J, ve —x* cos’) — 

én (1-a’x’) 

x’ J(1- x?) & 
=n [Vl—a’ —1], (a2 <1). 


1 
7. Show that J, 
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2.20 INTEGRATION OF 
INFINITE SERIES 


The integral of the sum of a finite number of terms is 
equal to the sum of the integral of these terms. Now, 
the question arises whether this principle can 
be extended to the case when the number of terms is 
not finite. 

In other words, is it always permissible to integrate an 
infinite series term by term ? It is beyond the scope of 
this book to investigate the conditions under which 
an infinite series can properly be integrated term by 
term. We should merely state the theorem that applies 
to most of the series that are ordinarily met with in 
elementary mathematics. For a complete discussion, 
students may consult any textbook on Mathematical 
Analysis. 

Theorem. A power series can be integrated term by 
term throughout any interval of convergence, but not 
necessarily extending to the end points of the interval. 
Thus, if f(x) can be expanded in a convergent infinite 
power series for all values of x in certain continuous 
range, Viz., 

f{x) =a) +a,x+a,x?+ ..... to.00, 


= BI a,x’ dx, 


Al x x 
sa | f(x)dx = | (a) + a,X + a,x” +...) dx 


a 
% T 

= z] a,x’ dx, 
a 


provided the intervals (a, b) and (a, x) lie within the 
interval of convergence of the power series. 
For example, If|x|< 1, we have 

1 appt yg ty t sy, 13852, 
Vd —x’) 2 2 24 22.4.6 
Hence, integrating term by term between the limits 0 
andx, 


1x? 1.3. 1.3.5 x’ 


+ + 
23 2.4.5 2.4.5 7 
Note that this series is due to Newton. 


sin! x=x+ 


1 
If we put x = 5 we get 


1 1 1.3 
TM=6) —+ es a 
22.32 2.4.5.2 ? 
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from which can be calculated without much trouble. 
2 2 

Also, if |x|<1, In(+x) =x — =F 2 a = 

Integrating this between the limits 0 andx, 


2 2 2 
Xx Xx 


+ 
1.2 2.3 3.4 
Assuming that the function on the right-hand is 
continuous up to the limit x = 1. We infer that 
1 1 1 
+ 
1.2 2.3 3.4 


(1 +x) In(1+x)-x= 


21In2-1 


We can also apply the processes of differentiation 
to functions expressed by power-series. 
Assuming that f{x) =a) + a,x t+a,x?+..... to isa 
continuous and differentiable function of x, then 


2 as 
P(x)=a, + 2a,x+3a,x°t+...tma xP tt... 


Here we mention some important expansions 
which are useful in certain problems : 


ree 
D534 s 


Bes, bell . 1 1 1 eis 
(ii) foe ae ge 7 
Se pi * FL a de. ae rt 
(iii) v 7? 32 ae Jeoak o= DD 
: 1 t 1 1 mn 
(iv) ae ee =| 
rae pees a | as 
(v) 2 a2 6 8 moa mA 
1] 2 
Prove that J,—ina +x*)dx = a . 
x 
1 1 1 1 
(Solution) 1= J, (x a x a) 
ox X 3 4 
= Ge dere tien tes desei ) dx 
: 3 


1 1 1 1 

2? 42 e 82 
E tata. |-a atte 
DP oA Ge BP Ae oge? [oes = 


_t 1 _2n*=n _t 
24 8 6 48 48° 


Example 2.| Find by integration the expansion 
series for tan”! 
1 
Solution) Wehave 72 1—x?+x4—x6t,..t....00, 
ifx?<1. 
Now, integrating both sides between the limits 0 and x 
x 1 = 
eee = Jr x 4x4 4+, dX | 


1 1 
5 5x! tg -l<x<l, 


1 
tan-!x=x-——x34 
3 


> 1 1 T 
(Example 3.) Provethat 2 n+]. 3n+2) 3y3° 


gel 
dt = Dd fera-vat 


n=0 n=0 9 


2 fi(a-ode") dt 


=fd-1- da eto st +. ode 


{. dt 
Bene ge 


wl 
fer-t (att) 
2 


aj © or 


{. dt 
Le NR ee 
ay Leg 


NB V3 


Ww 


2 1 
2 an! (t+ (/2)) | 
0 


n! V3 —tan "(+) 


7 
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2 E _ 4 qT 
~ ¥3L3 6] 3V3° 
Example 4.| EvaluateI= [7° tan xin sin xdx 


n/2 SiNX 5 
Solution) [° <n V(I—cos* ax 
COs x 


Now put cosx = t and adjust the limits for t. 


1 pol ; 
l= = oe )dt 


241 a OR A 
1 

= [(eetestestes..) 
21 2 3 4 


Integrating and putting the limits, we get 


I= dy ty bate iiss 
212 24 36 4.8 


ete 
(2st 


__ I(r Ln ian 
2.6 2 6 24 

In x 

Show that fj qrsy &x 


_ jo nT 


».¢ is 
0 Xx 12 


In x 
Solution) tet!= fia os 
Integrating by parts taking In x as the first function, 
we have 
‘in +%) 


» 


I=[Inx.Indl tx)16 


ates 


= 1-0-[. 
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x x? x! 
, Be rip rea Se 
-_| 2 3 4 rr 
0 x 


2. 
(1 ae pt Jae 
2 3 4 12 


Example 6.| Show that sum ofinfinite series 
1 ‘eras | i ees 
a a+b a+2b a+3b 


+ can be 


a-l 


: 1Z 
expressed in the form J, see dz and hence 
Zz 


prove that 


Lae ee mr wave -3{e+m9}, 


1 4 7 10 13 16 3 


LetI= ['2"\+2°) "dz 


Expanding by binomial theorem, 


1 
I= J, 2 a2 e227 4"... dz 


1 
a J, (2 _gatbl y gat2b-l _ pat3b-l ) dz 


zh pit : Pe s 
a atb a+2b a+3b 0 
1 1 1 1 


= + Peserg 
a a+b a+2b a+3b 


Again if we put a= | and b= 3, we get 


1 2° 11111 
I =| zr dz= + eee 
0(1+z°) 1 4 7 10 13 


L.H.S. on integrating using partial fractions 
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1 
-| Finer) Lin Jae ae 2) 


V3 V3 
1 1 411 
- [Fina os age + | 


0 


o 04 sgtan"( +) 


1 l(xn wm lf a 

——In2+ +—|= +1n2 

3 als 4 as } 
Example 7.|  If|x|<1 then find the sum of the series 


1 2x 4x3 8x! 
2 at 8 
l+x 14x 1+x 1+x 


Lat 
1 2x 4x? 8x’ sha ia 
= 5 zt ree . 
l+x 1l+x’ 1l+x* l+x 1+x” 
Integrating both sides 


[Sdx=mnc +x) +n (1 x2) +In(1 +x‘) 


+....00 


S) 


Pn(Tx Aeon ex? Jee 
In (1 +x) (1 +x?) (1 +x4)(1+x9).... Q4x7)} te 


(L— x1 + xX + x7) + x4 x + x®)... +x?) 
=In (1-x) TC 


(1— x? 1+ x? 14+ x*\Ix + x®)...(1+ x”) 
n (l—x) +c 


(l—x*)(1+ x4). + x8)... +x?) 
=In (1—x) +e 


(1—x?" )\(1+x2") <a 
=In (1-x) +c=In (1—x) +C 
a i= a 
When n -> 2, [ Sdx=In i= +c =—In(1-x)+c 


1 


Differentiating both sides, we get S = (=a) F 


Polynomial approximation to logarithm 


Example 8.| Prove that 
2 2 
X xu 
In(l-—x)=x4 5 + rn du. 
We have In(1 — x) 


kx dt wis on 
=A —, > Which is valid ifx <1. 


The change of variable t = 1 — u converts this to 
the form —In(1 — x) 
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x 


= J. wand iene 1. 
ol-u 
From the algebraic identity 1 —u*=(1 —u) (1 +u), 
we obtain the formula 
2 


=l+u+— , valid for any real u¥ 1. 
—u 


l-u 
Integrating this from 0 to x, where x < 1, we have 
2 2 


Sar aa 
2 ol-u 


In(l —x)=x+ 


Practice,Problems Vi 


1. Find the sum of the series 
2 3 4 n+l 
PI Ge ig ew Need 
12 23 3.4 n(n+1) 


2. JAF |x| <1 then find the sum of the series 
1 2x 4x3 8x’ 
+ Zt a er 
1l+x 14x 1+x 1+x 
3. Starting from 
1 2n 


3 x 
-l¢x—x? 4.4 x7 = 


tee [X|<L. 


1+x 
show that 


t? t? 22 t? ra t2ntl 


t-—+—-...-— <Ind+t)<t-—+—-—+ 
2 3 2n 2s 23 2n+1 


fort >0. 


4. Evaluate the following integrals : 
: 2 xdx 
QO J, xi 41 
EN (el ae, 
(ii) :——_s 
see . dx 
Gi) Jo EDAD 
; © x’ dx 
OY) Jo GP 4a) (2 +B)” 


2.21 APPROXIMATION OF 
DEFINITE INTEGRALS 


This section presents some ways of approximating a 


a, b>0. 


b 
definite integral I f(x) dx. There are several reasons 


1 ‘ 1 
5. Prove that J, x emer rE Os n>-l. 


6. Prove that if |x|< 1 
x? x 
- +——-., 
1.3 3.5 5.7 


7. Prove that 


1xml 
@ Jee 


— : tae a ee, 
2 2 


i din fae > Pol 


m+3n 


m m+n m+#2n 

xe 3 5 
(ii) { sin xX Gels x & x 

0 x 3.3! 5.5! 
os be* b b? -a’? b> -a? 
(ii) [ax =n tbat Sort Gar t 
év) (eee 7 yi " 1 
lv —_dx = ; 

0 x 7 (2n + 1)” 


8. Evaluate 


Ln 
} : ‘ f(x)dx, where f(x) =e* + 2e* + 3e3* + .. 00, 


9. Let P,, denote the polynomial of degree n given 


2 3 n n k 
x x Xx Xx 

by P.(x)=x4 + Pha ae : 

Bae ar ee 

Then, for every x < | and every n= 1, prove that 


n 


In(1 — x)= P(x)4 i a du. 


for wanting to make such an approximation. First, the 
integrand f(x) may not have an elementary 
antiderivative; thus the fundamental theorem of 
1. 9 
calculus could not be used (for example, J, e* dx), 


Second, even though the antiderivative is elementary, 
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it may be tedious to compute [for example, 


1 
Jou (1+x°) dx]. Third, the values of the integrand 


f(x) may be known only at a few values of x. 


b 
The definite integral | f(x) dx is, by definition, a limit 
gral | y 


of sums of the form Dies -X,1) (1) 
i=l 
Any such sum consequently provides an estimate of 


b 
J f(x) dx. However, the two methods described in 


this section, the trapezoidal method and Simpson's 
method, generally provide much better estimates for 
the same amount of arithmetic. 


Trapezoidal method 


The sum (1) can be thought of as a sum of areas of 
rectangles. In the trapezoidal method, trapezoids are 
used instead of rectangles. Recall that the area of a 
trapezoid ofheight h and bases b, and b, is (b, + b,) h/2. 
Let n be a positive integer. Divide the interval [a, b] 
into n sections of equal length h = (b—)/n with 
Xjy=a,X,=ath,x,=at2h,...x,=b 
The sum 


f(X9)+f(X1) | 


FO) +A) 


h h 4 


, $n) + fq) | 
2 


h 


b 
is the trapezoidal estimate of i) f(x) dx. 


It is usually written 


h 
5 [f{Xq) + 2f{x,) + 20x.) +...47 20x, )+fx)] 2 


Note that f(x,) and f(x,) have coefficient 1, while all the 
other f(x)'s have coefficient 2. This is due to the double 
counting of the edges common to two trapezoids. 

The diagram illustrates the trapezoidal approximation 
for the case n = 4. Note that if fis concave down, the 


b 
trapezoidal approximation underestimates | f(x) dx. 
a 


If f is a linear function, the trapezoidal method, of 
course, gives the integral exactly. 
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X=aX, X, XX, =by 


Use the trapezoidal method 


. ; 1 dx 
with n=4 to estimate J 78 
O1+x 


In this case, a=0, b= 1, andn=4, 
so h=(1—0)/4= 1/4. The trapezoidal estimate is 


h 1 2 3 
= N| rey 2i{L)+2e{2) 23) 200], 


The trapezoidal sum is therefore approximately 


- ral + 1.882 + 1.6+ 1.28 +0.5) 5 (6.262) ~ 0.783. 


id 
Thus, |, ao ee ~ 0.783. 


The integral can be evaluated by the Fundamental 
Theorem of Calculus. It equals tan~! 1 — tan~! 0 =n/4 
x 0.782. 


Simpson's method 


In the trapezoidal method a curve is approximated by 
lines. In Simpson's method a curve is approximated by 
parabolas (see figure). Simpson's method is exact if 
f(x) is a polynomial of degree atmost 3. 


The dashed lines are 


parts of parabolas 
In Simpson's method the interval [a, b] is divided into an 
even number of sections. 
Divide the interval [a,b] into n sections of equal length 
h= (b—a)/n with 
X)=a,X,=ath,x,=at2h,...,x,=b. 


DG) + 4f(x,)+2f(x,)+ 4f(x;) 
The sum 
+...4+2£(x, 5) + 4f(x,_) +f, )] 


b 
is the Simpson's estimate of | f(x) dx. 


Use Simpson's method with n= 4 to 


1 dx 


estimate I . 
01+x? 


Here h = 1/4. Simpson's formula takes 
1 


2 , : 
the form 4|roy+at(Z}+2e(2)+4#(3} +200] 


1 dx 
The Simpson's approximation of | eee is therefore 


_ 1 1 1 { | 

19 (1 +3.765+ 1.6+2.56+0.5) 
Salt a 
= 75 (0.425) ~ 0.785. 


Th ik dx 
us 

014+x? 
Simpson's method usually provides a much more 
accurate estimate of an integral than the trapezoidal 


estimate for the same amount of arithmetic. 


~ 0.785. 


Practice.Problems 


1. Let f(x) =Ax?+Bx+C. Show that 


f° f(x) dx = S{FCh) + 4£(0) +f(h)]. 


2. Let fbea function. Show that there is a parabola 
y = Ax? + Bx + C that passes through the three 
points (1, f(-h)), (0, f(0)), and (h, f(h)). 


= X 
3. Let f(x) =Ax?+ Bx+C. Shows that 
| Fo) dx = uC —h)+4f(c)+f(e+h)], 
4. Show that if f(x) =x?, 


[£00 dx = SU-h) + 4£(0)+f(h)] 
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Show that the approximation 


b = 
F(x) dx = °=4l Fe i ar(* ; °) + F0)| 
is exact for F(x) a cubic polynomial. 


Let F(x) =A+2Bx + 3Cx?+4Dx?3. 


It then follows that 


DEFINITE INTEGRATION 


a 


b 
[Foo dx = (Ax + Bx? + Cx? + Dx*)| 
=(b—a)(A+ B(b+a) + C(b?+ ba + a?) ; 


D(b3 + b2a + ba? + a3)) 


b- 
=--—4 a 2Ba + 3Ca? + 4Da3) 


(A + 2Bb + 3Cb* + 4Db’) 
2 3 
; {a ; 232? }s3c{ 22") +4p(42*) } 
2 2 2 


b-a a+b 
=< Fea + 4F( 5 }+Fe], 


wi 


1 -l 1 
5. (a) Showthat i, FG) dx = (=) (=) for 


f(x) = 1, x, x?and x?, 
(b) Let a and b be two numbers, — 1 <a<b<1, 


such that [” f(x) dx=f(a)+£(b) for fx) = 1, 


x, x2, and x3, Show thata=—1/V3 andb=1/V3. 
(c) Show that the approximation 


1 
J. foo dx = f(-1/V3)+f(/ V3) has no error 


when fis a polynomial of degree atmost 3. 


3 
6. Estimate J, £00 dx if it is known that 


f(0)=10,f (0.5) = 13, f(1) = 14, f(1.5) = 16, f(2) = 18, 
f(2.5) = 10, f(3) = 6 by (a) the trapezoidal method. 
(b) Simpson's method. 
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=eianget.Problems ford EE ADVAN Ce Ge 


Problem 1.) Find a mistake in the following 


evaluation: 
v3 dx M.S 2K 
} 7 =z tan z 
0 1+x 2 1-x 


3 


0 


a ee -In7-_= 
= tan (-v3) —tan“!0] 6" 


d 1 =. 2x 1 
tan = x#1 
where a3 7) ce ; 
The result is wrong since the integral of 


a function positive everywhere cannot be negative. 
The mistake is due to the fact that the function 


1p 2. : ar ; 
so 2 has a discontinuity at the point 
x=l: 
1 _, 2x T 
lim — tan TET 
xol 2 l-x” 4 
1 , 2x T 
lim —tan =— 
xolt 2 1-x? 


The correct value of the integral under consideration is 
equal to 


ik dx 
0 14x? 
Here the Newton-Leibnitz formula is applicable, since 
the function F(x) = tan“! x is continuous on the interval 


1 3 im - Tv 
= tan x, = tan”! V3 —tan Haas 


[0.2 | and the equality F'(x) = f(x) is fulfilled on the 


whole interval. 


Problem 2) Let F(x) =|‘ sin(/tat. 


Find all critical points of F between 0 and 27. 


There are two natural ways to go at this. 
One would be to evaluate the integral, (by substitution 
t = s*), then take the derivative, then work out what 
values of x give a derivative of zero. The other, which 
we choose here, would be to find the derivative 
without doing the integral, with the rest of the plan 
being the same. 

d 4x? > > 

Thus, f(x) 6 f(t)dt = 8xf(4x?) — 2xf(x’), 
Since here, f(x) =sin x , we have f(x) = 8x sin(2x) —2x 
sin(x). 
Clearly this is zero at x = 0, 2, and 27. But from the 
graph, there must be other points as well. 
With the trigonometric identity sin 2x = 2 sin x cosx, 
we have F'(x) = 2x sin x(8 cosx — 1). Now the other two 
critical points come into focus : 
they are the places where cosx = 1/8, and those are 
cos !(1/8) and 2x — cos~!(1/8). 


Problem 3.| Leta bea positive real number. Find 


the value of a such that the definite integral 


ik dx 
a xtvx 
achieves its smallest possible value. 


Let F(a) denote the given definite 


integral. Then 
d rx dx 

POs), x+vx- 

Setting F'(a) = 0, we find that 
2at+2Va =ataor(va + 1)?=2. 

We find Va =+./2 — 1, and because 
Ja > Ora H(i? S17 33-32. 

For a> 0, find the minimum value of 


Va 
the integral ik (a? +4x —a°x”)e™ dx. 


Let [(a" + 4x—alx?je™ 
=e [Ax*+Bx+CHD 

Differentiating both sides (a? + 4x — a°x”)e* 
=e*[2Ax + B]+[Ax?+Bx+C]e*a 


1 
ia 


2a. ! 
a? + 


=> A=-a', 
4+2a* -a‘-4 
B= + 2a Cc ; 
a a 


4 2 
I =a+35 (a =) +4. 
a a 


Ata= ./9 , [hasa minimum value of 4. 


Problem 5.) Iff(x)=a|cosx|+b|sinx| (a,b eR) 


ie T 
has a local minimum at x = — 3 


n/2 
J,(FC0) dx = 2. Find the values of a and b and 
hence find b/a?. 


and satisfies 


acosx+bsinx if 0< x<t 
fx) = 


For —1/2<x<0 

f(x) =— asin x—bcosx (1) 
and f'(x)=—acosx+bsin (2) 
Since f (x) has a minima at x =— 1/3 

f(— 1/3) =0 and f"(— 7/3) >0 


3 


2 


; wo. a 
acos x — bsinx ae oe 


b 
=0=> /3a—b=0. 


Now f'(— 7/3) = a: > 
p23 
2 


1 
and f'(— 1/3) = = iG + 6/3] 


=—2a>0. 
Hence, a<0 andb<0 


n/2 2 
Now, I= | Tp fOoy dx 
_ 0 2 n/2 2 
= pares (x) dx + J f?(x)dx 
0 7 
= i é (a* cos’ x — 2absin x cos x + b’ sin” x) dx 


M2 9 2 : 2 ain 
+. (a° cos’ x + 2absin x cosx +b’ sin” x) dx 
aa 2 

On solving, I= 5 


+ 2ab = 2 (given) 


=> 2(\3+n)a?=2 
3 
n+V3 


and b 


> a 


1 
\n+v3 
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Problem 6.| Fora positive constant t, let a, B be 


the roots of the quadratic equation x? + t?x —2t=0. 
Ifthe minimum value of 


RG) [xr] +S) is [eee 


where a, b,c € N, then find the least value of (a+ b+c). 


If wand Bare the roots of x?+ tx —2t=0, 


then we have a+ B =—t? and of =—2t. 

a’ +B" _(a+B)-2o8 C1 

(apy (apy at 
I adh leet 

and (apy a 42 2t- 


now t= L((s+ze) +57) +g) 
7 “G2 +(S xe L LY) as 
: t At 2t 


Differentiating I w.r.t. t, 
dl 3t 3 


we Ret Ge 4 De 


So we get t = + 4/2, and since t is taken to be 
Sal ES, 


positive then 
Cae (2) =? =] 13-42 +3 
min 4 16 8 
b 
=> The least value ofa+b+c=20. 
Problem 7.| Consider the function 
f(x) = \ f(1 + 3)-!? dt. If g is the inverse of f, then 
find the value of £0) 
ind the value o ely)” 
We have f(x) = [f+ 8)" dt 


ie. fg} = [SO + 8)! at 


DEFINITE INTEGRATION 


oO 


a 


ie. x= [MU +8) Iat 


[*.. gis inverse of f, f{g(x)} =x] 

Differentiating w.r.t. x, we have 
ee 

ie. (g/P=1+ 3 

Differentiating again w.r.t. x, we have 
28'g" = 3g’g' 
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Problem 8.) Leta+b=4wherea<2 and let g(x) be 


d 
a differentiable function ofx. If = > 0 for all x, prove that 


a b 
Jo g(x)+dx + i; g(x) dx increases as (b—a) increases. 


Lety= fax) dx+ fe) dx.) 


z=b-a=(4-a)-a=4-2a (2) 


d 
We have to prove that = >0. 


. a dy db 

Differentiating (1) w.r.t a, ee g(a) + g(b) - aa 
dy 

or 


= g(a) + g(0) Go * (4—a)= g(a) —g(b). 


dz _ 
Differentiating (2) w.r.t. a —2. 


dy Ce 

dy da _ g(a)—g(b) _ g(4—a)- g(a) 

dz dz me) 2 (3) 
da 


d 
Asa<2,4-a>a. Also ae > 0 for all x, implies that g 


is an increasing function. 
g(4—a) > g(a). 


d 
Hence (3) > = > 0, i.e., yisan increasing function ofz. 
Zz 


b 
‘ i g(x) dx + \, g(x) dx increases as b—a increases. 


Boge 


(Problem 9.) Evaluate tim 
Sy 1 us cos4 us 
We have S= = : rs 


k=l 


2 J (x) cos 4x dx 
Fa 


u 


=(1-%) 


sin 4x 


a) +f, sin 4x dx 


1 
lf -l 
= —| si = —cos4x 
O+ 7 Jj sin 4x dx 16 |, 
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ect ae | | 1 4 
~~ 46 Gs ie 
Example 10.) Ifa,b,c ¢R*then show that 


n 


n 
nr 
ape (k+an)(k+bn) 18 equal to 


1, ab+) 


(i) a—b ba@+h if axb 


1 
(i) Zayp ifanb. 


(i) We have lim 


conan 


_— 
0 ee 


=1| ee (b+x) 
~ a-—b*o (a+x)(b+x) 


ae ii 1 Yas 
a—b°-°\b+x a+x 
i = [In(b + x) —In(a+x)]} 
1 
= fin@+2] 
a—-—b (a+x) | 
Lin th Da 
] . 
sb GEDpi 


+b. 


(ii) Now if a=bthen the given limit 


n 


lim aa 
n> Ya/ eee = 
ors aps | 
Li 1 1 
a atl a(atl)’ 


Problem 11.| Evaluate 


1\F(, 2) (32 )F n?)" 
lim (1+) Gea C4 [eS 


(Solution) Let A denote the given expression, then 


In A= ae oo ‘| 
we 
lim InA= ae x Tin 


noon 4 n 
1 

2 [2x In(1 +x2)dx 
2 

= [inzaz , putting 1+x?=z 


= [zInz z}, 2In2-1 jae. 
e 


4 
Since In lim A= lim InA=In—, 


no no 


4 
Therequired limit= lim A= a 


Problem 12.| Let f(x), x = 0, be a non-negative 
continuous function, and let F(x) = I, f(t) dt, x20. 


If for some c > 0, f(x) < c F(x) for all x = 0, then show 
that f(x) = 0 for all x = 0. 


Given that, for x> 0, F(x) = J FO dt 


0 
=> F(0)= \, f(t) dt=0 


As f(x) < c F(x) V x 2 0, we get 
(0) < c F(O) => f(0) < 0. 
Since f(x) = 0 V x 20, we get 
f(0) = 0 
f(0) =0 
Since, fis continuous on [0, o], F is differentiable 
on [0, ©) and F(x) = f(x) Vx 20. 
Since, f(x) < cF (x) <0 V x 20, multiplying both 
sides by e * (the integrating factor) we get 
e“F'(x)—ce“ F(x) <0 [eX > 0 Vx] 


=> < [e% F(x)] <0 


So, g(x) =e “F(x) is a decreasing function on [0, 0] 
i.e. g(x) <g (0) for each x 20. 
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DEFINITE INTEGRATION 


But we know that g(0) =e F(0) =0 
g(x) <0Vx20 

=> e*F(x)<0Vx20 

=> F(x)<0Vx20 

So, f(x) <c F(x) <0 V x2 0. 

But it is given that f(x) =>0 Vx 20. 

hence, f(x) =0 Vx 20. 


Problem 13.) Let f(x) be defined in the interval 


0<x<1as follows: 


cae ae f(x) =-3, asa 
f{x) =4. ! <x< f(x) = <x< ! 
b) 4 = re ae a? 


and so on, the values being ae positive and 


negative. Show that the integral [,f@odx =In2. 


1 1 1/2 
weave | fin | ee 


1/3 1/3 W/4 
+ I, 4dx — I. 4dx — ie 5dx +... 


=1-141-14. =in2. 
4 


2 3 
(Problem 14.) 14.| Evaluate the definite integral 
#133 4 8 4 dy! sin WO! 
} 666 du 
et l+u . 


1664 sin yo! 


4 
The term is 14 


so its integral is 0. Now make the substitution 


v-332/333 dy to find that 


is odd in u, 


1 
= 1/333 = 
u=Vv => du 333 


1 20°? +08 1 pti2+v? 
i) 55 dU = i) 
-1 J+u 333 


oe 1 
= — & - av 

5G I > fay 

2 fi 1 
a 1+ d 

Shil +) . 

2 4 2 , 
= 1+ dv |= 1+tan™ 1 
Fal reer: 7 333) 
ae face 

333\ 4): 


Problem 15.) Show that 


-11+y? 


dx Tt 


0 (a—cosx) Pare 
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Hence or otherwise evaluate | 


0 (V5 —cosx)? I, (a—cosx)* 7 (a iy? 


nm dx 7 : 
Let I= I, es (1) Put a=/5 on both sides, we get 
(a—cosx) 


[: dx [P-5] tn dx _ m1) 
0 a—cos(m— x) ~ 2 Jo (V5 —cosx) (4)°? 
Z {" dx Q) m dx _ Ilan 
0 (a+cosx) ae Jo 5 —cosx)? 16° 
™ Qadx % dx 
Adding (1) and (2), 2I = I, (a? 4 C08? x) Problem 16.| Evaluate J, (Geoee) Re 1)? 
n/2 dx 0<a<2n. 
=2a.2 I, (a2 — cos? x) [° dx 
a iets ie dx Let I= J; (x —cosa)/(x* —1) 
2 2 
0 (a* —cos* x) 1 
i, done Put x—cos a = ; dx =— 2 
an Je a°(1+ tan? x)-1 
When x = 1 thent = i=eoen an 
TU 2 7 
al /2 . sec” x dx : when x > o then t=0 
9 (a°—-1)+(atanx) 1 
Put atanx=t => asec?x dx =dt Whenx=0,t=0; 0 —y at 


t 


I= "ena 1 . 
naga (7+ cos a) -1 
t t 


x=71/2,t=0 
% dt 
2 Jo fa? 1 4? 
= i dt 
2 ‘| t } 10 V(1+tcosa)’ —t? 
) ( 


2 
— ) 0 | 1-cos a dt 
220 V(t sin’ a+ 2tcosa +1) 


= ———-.< tan 
a= 


Ea {tan-! oo — tan“! 0} 
ae 
{=o} 
=a) v2 
cS: iee dt 


Tl in dx _ Tl = 1 ae 
Hence, I = (a? —1) or, Jo (a—cosx) Va? 1) |sina|?0 [: =a oes 1 | 


1 
l-cosa dt 


aaa! 
— |sina|/o -(e 2tcosa 1 


sin?a = sin’ a 


Differentiating both sides w.r.t. ‘a’, we get sina) sin*a sin? o 
n dx —Ta 

= Doe kI NBD 1 er dt 
0(a—cosx) (a -l) = : 


0 2 2 
Again differentiating both sides w.r.t. ‘a’ we get i 1! ) ( couse. ) 
sin? a sin’? o 


| sin o | 


1 
1-cosa 


1 ie 
= — sin '(tsin? a — cosa) 


| sino | 


0 
1 _ af sin?o atc 
se sin! cosa. |—sin ‘(0 —cos a) 
| sino | 1-cosa 


= tsindi| {sin-! (1) —sin“! (— cos a)} 


1 
~ |sina.| 


| ; sin '(—cos a} 


_ cos '(-cosa) _ cos ‘cos(n-a) | x-a| 


| sino | | sino | | sina | 
ro O<a<n 
sina 
ae 


- sw<a<2n 
—(sina) 


Finally, I= — 
Merete: gine 


‘Problem 17. 17.| Ifn> 1, evaluate 
ee eat (x+V1+x? ee 


=(" sec” @ 
0 (tan0 + sec6)" 


‘Solution |, ea 


[Putting x = tan0] 


n/2 sec? n n/2 n-2 
| sec Bees "a0 = { ees 0 d 
0 (1+sin6)" 0 (1+sin@)" 
os ies cos" 76 

0 (1+sin@) 


* cos"? E - 0] 
“ | dO 
0 = a 
[ + sin( - 0) 
2 


= iis sin" °0 9 
0 (1+cos 6)" 


6 6\" 
nis zim, FOS. 
=|, de 
[2eos* a 
2 
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me 


1 px/2 


ieee 2 49 _ lpr? 4580 40 
2 =. ac ae 
2 0 co. gh*2 : | 


‘ _ 0 i : n-2 2 
[Putting z= tan ] = 5/2 (1+ z° )dz 


a ee ac 0 A n 
= + = + = 
2\/n-1 n+l 7 2\n-1 n+l) n?-1° 


Problem 18.| Prove that 


(| dx = 2m(a +b) 
~»(x* +ax+a’)(x’ +bx+b’) V3ab(a7+ ab +b’) * 
dx 
Solution) ne [= +ax+a’)(x? + bx +b’) 
1 is (x? —b°)-(x? -a?) 
~ (a3 —b®) 4” (x? + ax +a”)(x? + bx +b’) 


dx 


1 oo x—-b co X-a 
= dx dx 
an Iie | oe 


j ‘ 52x+a)-(a/2+b) 


dx 


Sab) 2 xX’ +axta° 


2 3 OX+D)—(a+b/2) 


dx 
Ls x’ +bx+b? 


1 aa (2x +a)dx 
~ (a3 —b*) 2 4-» (x? +ax +a’) 
_ @12+b) ¢ dx 
arros b®) 4 (x +a/2)° +(av3 /2) 
1 = (2x +a)dx 
~ (aby? pee 
_ @+b/2) dx 
@_b) (x + b/ 2) +(bV3 /2) 


1 1 x? taxta? “ 
te i a age | 5 2 
2 (a —b’) x +bx+b° }|_ 


(a/2+b) 1 . ( 3} 
(a*—b*) aJ3/2|2 ) 
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(a+b/2) 1 F ( = I 
(a —b*) bv3/2(2 2 


(a+2b)n (b+ 2a)r 


(a3 —b Daya ( a’ —b*)bV3 


1 
“3 @iop ie 1] 


Tt b+2a a+2b 
areal b a 
T ab + 2a? —ab—2b* 
(a—b)(a? +ab+ onl ab 
2n(a + b) 
~ Bab(a? + ab +b?) 


1 
Problem 19.| Evaluate J,(x+1-x)"'dx, neN 


and is independent of x. Hence show that 
a 
"C, (n+) 


1 
LetI= |. (tx +1-x)"dx 
1 
=|, @-1)x+1rdx 


(t-)x+)™) 
~ | m@+Dt-D fy 


(+t?-27+..4+t+1} (1) 


=(Q+ 


=R.HLS. 


1k 
J.x* 29 kdx= 


~ n+] 
a 
Again, I= | {(1—x) +tx}"dx 


(p (C1 =x) +°C, (1 =x)" H(t) 


+8C,(1 —x)9-2(tx)? +... + 9C(1 — x)? (txy? 
+ act AC, (tx) dx 


= 13 2c d= 0 ba 


r=0 
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ct! ([; ee a x'dx | (2) 


r=0 
From (1) and (2) 
yc! (k (1-x)""x ‘ds | 
r=0 
= n+ n—14 4n-2 tt 
iq ct t tt+1} 


Equating the coefficient of t* on both sides, 


| n-f T 1 
"C, [[}a-» x ax | =—— 


1 1 
> I (1—x)"*x'dx = ————_., 
0 "C. 4+ 


Problem (Problem 20.) Prove the identity 
"Cy 
ye le sees) +1) => Da 


k=0 k=0 
We have 


ie x™(1—x)"dx= [ x(1—x)™dx [PS] 


1 
= J 
0 


1 
= J OCMC x4 "Cyr... HDC, x) dx 


x™ (OC, —9C,x+"C, x?—...... +(CL)"C, x") dx 


1 
=> I, Ce, xm_ Oo, aaa | para nC, xm+2 = 
ae (-1)" "c xm) dx 


1 
= \, mere a mC xat la se cali -_ 
ayy. (-)™"C,,x™) dx 


ig Os "C & zee (-l" "C, 
(m+1l) m+2 (m+3) (m+n+l) 
= Co Si + & et (-1)™ Cm 

n+l n+2 n+3 (m+n-+1) 

~ ye rs oe yey 
= oe = (k+n+1) 


Hence proved. 


1 
Problem 21.) Evaluate I= i 2 sin (att) sin (Bt) dt if 


(a) tana=aandtanB=f 
(b) tana=a,tanB=Banda=f 


I= [, 2 sin at sin Bt dt 


(a) Integrating by parts, taking sin at as the second 
function, we have 


-[on( 2] von) 


2 : 26 ¢! 
1=-~cos asin B+ —| cos Bt cos at dt 
OL a 20 


2 


=-— cosasinB 


1 
2 in ott ! 
a oe cosp nt al sinBtsin at dt 
a a |, avo 


2 gece VR B° 
I=-— cosasinB+— sinacosB+ —>I 
OL a OL 


pr \_ 28 2 
=> I/!7~ ya ]=— sinacos B-— cos asin B 
OL oO or 


2p 2 
= cos a cos 8 age 


=0, given tana=aandtanBp=f. 


(b) Givena=8 


Ne] 


1 1 
I= J, 2 sin? att dt = J, (1 —cos 2at) dt 


i sin 2at i “1 sin 2a 
7 2a |p 20 
2 tana 2a 
== 2 => 2 
2a(1+ tan’ a) 2a(1+ a*) 


1 a 


l+o”? 1402" 


Problem 22,| Evaluate \ xe 2* dx. 


=| 


foe) 
0 : —2x 
x4, — lim] x e ““dx 
i. eden) ee ds 


Ou dv 
— lim X gx ~ [tem ax 
t>0 —2 =9: 


t 


0 
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— lim| -—te*' a2 en ere 
4 4 


: 1.8 
[ We have lim{ ~4¢ ‘i = 0 and using 


1. 1 iis “Ae 
= _—lim =a lta 
2 tool 2e 4° 4 
Problem 23.) Prove that 
1.2.3...(m — 1) 


1 
n-l = = = 

J, Be ee ae n(n+1)...n+m-—1) 

when m and n are positive, and m is an integer. 


Integrating by parts, we have 


fev = x)™ldx pon = ‘ae xy 


+4 ae ioe (1 —x)™?dx 
Moreover, since n and m — 1 are positive, the term 
x1 — x)™! vanishes for both limits. 


m 


1 =] pl 
| xq —x)" Idx = x"(l-x)"™?dx. 
0 n 0 


The repeated application of this formula reduces the 
1 
integral to depend on J, x™ "dx | the value of which 


oe on 
m+t+n-1- 
Hence we have 


is 


1.2.3...m—-1) 
n(n+1)....42m+m-—1) 
This shows that when either m or n is an integer the 


1 
I, xd —x)™ dx = 


definite integral (xt d-0™ "ax can be easily 


evaluated. 


Problem 24.| Ifthe value of the definite integral 


ni ){ <r ie 
le V1-x? his ney) : 
n° (Ja — Vb) 

Cc 


= aie , where a, b, c € N in their lowest 


form, then find the value of (a+b-+c). 
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| cot"( : re a | 
~ Jat 1-x? [ mae) (1) 
[P-5] 
[ [cot : Jf cor" 
wn 1-x? | 1 a) (2) 
On adding 
1 1 x 
_| cot! cot! 
a J, 1-x’ | 1 (x?)* 
4 m—cot = dx 
1=@ 7 
I= } root ( : x 
4 V1-x? 
= [i xtan™ V1—x* dx 
(As tan V1— x’ iseven function) 
= anf, tan"! V1—x? dx (3) 
2 nf 1 tan”! (V1—x*)dx 
Oe (4) 
Integrating by parts 
T=ntan (VI—-x’):x] - few —— da 
( =: l laa eee 


(aoe 

= 7 | ———————— dx 

al °(2—x’)v1- x? 

Put x=sin® => dx=cos0d0 
2 sin? @ 

tan, Goa 

(2-sin* 0) 


gem 
St 
0 2-sin’? 6 


7/2 dO m 

oa 2nJ, 2-sin?6 2 

: an{™” sec’ 6d 1 
0 242tan?@-tan*>6 2 
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2 


7/2 sec” 0d 
i Put tanO=t 


Tt 
Tt a ee 
9 2+tan°@ 2 


024+t? 2 
1 t ])° 2 2 
Sg aaa vo 
V2 V2 0 2 V2 2 
— wW(w2-1) | W(Wa-Vvb) 
2 Ve 


a=2,b=landc=4 
=> atbt+c=2+14+4=7. 


Problem 25.| Let <e,> be a sequence of positive 


real numbers, such that lim ¢, = 0. Find 
no 


It is well known that 
-l= [ inxax = im In( 


i k 1x k 

—) In} —+e, |>—) In| — 
then, 5 Syn +8] = Dg) 
Given ¢ > 0 there exists n, such that 0<e,<¢ for all 
n2No. 


Then ty n( & te ns Lyon + :] 


D =] 
Iw {k 1 
i lim — > In} *+¢]= | In(x+e)dx 
Since es ( ) ( (x+é) 


= ie In xdx 


we ig the result when ¢ — to 0 and so 


lim — eat J 


noo 


Problem 26.) Evaluate the limit 


2x 
lim [~ sin! at (m, neN). 


x07 4x 


sint , : 
We use the fact that ~— is decreasing 


in the interval (0, =) and a nt = 1: 


For all x € C 4 and t € [x, 2x] we have 


sin 2x 
< Sint sint 


2x 
sin2x \" p2xt™ 2x sin™ t 2x t™ 
i < i) dt < ie = at. 
2x x [" 5 a bd x 


2x i m-—n+l 2 m-n 
| —dt=x udu, 
1 


<1, thus 


. m 
The factor (st 2x) tends to 1. Ifm—n+1<0, the 
x 
limit of x" is infinity ; ifm —n + 1>0 then 0. If 
2 
m—n+1=Othenx™™! I u™ "du = In2. Hence, 


0, m2>n 


lim dt=<Iln2, n-m=1 


x>0* 4x 


ie sin™ t 
o, n-m>l 

Problem 27.| Let fbe a continuous function on 

[0, 1] such that for pte! x € [0, 1] we have 

1 


_ Show that I; f? (t)dt > =. 


[ f(tdt > + 
(Solution) oa the inequality 
1 1 
Wes (f(x) — x) dx=[ £?(x)dx 
0 0 
dl 1 
2 
, J, xf(x)dx + J, x? dx 
We get 
“py S Ol ahodes| Ko deel HEGdEee 
I; Ge J,* (x) x-|x eS [,* @) a 
From the hypotheses, we have 


ff tcaraxe f)* 


This completes the proof. 
Problem 28.| Let F: (1, ©) —R be the function 
defined by F(x)= | ' a Show that F is one-to-one 
x Int 


1 
dx or, I, TOnees 


(i.e. injective) and find the range of F. 
From the definition we have 
; x-l 
BG@)>— xl, 
Inx 


Therefore F'(x) > 0 for x € (1, ©). Thus F is strictly 
increasing and hence one-to-one. Since 
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y) 
F(x)>(x? —x).min dees? =" S500 
Int Inx 


as x — 00, it follows that the range of F is (F(1*), 0). In 
order to determine F(1*) we substitute t = eY in the 
definition of F and we get 


2Inx e 


F(x)=[ 
2Inx 
Hence, F(x)< em P ay =x7In2 
nx yv 
and similarly F(x) > x In 2. Thus F(1*)=In 2. 
Hence the range of F(x) is (In2 , 0). 


Problem 29.) If f is a continuous real function 
such that f(x — 1) + f(x + 1) =x + f(x) for all x, what is the 


a, . 2005 
minimum possible value of i} f(x)dx? 


Let g(x) = f(x) —x. Then g(x— 1) +x-1+ 


g(xt 1)+x+12x+g(x)+x, or g(x— 1) +g(xt 1)2 g(x). 
But now, g(x + 3) > g(x + 2)— g(x + 1) >—g(x). 
Therefore 


(ie g(x)dx = (as g(x)dx + ia g(x)dx 


a+3 
= i) (g(x) + g(x +3))dx > 0 
It follows that 


2005 333 6 6n+7 
— > 
J eeo= DI, eax 2 0, 


so that 


2005 2005 2005 
| f(x)dx = | (g(x)+x)dx = | xdx 
1 1 a 


2005 
_|X : o 
2 1 


The equality holds for f(x) =x. 


T 
Problem 30.) For@« (0.7) , find the value of 


[mos tan 0 tan x) dx . 


Let I= [in(1+ tan @ tan x) dx 


= f/m + tan 0 tan(0 — x)) dx 


I= fiin( 1+ 


2: 
2005" =! _ 5010012 


[P-5] 


tan 0 (tan 6 — tan »)) dx 
1+ tan@ tan x 
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inl 1+tan’@ _l+ten' 6) 
={1 dx 
1+ tan 0 tan x 


0 F 0 
= J, In(1+ tan 0)dx In(1+ tan 9 tan x) dx 


I=206 In sec 0—I 
21 = 20 In sec 8 
=> [=Olnsec8O. 


(- 
n/2 
Solution] '= |, 


= [P'n{a? (cos’ x +k’ sin’ x) \ dx 


In(a* cos?x + b’ sin?x) dx. 


In(a’cos’x +b’ sin’x) dx (a> 0, b>0) 


n/2 2 2.2 
i J, In(cos* x +k* sin” x)dx 
= tinat 


q 


lone 


n/2 2 2.2 
= ik In(cos* x +k* sin* x)dx 


I, fe 2k sin* x 
° cos’?x+k? sin* x 


n/2 tan’? x sec’ x 
i) 2 2 2 a 
® (1+k~* tan’ x)(1+ tan’ x) 
(put tanx = t) 


—_———n 
0 (1+k’t?)(1+t’) 
eee e ad, 
(1+k*t?)(1+t’) 


2k fe dt [° dt 
SK 40 2° oe THe? 


dl, 2k (4) T 
dk ke H0 2k ee * 
I=nxm(1+k)+C 
If k=1, I,=0 

=> C=-nln2 


(=*) 
] =7ln 
1 2 
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1+(b b 
= xin( +02) =nin( °°) («. k=b/a) 


l=7lna+ nin( =?) 
2a 


n( + 2) =nin{* + °) 
2a 2 7 
Problem 32.) Using definite integral as a limit of 


1000 
, 10 ; 
sum for the integral J, x dx, determine an 


approximate value for the sum 1!°+ 210+ 310+... + 
1000!° 


ll 
Solution) LetI= fx ax= 

11 
The graph of y = x! is increasing. Hence, Left end 
estimation < I < Right end estimation Dividing the 
interval [0, 1000] into [0, 1], [1, 2], [2, 3], ..., [999, 1000], 


we get using left end estimation 
999 


1000 
» re< J x ax 
0 


r=0 
1000"! 
=> s-1000!°< 7 
1000"! 


=> $§<1000!0+ 


11 
Using right end estimation 
1000 


yee 


11 
gs 1000 
11 
11 11 
Hence, — <S<1000'° + — : 


Problem 33.) Finda step function S(x) on [1, 2.5] 


such that 1/x<S(x) and [ oe S(x) dx < 1. Also conclude 
thate>2.5. 


(Solution) Define S(x) by 1< 2<O<T<b<2<ll 
4 4-4 4 


5 

4 
= 2.5 with the values (eas a ae 8 iN 
56 9 


Then 1/x < S(x) and 


fPsdx=Hi+4+44444ed) 
a 4 5 6 7 8 9 


tooth =2509 /25820<1. 


2.5 
Therefore iF dx/x<l, 1n2.5<1,2.5<e. 


Problem 34.| If the function f: [0, 16] > R is 
differentiable. If 0<a< 1 and 1<f <2, then prove that 


[f(t dt = 4(c2 a) + BB) 
I= [ema 


Pai 
Consider g (x) = J, f(t)dt => g(0)=0 
LMVT for g in [0, 1] gives, some o € (0, 1) such that 


1)-g(0 
208) _ 5 (ay 0) 
Similarly LMVT in [1, 2] gives some B € (1, 2) such 
that s@)-e0) i ec ae g'(B) (2) 


Addind a A (2). 
g(a) +8'(B)=8 2) g(0); 


Zero 


But g' (x)=f(x4)- 4x3 4(a*£(a.*) + B°EB")) 


Pi 
= J, f(t)dt. 

Problem 35.| Let f be a continuous function on 
[a, b]. If F(x) = ([/F()dt - J’ FC) dt} (2x (a+b) then 
prove that there exist some c € (a, b) such that 

eo dt — [fa dt=f(c)(a+b—2c). 
Given F (x) 
= | ['epat-f "£(t) at) (2x -(a+b)) 


Since, f is continuous, F (x) is also continuous. 
Also, put x=a: 


F(a)= [-[reat}(@-by = (b-a) J F(tyat 
and put x=b: 
F(b)= (Jf 4t}(o—a) 

Hence, F (a) =F (b). 
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Thus, Rolle's Theorem is applicable to F (x). 
There exists some c € (a, b) such that F'(c)=0. 


Now, F! (x)= 2(f ro) dt— [feat] 
+ (2x —(a+ b)) [f(x) + f(x)] = 0. 
F(c)= | [-faat—J? F(a} = f(c)[(a +b) 2c], 
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Problem 36.) Comment upon the nature of roots 


of the quadratic equation x? + 2x=k+ i t+k|dt 
depending on the value of k eR. 0 


p=4+alk+ [1k +t at 


1 
=444k+4) |k +t] dt. 


Let k=0, 
1 


(meted | eon 
=f +t] t=] +tdt = kt +> 


0 


i 1 
=k+— 
2 


1 
Hence, D=4-+4k+4[k-+5) 


3 
4+ 8k+2=8k+6>0 4{2k+5), 
Let k<-1, 


I=- [ k+nd = pet] as fk] 


1 
D=4+4k-4 rs =2>0. 


Let -1<k<0 ; 


+ 


1 
I= ik+t/dt 
Let k=-y>0<y<1 


I= f'it-yldt = fats J @-yyat 
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2 ar re 
y ¥T 5 T a 


1 

D 444k+40e+k+ 5) 
2. 1 2. 3 
-4/1+k+k rs -4|k pee 


-4[ +0? +3 | $0. 


Hence, D> 0 V k €e R= roots are real and distinct. 


Problem 37. 


" Inx dx 


For a> 0, b > 0 verify that 


———— reduces to zero by a substitution 
° ax° +bx+a 


x = |/t. Using this or otherwise, evaluate 
ibs Inx dx 
0x? 42x4+4° 
= {° Inx dx 
0 x?+2x+4 
coefficient of x? and constant term same => dx = 2dt) 


dx (put x = 2t to make 


ib In2+lInt 
0 4(t? +t+1) 


In2 x dt l re Intdt 
xa. 2 +2] 2 
2 9 ti +tt+l 2°°9 to 4+t4+1 


q 1) 


» Intdt 
roa Pats) PUES 


1 1 

— > dt=- d 

y y’ f 
+Iny-(41) 


lea 
. 


Feta} y dy. 
yr sy 
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o Inydy « Inydy 
ies fe 2 ae) 2 =—|] 
y t+y+l y +y+l 2 


{" dt 
Newis  (e ty) 


aes, sa ee 
2 (t+ (1/2)? |" 
=a B ; 
2 E x Qn 
~— V¥3L2 6) 3y3° 
_in2 2n | 2x  nin2 
© 2 BS 33. 3 


1 2 
Problem 38.) Find lim i e* cos ax dx, 
F x2 
Lettingu=e> and du=cos ax dx, 


we have 
1 258 
ts x, 12xe* sinax dx 
[e* cos ax dx = ¢—_sinax : 
0 a: 0 a 
esina 2fl 2. 
- - xe sinax dx, 
a avo 


2 
Now, for x in [0, 1],-e<xe* sinax<e. 


1 1 2 1 
Hence,—e= | -edx< | xe* sinax dx< |e dx=e. 


1 2 
xe* sinax dx|<e 
0 


Consequently, 


: F : 
and tim{ 5" ab 2xe* sinaxa) =0. 
a 


ao a 


1 ees 
Thus, the limit of ( e* cosax dx asa— is0. 


ool hing Sst, Rem CMD Clie 


| 
ie 
38 
i Me 
oS 
ion 
ae 
> 
NE ey 
a 
aa 
2 
+ 
CoS 
| 
2 
ee, 
ca) 
ac 


| 
5 
M 


n-l 
_ ij (A=) (a+), 
n>0 179 n n 


2. Ifa=0,b=1, then 
r 


n-1 1 
[,#opde = Bn 2(5) 


n 


w(x) 


b 
r 
f}| — |= | f(x)d 
(=) J (x)dx | Where 


r=@(x) 


a= lim om) and b= tim VO) 
no pn noo n 


Rules of definite integration 


() [/foodx=0 

(i) J fax =-f teoax 

(ii) [ teoax - -f'reoat 

(iv) [cfx)dx= ef” foax 

(W) [1800+ e@oldx =f” rooax+ f” eC0ex 
(vi) [ tetoo + ¢)8(x)]dx = cf foodx +e,| : a(x)dx 


c a b 
(vii) | f(x)dx +( f(x)dx = | f(x)dx 
Mean Value Theorem for Integrals : If f is 
continuous on the interval [a, b], there is atleast 
one number c between a and b such that 
b 
| f(x)dx = fc) (b—a) 


Average value of a function : Iffis integrable on 
the interval [a, b], the average value of f on this 
interval is given by the integral 

1 pb 
fg = i f(x)dx . 
If a function fis integrable on a closed interval 
[a, b], then the function g(x) = [teat is 


continuous at any point x é€ [a, b]. 
First Fundamental Theorem of Calculus: 
If fis continuous on [a, b], then the function g 


definedby g(x) = te f(t)dt a<x <b is continuous 
on [a, b] and differentiable on (a, b), and g’(x) = f(x). 


The Newton-Leibnitz Formula: Iffis continuous 
on [a, b] and F is any antiderivative of f on the 
interval [a, b], that is a function F exists such that 


b 
F(x) = f(x), then | f(x)dx =F(b) —F(a). 
Improper integrals 


@) J fe0dx= im J’ FO0dx 


(iy J £0ddx= lim J" F@xdx 
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(ii) f° f(~)dx = ie f(x)dx + ( f(x)dx 


(iv) If f(x) has an infinite discontinuity only at 
the left end point x = a of the interval [a, b], 


[.f00dx =lim J” f00dx where 8> 0. 


(v) If f(x) has an infinite discontinuity only at 
the right end point x = b of the interval [a, b], 


[ f(x)dx = lim J” f(x)dx, where e>0. 


(vi) If the function f(x) has an infinite 
discontinuity at an intermediate point x =c 
of the interval [a, b] (i.e. a<c <b) then, by 
definition 


[. f00¢x = [fex)dx +f "f(aydx 


b 
10. [ wx)voodx 
b pb 
= (uc v(x)dx}} _ I (u of v(x)dx) dx 
11. Leibnitz rule for differentiation of integrals : If 
fis continuous on [a, b], and u(x) and v(x) are 


differentiable functions of x whose values lie 
in [a, b], then 

d py) dv du 

— f(t)dt = f(v(x))—- f(u(x))— 
Fede FDAE = FOO) — FUG) 

h(x) 
12. Modified Leibnitz Rule : IfF(x) = le f(x, t) dt, 
then 


h(x) O f(x, t) 
FQX)= he ax d+ fx, h@)l)h'&)—fix, gx). 8%) 


b b 
13. Property P-1: } f(x)dx = } f (t)dt 
= } : f(u)du 
a b 
Property P—2 : I, f(x)dx = -( f(x)dx 


b c b 
PropertyP-3: [ f(x)dx=[fOodx + [ fOodx 
Property P—-4: 

() J) £6) dx = |" (f(x) + F(—0) ax 


(ii J f09 dx =2 J, te) dx, if f(x) is an 
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even function 


(iii) J” f(x) dx =0, if f(x) is an odd function 


Property P-5 
(i) J feodx = J” fa —x)dx 
(ii) [°x)dx= [flat b-x) dx 
Property P-6 
[-° f09 dx = J, te9 dx + J, 2a - x) dx 
0, if f(2a—x) = —f(x) 
7 2° f(x)dx, if f(2a—x) = f(x) 


Property P—7 
If f(x) is a periodic function with period T, then 


(i [te dx =n [#09 decncet 

(ii) [£00 = [#09 devreraeR 

(iii [#09 dx =(n—m) [te de icie | 

(iv) °°" £@) dx =m) J f(%) dx 
+f"f(@)dx,neLabeR 


14. Shift property : i f(x)dx = re f(x —c)dx 
15. Expansion—Contraction property 
b/k b 
kf |, fkx)dx = [ f@0dx for everyk > 0. 
16. Reflection property 
b a 
i f(x)dx = ie f(—x)dx 


17. [ foodx= (b-a)[. f[(b—a)t +aldt 


18. [ foodx= bf(b) —af (a) —[ ie 


19. Estimation of definite integral : 


Dates 
f'(y)dy 


b 
(i) Iff(x) 20 forasx<b, then [ f(x)dx>0 


(ii) If f(x) < g(x) for for every x in [a, b], then 
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b b 
i) f(x)dx < i) g(x)dx 
(i) Ifm < f(x) <M fora<x <b, then 


m(b—a) < [ tcoax <M(b—a) 


b b 
(iv) | [. feodx < [1 £0) [dx 
(v) Schwartz-Bunyakovsky inequality 


lf. f(x)g(x)dx| < at f° (x)dx ge’ (x)dx 


(vi) (a) if the function f(x) increases and has a 
concave up graph in the interval [a, b], then 
b f(a)+f(b 
(b—a) fla)< J F)dx < (b- yOre) 
(b) If the function f(x) increases and has a 
concave down graph in the interval [a, b], 
then 


Here) < [-t (x)dx <(b—a)fib). 


20. Weighted Mean Value Theorem for integrals : 
Assume f and g are continuous on [a, b]. If g 
never changes sign in [a, b] then, for some c in 


(b-a) 


b b 
[a, b], we have J fdg(x)dx = flo) g@x)dx 


21. Generalized Mean Value Theorem for integrals: 
Assume g is continuous on [a, b], and assume 
f has a derivative which is continuous and 
never changes sign in [a, b]. Then, for some c 
in [a, b], we have 


b c b 
| f(x)g(x)dx = f(a) [ g(x)dx + f(b) i g(x)dx 


n/2 Le nm/2 PA 
22; 1: sin" x dx =| cos" x dx 


AS aes 
(2=1)(223)(228).(2)1 i miso 


/2 


23. Wallis formula: } sin™x . cos"x dx = 


0 
[(m—1) (m—-3)....1 or 2] [(n—1) (n—3) (n-5)....1 or 2] 
(m+n) (m+n-—2) (m+n-—4)....1 or 2 


where K 


= if both m and n are even (m, n € N); 


= | otherwise. 


_ lim’ f(x,n)dx = [lim f(x,n) dx, if a and b 


are independent of n. 
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25. Let a function f(x, a) be continuous fora<x <b 


andc<a<d. Then for anya €¢ [c, d] if 


\(a)= | “£(%, ot)dx , then 


Ge [(<te.0) dx 


da a 


Objective.Exercises 


1. 


S 


a 


4. 


[axs 143x4dx is equal to 
(A) 214 x) 4C 
(B) 214 x) 40 


© a4 xy eC 

(D) None of these 

Ifm and n are positive integers and 

fx) = J" (t—a)2*((t— by?! dt, a ¥ b, then 


(A) x=bisa point of local minimum 
(B) x=bisa point of local maximum 
(C) x=aisapoint of local minimum 
(D) x=aisapoint of local maximum 
Iff: [0, 7] > Ris continuous and 


[to sin x dx = [to cos x dx = 0, then the 


number of roots of f(x) in (0, 7) is 
(A) zero 

(B) exactly one 

(C) exactly two 

(D) atleast two 


If I= J. ostogs + doce? 


(A) a logloga —-f loglogB 


won |** then Tis equal 


(B) J oa ibeigea steplosp 
a 8 


pee + alogloga—BloglogB 
oB 


© 
(D) None of these 


vn tan”! (nx) : 
5. Let I= Iuiasd cartegy othe lim(n’I, ) is 
equal to 
1 
(A) 1 (BO ©-l (D) 5 


a b 
6. Given If. £(x)dx| = iN |f(x)|dx and f(x) #0 at any 


x € (a, b); ife(x)= f _ £(t)dt , x) being continuous 
and differentiable in (a, b) then 


J? £(x) g(x)dx = 0 implies 


(A) g(x) =0 has atmost one root in (a, b) 
(B) g(x)=0 has atleast one root in (a, b) 
(C) g(x)=0 has exactly one root in (a, b) 


(D) g(x) =0 Vx E€ (a,b) 
Given 


[iw +x +x7)V4x? 45x? +10dx = a.19V19 


then @ is equal to 
1 1 
Ay On 


itan! x 


n/2 


* dx , then 


r4=f> 2 ~ ax and ¢, =f, 


0 


value of a is 


1 @2 OF ©3 


2[x] 
f 3x —[x] 
The value of the integral /-10 ( 2[x] } dx, where 
3x —[x] 
[.] denotes the greatest integer function is, 
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10. 


11. 


12. 


13. 


14. 


15. 


(A) 0 (B) -10 
(C) 10 (D) None of these 


Let a function h(x) be defined as h(x) = 0, for all 
x # 0. Also J noo. @o)dx =f(0) for every 
function f(x). Then the value of the definite 
integral [-n'@.sin xdx is 


(A) equaltozero (B) equalto1 
(C) equal to—1 (D) non existent 
If f: R > R is a continuous and differentiable 


x 0 a 3 
function such that | fdt + £3) dt =| Udt 


—#() [eats £"(2)[ t dt then the value of (4) is 
(A) 48—8P(1)+ £2) (B) 48—8P(1)—£"(2) 
(©) 48+8F(1)+ #2) (D) None of these 

If fy) = e’, g(y) =y, y> 0 and 


F(t) = I f(t — y) g(y) dt, then 


; (B) F(t)=te' 


(A) F(t)=e'—(1 +t) 
(C) F()=te™ (D) F()=1-e'(1 +t) 


Suppose that F(x) is an antiderivative of f(x) = 


3 sin 2x 
> where x > 0, then i 


expressed as 


sin X 


dx can be 


(A) F(6)—F(2) (B) 5 F)-F(2)) 


© 5 (F3)—FU)) (D) 2(F(6)— F2)) 


k . 
The value of ie (-1)8""!dx is 


(A) -2(k-1) (B) —2k 
(C) k (D) none of these 


x tsint dt 


aa 3 
If f(x) = ie a ree ee for 0<x< ) , then 


(A) {(0) =—1 
0 (ee 


(C) fis continuous and differentiable in C 4 


(D) fis continuous but not differentiable 


5) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


If ioe e™! 44x 
-r/4 (eX 4e7!/4)(sin x + cosx) 
n/2 - 
= ra j Secx dx, then the value of k is 


A> O 7 Os Os 


0 Be | 2 =4 1 
cot -}| ——— |+ cot || cosx -= 
Ie (5-24) ( 1) “ 


is equal to 


Lae ee me 30° 
OL OF +O4- OF 


foe) T | ) 
tres [a x2) nx dxis equal to 


(A) — 5 Inx (B) 0 

(©) 5 In2 (D) None of these 
pe —4y+5)sin(y—2)dy 

2y —8y+1 is equal to 
(A) 0 (B) 2 

(©) -2 (D) None 


ie re r(4)i It 
(x)= ol+|x—t]’ en f"| 7, } 1s equal to 


(A) 0 ®) 5 
(C) 1 (D) None 
1( + = 1 
The value of §(T«+5) [S-] dx 
equals 
(A) n (B) n! 
(C) (n+1)! (D) n-n! 


f(x) is a continuous for all real values of x and 


n 


n+ 2 
satisfies | "£(x) dx = “3. Vn eI, then 


5 
I. f(|x|) dx is equal to 


(A) 19/2 (B) 352 
(C) 17/2 (D) None 


23. 


24, 


25. 


26. 


27. 


28. 


Let f be integrable over [0, a] for any real values 


m/2 
of a. If I, = fi cos 8 f (sin 6 + cos? 6) dO and 


n/2 
1,= J" sin 20 £(sin 0 + cos? 0) dO, then 
(A) 1,=-21, @) L=L 
(Q 2,=1, ©) 1=-1, 


Ifa, B (B > a) are the roots of g(x) =ax?+ bx+ c=0 
and f(x) is an even function, then 
p( 80 
f B e (a) dx 
a (a) ;(2@)_ 1s equal to 
ES) 


ee + xB. 
Vb* —4ac 


xB 
(B) [2a 


© 
Ifthe function f: [0, 8] > R is differentiable, then 


(D) None of these 


b 
a 


8 
for 0<a,b<2, I, f(t)dt is equal to 


(A) 3[o3fa.7) + B°4(B7)] 
(B) 3[a°fA) + BAB)] 

(C) 3[afa.*) + B°4(B°)] 
(D) 3[afa*) + B°(B7)] 


Let g(x) be a continuous and differentiable 
function such that 


2(pvs2 4 
I, | (ee sidx} _ g(x) dx =0, then g(x) =0 


when x € (0, 2) has (where [.] denotes the greatest 
integer function) 

(A) exactly one real root 

(B) atleast one real root 

(C) noreal root 

(D) none of these 

The values of x satisfying 


(eae x = = ie ao . 
‘ 5 = Jo [x+ 14]dx, lie in the interval 


(where [.] and {.} denotes the greatest integer 
and fractional part of x) 
(A) F14,13) ®) 0,0) 
(C) (-15,-14] (D) none of these 

2 dx 
The value of J, (17 48x —4x2y(e +1)? 1S 


equal to 


29. 


30. 


31. 


32. 


33. 


O 2.171 


DEFINITE INTEGRATION 


1 in 22! 

(A) — eft |24+Jar 

1 in 222! 

®) - 3h 2122 
Dao: in 2tN2! 


| 


10 
The value of is sgn (x — [x]) dx, is equal to 


1 
© - =i Yai-2 


(D) none of these 


31-3 


(where [.] denotes the greatest integer function) 
(A) 9 (B) 10 
(C) ll (D) none of these 


The function 


as ; 1 
f(x) = I, login [sint-+5) dt ,x €(0,27) 


strictly increases in the interval 


offs) o(F4) 
Let f : (0, 9) > Rand F(x) = f° t ft) dt. If 


12 
F(x) =x*+ x, then Dice) , is equal to 


r=l 
(A) 216 (B) 219 
(C) 221 (D) 223 
Let f(x) be a continuous functions for all x, such 
x 2sec*t 
ae = 
that f{x)) I. £0). dtand 0) = 0, then 


wda)ewSn (3)? 


(CS) (=) =2 (D) none of these 


The value of 


fst Mig eT . 3 27 3 OT 
lim — sin? — + 2sin?—+...+nsin’—} jg 
n> y 4n 4n An} ’ 


equal to 


2.172 O 


34. 


35. 


36. 


37. 


38. 


39. 


V2 
(A) guy 62-15n) 


2 
(B) One (52—15n) 


1 
(C) On (15n- 15) 
(D) none of these 
m2 9 2.2 : 
The value of J, In (sin” 6+k’cos’ 8) dO, is equal to 


(A) mIn(1+k)—xIn2 
(B) mIn2-—In(1 +k) 
(C) In(l+k)-aln2 
(D) none of these 


Ifl,= [ (Inx)" dxthenI,+nl,_, is 


(A) 1 (B) e 
(C) e+1 (D) e-1 


If f: R > R is continuous and differentiable 


x 0 
function such that | (pdt +f"(3) | dt 


x x 3 
= fre ate ft at + PQ) [ tat, then the 


value of f'(4) is 

(A) 48-8f(1)+f(2) 
(B) 48-8 f(1)-f'(2) 
(C) 48+8f(1)+f'(2) 
(D) none of these 


le*dx 1 x?dx I, 
Let I, L Lee and I, J, yp L 
is equal to 
(A) 3/e (B) e/3 
(C) 3e (D) 1/3e 


x Twn 
If g(x) = I, (|sint|+|cost)dt, then g I ae 
C 
is equal to, where n e N 
nn 
2 


(A) g(x) + g(x) ~(B) 2t0)+3[ ) 


T 
(C) g(x)t+ a( =) (D) none of these 
1 
Let f(x) = minimum ( x|1-|x 4). Vx eR, then 


1 
the value of | Fx)dx is equal to 


40. 


41. 


42. 


43. 


44, 


45. I 


46. 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


1 3 
(A) 35 ®) 3 
(CC) = (D) none of these 


If the function | f(t) dt—> Sas |x| > 1, then the 


value of'a' so that the equation 2x + ie f(t)dt=a 
0 


has atleast two roots of opposite signs in (—1, 1) is 
(A)ae(0,1)  (B) ae(0,3) 
(© ae(-o,1) () ae(3,~0) 


Let f(x) = J, int —cott) (e'—2)(t—1)° (t—2) dt 


(0 <x <4), then the number of points where f(x) 
assumes local maximum value is 

(A) one (B) two 

(C) three (D) none of these 

Let f: RR such that f(x + 2y) = f(x) + f(2y) + 4xy 


1 
Vx, y € Randf(0)=0. Iff, = la f(x)dx, 


0 2 
L= [ foodx and I, = J, foods, then 
(A)1,=L>1, @) 1,>L>], 
© =b< © 1<b<h 
1 
The value of J, e'* Pxld(x—[x]). (where [.] 


denotes the greatest integer function) is 


(A) e+ 1 (B) e 
(C) e-1 (D) none of these 


cot(m/4—x) 
w/4 T 
The value of I, Incos E + x| dx is 


(A) 0 (B) 1 
(C) 2 (D) not defined 


2 
m/2 COS” X 


(ie sin? x 
= 3 = 3 
1 Jo t4+cos?x ? 2 40 14+sin?x ” 


freee x.sin? x aah 
= : en 
3. Jo 442cos*xsin?x  ” 


() 1,>1,=I 
(D) none of these 


(A) 1,=1,>1, 
© L=L=1, 


The value of 
ond 5 
Tf (|sin x —cosx |)dx + ( x}ax | is (where 


[.] and {.} represents greatest integer and 
fractional part). 


47. 


48. 


(A) 3 (B) -4 
(© 2 (D) 4 


t TX 
The value of ffx: fr cos( = )] as 1 dx, where 


[.] denotes greatest integer function, is 


(A) 1 (B) 1/2 
(C) 2 (D) none of these 
‘ ; : 
if m=[ | sin x | an n=[ | sin x | re 


waa dele 
2) = | 2 —|+— 
T 2 T 2 


(where [ ] =GL-F.), then 


(A) m=n ) m=—-n 
(C) m=2n (D) None of these 
49. If[.]is GLF. th (ie [x" Idx 
he Re TOSIETEC] 
(A) 0 (B) 1 
© 3 (D) 4 
b 
50. If dx = 6 then 


51. 


52. 


53. 


f Xx 
a x" + (16—x) 
(A) a=4,b=12,neER 
(B) a=14,neR 

(C) a=-4,b=20,neR 
(D) a=2,b=8,neR 
The value of 


TT 
| e*°* sec3x(sin2x + cosx + sinx + sin x cos x)dx 
0 


equals 

(A) 0 (B) e+I/e 

(C) -e-Il/e (D) e 

If I, = [x cosxdx, then the value of 
28(1,+ 561,) is 

(A) 78 (B) & 

© * (D) x° 


Given I,, = fan x)” dx 


I 
If 3¢ + “= ©, then the value of K and L are 
(A) 1—m, I/m 
(B) (/1—m),m 
1 m(m-2) 
© j= i—1 


54. 


55. 


56. 


57. 


58. 


O 2.173 


DEFINITE INTEGRATION 


Let fbe integrable 
m/2 2 
I,= I, cosOf(sin® + cos’ 8)d@ and 


n/2 
Le J, sin 20. f(sin@ + cos” 6)d0 , then 


(A) I,=1, (B) I,+1,=0 
(C) I,=21, (D) none of these 


Iff"(x) =k in [0, a], then 


a 


a : a ae 
ip f(x)dx — {xF0o - ape (x) + a wo} is 
ka* ; 
(A aA (B) ka 
(C) a3/3 (D) none of these 


Ifx satisfies the equation 


o(f! dt 3 t’ sin2t 
x x 2=0 
( i soo) (- il 


(0<a<v7), then xis 


sina sin 
(A) 2,] 7" (B) 4,| 
(C) 2j—— (D) none of these 


f sin(x —a) —cos(x —a) 
4 sin(b—x)—cos(b—x) 


. ef" su (9 Jace) r 
@ sin(x —a)—cos(x —a) 
Then the value of @ is 
(A) 1 (B) 1/2 
(C) 2 (D) a function of a and b 
“at 
lt 


If FOX) = [foo gat, £00 = 


and g(t) = and F'(x) is 


14+t? +sin’t? 
3x? Inx 


fo cae (x) g(t)dt then (x) is 
(B) x 


(A) x 
(©) 1x (D) 1k 
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59. 


60. 


61. 


62. 


f(x)= lim| — 


2 n 
+—— +... + ——____ 
im) 1.3.5 1.3.5 ss 


then f [f)}1O-[xD ({. JisGLE)is 


(A) 0 (B) | 
(C) 2 (D) None 

x ] 2 1 3 
If f(x) =| ——\d dt = 

(x) i (fpy t and J, RONG t=%6, 
then f(9) is equal to 
(A) 2 (B) 0 
(C) 3 (D) None 
If f, = ! .x", then the value of 
(n — 1)! 

FE fs is 
(A) 2 (B) 3 
(C) 4 (D) None 


If i) - ee Mdx=) then the value of 


z x(a—n) ‘ 
xe’ dx ,a # 2n, is 


a-n 


63. 


65. 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


(B) av 
(D) None of these 


2 
For x is 
0<x< 7” J) gg008%-d(cosx) 


(A) 1 (B) 2 
(C) 3 (D) None of these 


. Iff(x+ y) = f(x) + fly) for all x and yand 


— fp? f(x—1)dx and 


1 
Re I. (x+1)° f(x+Ddx , then a is equal to 


(A) b (B) 2b 
(C) 3b (D) None of these 


n/2 
The value of J 14 52x tan“'(sin x)dx is equal to 


T+2 2-T 
(A) 8 > 

nm-2 —-nm-2 
© 0 > 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


1 ) 
66. If f(x) =[x]+ E + 7 zs x + | , then 


67. 


3 3 
([ .] denotes the greatest integer function) 
(A) f(x) is discontinuous at x = 1, 10, 15 
(B) f(x) is continuous at x = n/3, where n is any 
integer 
1 


(© f° £() dx= 5 


(D) 3) f)=2 

Consider a real valued continuous function f(x) 
defined on the interval [a, b]. Which of the 
following statements does not hold(s) good? 
(A) If f(x) 2 00n [a, b] then 


[ tooax < [P00 dx, 


(B) If f(x) is increasing on [a, b], then f (x) is 
increasing on [a, b]. 

(C) If f(x) is increasing on [a, b], then f (x) => 0 on 
(a, b). 

(D) If f(x) attains a minimum at x = c where 
a<c<b, then f'(c) =0. 


68. 


69. 


70. 


Let f(x) be a non constant twice derivable function 
defined on R such that f (2 + x) =f(2—x) and 


1 
f' (=) =0=f' (1). Then which of the following 
alternative(s) is/are correct? 
(A) f(—4)=f(8). 
(B) Minimum number of roots of the equation 
f" (x) =0in (0, 4) are 4. 


t/4 
(C) [f+ x)sinx dx =0, 


2 cos mt 4 cos Tt 
(D) J, fs dt=f/ £(4-1)5 dt. 


Let [ . ] represent the greatest integer function. 


[teat = [tat if 


(A) x=5/2 (B) x=6 
2.63) £10) 
Ox-5 OS 


Let f(x) = in t+1| dt, then 
(A) f(x) is continuous in [—1, 1] 


71. 


72. 


73. 


74. 


(B) f(x) is differentiable in [—1, 1] 

(C) f(x) is continuous in [-1, 1] 

(D) f’(x) is differentiable in [-1, 1] 

Which of the following function(s) is/are even? 


(A) (x)= J in(t+vi+e at 
e@= [5 


© aed -Vi-t+t?)dt 


(D) (x)= J, n(e 1) at 


Let f: [1, 0) > Rand f(x) =x le dt 


(2! aD 


—e*, then 


(A) f(x) is an increasing function 
(B) lim f(x) 00 

(C) fi (x) has a maxima atx =e 
(D) f(x) is a decreasing function 
Ifx satisfies the equation 


t t’ sin 2t 
(if 5 ) x{f = a 2=0 
9t°+2tcosatl 3 t+! 


(0<a<7), thet the value ofx is 
if [ 2") a 2") 
(a) [==] @ -a 


(C) (=) (D) none of these 


If tim © (* Ky 4 2}2 =  f00)dx then 


(B) f(x) =(9x°+2) 


© un 5 ((# Ks 2} 1s 


k=1 


wo) tim: [(¥) +22 -s 


(A) b=1 


75. 


76. 


77. 


78. 


79. 


O 2.175 


DEFINITE INTEGRATION 


m)" m m)\"~ 
af } (1 it } equals to 
n n n 


(A) 2" ® e 
xX: xX! 

m*™*! 

© .° ©) Tom 


I/n 
: n! 
tim md ;n € Nis equals to (a 'e°), then 


(A) a=2 (B) a=1 
(C) b=-1 (D) b=1 
Let f(x) be a periodic function with period 3 and 
*(-$) =7 and g(x)= Ic f(t +n)dt where n = 3k, 
k EN, then 
(A) g(-2/3)=7 (B) g'(-2/3)=-7 
(16 
(©) g(7/3)=7 (O) & (=) =7 


The value of the definite integral 


J." xin( 42°54 ) ay Bs 
0 3—cosx . 


an (3+ 
(A) a in( £O8% ) 


3-—cosx 


m 3+cosx 
2 in( ax 
8) ri), 3-—cosx 
(C) zero 
3—cosx 
on fen) 
() nl 2 3+cosx - 


The function f(x) is defined for x = 0 and has its 
inverse g (x) which is differentiable. If f(x) satisfies 


f. * £(t) dt = x2 and g (0) =0 then 


(A) f(x) is an odd linear polynomial 
(B) f(x) is some quadratic polynomial 
© f2)=1 

(D) g(2)=4 


2.176 O 
80. 


81. 


82. 


83. 


84. 


85. 


Let f(x) be a quadratic function with positive 
integral coefficients such that for every a, B 


ER, B>a, [it (x) dx >0. Let g(t) =P'"(t). f() and 


g (0) = 12, then 
(A) 16 such quadratic functions are possible 
(B) f(x) =0 has either no real or distinct roots 
(C) Minimum value of f(1) is 6 
(D) Maximum value of f(1) is 11. 


. p2xsin™ t 
lim | (m,n, € N) equals 


x>0* 4x t" 
(A) 0ifmen (B) M2ifn—m=1 
(C) wifn—m>1 (D) None of these 
x/2 In(1+xsin’ 0) 
BiN= J sin’ 0 


(A) f()=2Jt+1-) 


d6, x > 0 then 


T 
ne er 
(C) f(x) cannot be determined 
(D) None of these 
3 dx ‘ 
Letl=| ——(n=1,2,3...)and Lim I, =], 
0 J+x" noo 


n 


(say), then which of the following statement(s) is/are 
correct? (Given : e=2.71828) 
(A) I,>1, (B) L,<1, 
(© I,t+1+1,>3 (D) I,+1,>2 
‘ ap 1 -1 
Let J= i) cot —+cot X]}dxand 
-| xX 


Tm sinx 


e ~2n|sinx |~~ 


Then which of the following alternative(s) is/are 
correct ? 


(A) 2+ 3K =8n (B) 42+ K?=26 72 


ee 


If f: RR bea continuous function such that 


(© 2J-K=3r 


f (x)= I 2tf(t)dt, then which of the following 
does not hold(s) good? 


(B) f(I)=e 
(D) £(2)=2 


(A) f(=e™ 
(© f(0)=1 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


Comprehension - 1 


A continuous function f satisfies f(2x) = 3f(x) for all x. 


1 
Moreover J, f(x)dx = 1 and let J fooax =S. 
1 


86. 


87. 


88. 


1 
| a ' f(x)dx is equal to 
7 
(A) 3"S 
(©) 6s 


(B) 2"S 
(D) None of these 


1 
i f(x)dx is equal to 
8 


A a S) i S) 

Ole 8) 5 

C ae S N f th 
(C) O16 (D) None of these 
The value of S is 

(A) 5 (B) 2 

(C) 1 (D) None of these 


Comprehension - 2 


89. 


90. 


91. 


Let f be a continuous real function such that 
f{x— 1)+ f(x + 1) 2x +(x) for all x. 
Let g(x) = f(x)—x. Then g(x—1)+x—1+g(k+1)+(« 
+1)>x+g(x)+x 
=> a(x t 1) + g(x— 1)2 g(x). 
g(x) satisfies the inequality 
(A) g(x+2)2 g(x +3) + g(x 1) 
(B) g(xt1)2 g(x +2)—g(@x) 
(©) gx+3)+ g(x)20 
(D) None of these 


a g(x) dx is equal to 
(A) [eco + 9(x +3))dx 
(B) [eco — g(x +3))dx 


at3 
© [ ex+3)dx 
(D) None of these 


25 
The minimum value of J f(x)dx is 


(A) 12 (B) 312 
(C) 1248 (D) None of these 


Comprehension - 3 


Let f: R> Rbea differentiable function such 


that f{x)=x2+ J e“F(x — Dat, 


92. f(x) increases for 


(A) x>1 (B) x<-2 
(C) x>2 (D) None of these 
93. y= f(x) is 


(A) Injective but not surjective 
(B) Surjective but not injective 
(C) Bijective 
(D) Neither injective nor surjective 
1 
94. The value of if. f(x)dx is 
(A) 1/4 (B) —1/12 
(C) 5/12 (D) 12/7 


Comprehension - 4 


Let f: R > R be a continuous function with 


[,tc0 f(x) dx=Oand [. f(x) P(x) dx=18. 
95. The value of f(1)? — f(0)? is 


(A) 0 (B) 6 

(©) 18 (D) 4 
96. The value of f(0) is 

(A) 2 (B) 3 

© 3 (D) 0 
97. if f(x)* f(x) dx is equal to 

a $86 486 

) 5 25 

9 28 243 

© 5 35 


Comprehension - 5 


Let C bea curve defined by y= e . The curve 
C passes through the point (P(1, 1) and the slope 
of the tangent at P is (2). Also C, and C, are the 
circles (x —a)?+ (y—b)?= 3, (x6)? + (y— 112 


at+bx? 


= 27 respectively. 
98. The value of a? + b? is equal to 
(A) 2 (B) 8 
(©) 18 (D) 32 


99. Thelength of the shortest line segment AB which 
is tangent to C, at Aand to C, at Bis 
(A) 943 (B) 103 
(Cc) il (D) 12 
100. Iffis areal valued derivable function satisfying 


x)_ ff), 
1 aoe with f(1) = 2. Then the value of the 
y) f(y) 


integral I, f(x) d (¢n x) is equal to 


O 2.177 


DEFINITE INTEGRATION 


(A) 0 (B) 


2 2 
e —e 


OS )2 


Assertion (a) and Reason (R) 


(A) Both A and R are true and R is the correct 
explanation of A. 
(B) Both Aand R are true but R is not the correct 
explanation of A. 
(C) Aistrue, R is false. 
(D) Ais false, R is true. 
101. Assertion (a) : f: [0, 7] > Ris continuous and 


J f(x)sin xdx = 0 then equation f(x) = 0 has at 


least one root between (0, 7). 
Reason (R) : f(x) is continuous and f(a)f(B) < 0, 
a < B then f(x) = 0 has atleast one root between 


(a, B). 


102. Assertion (a) : I= ( aos pane 


evaluated by substitution cot x = t. 
Reason (R) : by substitution tanx = t, 


n dx 


can be 


ib dx f sec” xdx 
= - >= 
0 cos? x + 3sin? x 1+3tan? x 


=> 1= | jotan"(V5tanx) = 


T 
0 


al ae los =1 (where [.] 
denotes greatest integer function) 
Reason (R) : For x > 0 and wherever tan x is 
defined, tanx > x. 

104. Let f(x) is continuous and positive for x € [a,b], 
g(x) is continuous for x e€ [a,b] and 


b b 
[ lgcoldx> f goodx, then 


1) tanx 
103. Assertion (a) : } 


b 
Assertion (a) : The value of } f(x) g(x) dx can 


be zero. 
Reason (R) : Equation g(x) = 0 has atleast one 
root inx € (a, b). 


-5 
105. Assertion (a) : The value of . sin(x” —3)dx 


-l 
+ | : sin(x? + 12x + 33) zero. 
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106. 


107. 


Reason (R): if f(x)dx =0 if f(x) is an odd 


function. 


Assertion (a) : The value of [8 sec"! x dx is 
2 
4n 5a 
5 3h nev -3) 


Reason (R) : The function F(x) = x sec! x 
—In |x+ Vx? —1]|+ cis the indefinite integral of 


sec! x for all |x|>1 and fe sec | xdx =F (= 
s v3 
_F(-2). 


2 


Assertion (a) : If = a(x) then 


dx? 
J, (facay dx = (1) —f(0) 
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109. Assertion (a) 


: Let f : [0, 1] > [0, ~) be a 
continuously differentiable function with 


M= {2aX | f(x) | then 
I f? (x) dx-£70) [ f(x) dx <m(f, F(x)dx] 


Reason (R) : Since— M f(x) < f(x) . f(x) < Mf(x), x 
€ [0, 1] by integration and then multiplying by 


f(x) we get -Mitx) J f(pdt < 5 £00) ss 500) 


f(x) < M f(x) J, feat. Integrating the last 


inequality on [0, 1], it follows that 


_M (f'eoux) <[ Po) dx—P0) J fooax 


<M (J, Hoax) 


Reason (R) : The fundamental theorem of integral 


b., 1 sinx — x? . 
calculus that J f"(x)dx = f(b) — f(a). 110. Assertion (a) : Beary dx is same as 
Lx? 
lim (1 — = 
108. Assertion (a): (1) (1-t) ery aCe In2 J, 3- [x] dx 
: % 1 
Reason (R): lim (Int) Le Reason (R) : Since -—__ as ey . = is an odd function so 
2 
a ae 1 sinx — x? 1 —2x 
=(. per 7 e*+ 13 =n2 that | 3-|x| =f ® 
MAtTCcH THE COLUMNS FoR JEE ADVANCED 
111. Column -I Column-II 
(A) The function f (x) = ae = is not defined at x =0. (P) -1 
The value of f(0) so that f is continuous at x = 0 is 
1 dx 
The value of the definite integral | 7=—z= 0 
(B) e value of the definite integra gieae Q) 
equals a+b /n 2 where a, b € N then (a+ b) equals 
. af@sec’ 0—tanO . 
(C) Given & J, ——,,—— 40 = | then the value of tan (n) is equal to (R) 1/2 
e 
Leta,=[_" tan“'(nx)dx andb, = [.." sin“(nx)d S) 1 
(D) Leta,= Jt (nx)dx and b, = f,...sin (nx) dx (S) 


Dy 
then lim Db, has the value equal to 
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112. Column-I Column-II 
( + i 
so fee Oe 
(A) oe 0 n+l is equal to (P) e- te-3 
(B) Let f(x) bea function satisfying f’(x) = f(x) with Q) & 


f(0) = 1 and g bethe function satisfying f(x) + g(x).= x? 


1 
Then the value of the integral J, f(x) g(x) dx is 


1 x 
© J, e& C+xe%)isequal to (R) &-1 
J ok 
(D) ie rar (1 + sin2x)!* dx is equal to (S) e 
113. Column-I Column-II 
(A) If f(x) is an integrable function for x € [2.2] and (P) 


n/3 n/3 
L= I. sec’0 f(2sin20)d0 and I, = es cosec”0 
f(2sin20)d0 then I,/1, 


a+b 
(B) Iff(x+1)=f(3 +x) for V x, and the value of [ f(x)dx Q) 1 


is indepedent of a then the value of b can be 


Heel f° tan '[x?] 
© ee tan '[x?]+ tan '[25+x? —10x 


the greatest integer function) is 


(D) Ifl= fv +VX+VX-+...00 dx (where x > 0) then [I] is equal to (S) 4 
(where [-] denotes the greatest integer function) 
114. Column-I Column-II 
(A) If f(x) and f(x) are continuous functions on (a, b) (P) -2 
lim, f(x) > , lim f(x) =—oo and f'(x) +(x) >—1 
xa xb 


i (where [-] denotes (R) 2 


Vx € (a, b), then minimum value of (2 7 a) 
(B) If f(x) is differentiable function such that f(x) + f(x) <1, Vx ER (Q) -l 
and f(0) = 0, then the largest possible value of f(1) + : is 


(© ffx)= Je" at, n(x) = M1 + 20), g(%)<0, Vx>0, ) 0 
h'(1) =e and g'(1) = 1,then the possible value g(1) can take is 


(D) Ifg:[0, ©) and is defined as g(x) = I, e' dt and f(x) < g(x), Vx 20. (S) 1 
Then the value of g(g(x)) is 
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115. Column! Column II 
Inx ¢* dt 

lim —~(_— ; 
(A) ae x +e Int a (P) 0 

: xt+ x? 1 
(B) lim ee") js @ 5 
(@) lim (-1)" sin(xv n’ +0.5n+ 1)sin a — is where n e N 

(R) 1 
fant 2) 
! SESy hs 
(D) The value of the integral °° tan7 ( 1+2x- 2x} is (S) Non existent 
2 


men REMICWREXE RGISeSfOtS EE AGMA CCG ee 


1. Prove that 


; n/2 2 Osi 
(i) 7 { cos’ Osin@ 
1 4 r 9 (sin®8+cos@) 
lim— + a ae Ee se 
noon” 84+n rt+n n 3 pt xsin’ x 15 
1/2 1/2 1/2 i) J, eae poe 
(ii) lim 7p +—1 at 7 ap ee a 
n> (n+3) (n+6) a ie x" [(n—2)x* +(n—-1)(a+ b)x + nab] dx 
2 md, (Fay (x+b) 
So n ail pr! n-l 
{n+3(n-D}/? 3 oie =F 
2. Verify the following and give a geometric . Garb) 3 
interpretation using the concept of area bounded (iv) I (mx — x?) cos2xdx = —n(n” — 15) 
by graphs. 0 4 
re n x x, dx 
() lim y li (xk —x*)dx = ; 5. Prove that I, Eee + tan 5) ame 
no kel 
n w dx 
1 = 
(i) lim > f, (x¥/E MD) gy = 3 = I, f(cosecx) Veuk 
k=l 


6. Prove, by the substitution V(1 + x4) =(1 + x2) cos 


3. When C and S are defined by 6, or otherwise, that 


a [" nae 1l-x*? dx T 
° a° cos" 8+ b’ sin’ 8” are V(l+x*) 4V2' 

7 [ sin’ 646 m cos 0d0 
0 a’ cos’ +b’ sin’ 0 7. (i) Prove that 


0 a*cos?0+b’ sin? — 
(ii) Prove that, when a and bare positive, 


T T 
prove that C= a(a+b)? >> b(a +b) (a, b>0). 


% sin 6d0 
4. Prove that . 
2 cos I, Seo Ob Sine. equal to 
x2 gin? Ocos 
i —————0 —S 
? J (sin + cos0)” 2 ee (a? -b?) 


by (a? —b”) b : 


10. 


11. 


12. 


13. 


‘ b+(b? -a’) 


1 
b(b?-a7) — b—4/(b? —a”) 
according asa>b,a<b. 
Prove that, when b = ad, the integral is a 
continuous function of A at A= 1. 
P h (eae iff iati 
rove that Jj, aa and by differentiation 
a dx _amt+2 


O(a?+x’y 8a> * 


w.t.t. a, prove also that 


Show that , when a > 0, 


F ie Inx eon Ina 
@ 0 a? +x? 2a 
oc Inx T 
ii dx = 3Ina-4 
(i) iF (a? 4x2) ion 


b 

Calculate | xdx, where 0 <a <b, by dividing 

(a,b) into n parts by the points of division a, ar, 

ar?, ...., ar", ar", where r"=b/a. Apply the same 

method to find the more general integral 
b 

x™dx. 


Prove that 
: x 1+2cosx 1 
0 |, 


) (2+c0sx)? = 


. a dx _ 1 
@ logeara 
= 5) 1 

dx = 


ip 
(ii) °01—x’sin?a 


Tl 


Acos” us 
2 


(iv) 4 3 

0x" —2x° +4x-4 
Find a function g(x) continuous in (0, 0) and 
positive in (0, 0) satisfying g(0) = 0 and 


I, g(t)dt = =( ik stat). 


x 
Consider the function 


x —[x]- Ln if x¢I 
f(x) = A . 
0, if xel 
[x] denotes the greatest integer function and I is 
the set of integers. If g(x) = max {x?, f(x)| x |}, 


where 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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DEFINITE INTEGRATION 


2 
—10<x< 10, then find the value of ie g(x)dx. 


3 ] 

Let f: R-> Rbe defined by f(x) = J VSS 
3 

then find the value of I f(t)dt , 

Let f: R° > R bea differentiable function with 

f(1) =3 and satisfying 


I f(t)dt =y is f(t)dt +x is f(t)dt, Vx,yeR* 


Find f(x). 

Given a positive integer p. A step function s is 
defined on the interval [0, p] as follows : 

s(x) = (—1)"n ifx lies in the intervaln<x<n+1, 
where n= 0, 1, 2, ..., p— 1; s(p) =0. 


Let f(p) = [scodx. 


(A) Calculate f(3), f(4), and f(f@G)). 
(B) For what value (or values) of p is |f(p)| = 7 ? 


1 fb t ¢e 
Prove that | f(x)dx = —| f(x)dx 
b-a/?a c—ad¢a 


1-t po 
+——| f(x)dx ,a<c<b,0<t<l. 
b-cée 


Given two functions f and g, integrable on 
every interval and having the following 
properties : 

fis odd, g is even, f(5) = 7, f(0) =0, g(x) = f(x + 5), 


f(x) = [ ecoat for all x. Prove that 
0 
(A) f(x—5)=—g(x) for all x; 


5 
(B) J, fat =7; 


© J, fat =2)—g00. 
Prove that, asn >, 
ncosx 


. 1 
y i (1+ nx)? a 


“ 1 ncosx 
(i) is Ga 


CAI TG) [e@say, use 


integration by parts to show that nl, (x) 
=x™l fy? 4.92-(n-La7I__,(x) ifn 22. 
2 
(B) Usepart (a) to show that I x> (x?+5) 17 dt, 
0 


= 168/5—40 /5 /3. 
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21. 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


A function f, continuous on the positive real 
axis, has the property that for all choices of 


x > 0 and y > 0, the integral [> teat is 


independent of x (and therefore depends only 
on y). If {(2) = 2, compute the value of the 


integral A(x) = i f(t)dt for all x > 0. 


e! 


Let A= 


dt. Express the values of the 
(te) 


following integrals in terms ae : 


et 


dt. 


(A) dt. =) 


a-lt—a—1 ot? +1 


1 e 1 
© anne dx (D) fetin(l +t adt.. 
Find the number a, 0 <a < 27 that maximizes the 


2m 
function f(a) = J, sin x sin(x +a) dx 


Proceeding from the equation 


[Pa cise edal 
joa ae evaluate the integra 
ig dx 
0 (x? +a)" . 
; o]— —ax 
Evaluate the integral J, dx , 
ease pes if sina dx é 
Valuate the integra = eS LOL 
e -11-2xcosa+x? 


what values of x is the integral a discontinuous 
function of a? 
Prove that ifm > 1 and 


n/2 
= - om 
La J, sin” x cosnxdx, 


n/2 
J o= } sin” x sin nxdx, 
mn 0 


then(m+n)I,, ,=sinnw2—mJ 


m-1,n— 
L1.n in terms of T2n2 when m => 2. 


, and express 


Show that the value of the integral 


2 
J, 375x° (x2 + 1)4dx is 2" for some integer n. 


1 
By considering the value of i: (xy de 


prove that ifn be a positive integer, 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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n(n—-1l) n(n—-1)(n-2) 
1.3 1.3.5 1.3.5.7 


_ 2.4.6...2n 
3.5.7...(2n + 1)* 
Iff... [a, b] denotes the average value of fon the 


interval [a, a anda<c<b, a that 


1 


f. fa, b] = 


avg! 


avg mele b] 


i dx 
Prove that J_, (1—20x + a) is equal to 2 if 


—l1<a<landto2/aif|o|>1. 
Suppose that 


N 
f(x) = > + >\(a, cosnx +b, sinnx) on R 
n=l 


Show that 


len 
a,= —| f(x)cosnxdx (n=0, 1,2,.....,N) 
v5 —T 


lpn 
b= —| f(x)sinnxdx (n= 1,2,.....,N) 
v5 —-t 


Find all the values of a for which the inequality 


1 
ai Vx +1 a=) a <4 is satisfied. 


Find the average value of the function 


Gi) f(x) = 


cou x) 
—+— over the interval [1, 3] 


2 
(ii) £)=— 5 on the interval [0, 2]. 
Determine a pair . numbers a and b for which 


[cx +b) (x? + 3x + 2)? dx =3/2. 
) 


Prove that ie dx is equal to x or to 0 


according as n is “odd or even. 
Prove that 


38. 


39. 
40. 


41. 


42. 


43. 


© Inx 1 
(iti) J x? dx = (sly n> > 

0 dx 1 
i =—(1-In2 
(v) i (x +12(x2 +1) gern 
Prove that 


and hence deduce that I, = 205 3 


eee | 
Evaluate |, Gay ® 


Show that ifn is a positive integer, then 


2n = = 
{ cos(n — 1)x — cosnx a5 
0 1 -— cosx 
nx 
>, | Sin— 
and deduce that I —2_| dx=2nn. 
0 . x 
sin — 
2 
; xX sin nx 
Show that if], = } TT 
0  sinx 


2 
then I, = @-1? [C1)*1-1]+I1,.. 


n 1036 
Deduce that I, = 3° and I,= 305° 


The function f(x) = Vx is continuous on 
[0, 4] and therefore integrable on this interval. 


4 
Evaluate J, Vxdx using subintervals of 


unequal length given by the partitions 

0< 4(1)?/n? < 4(2)?/n? < ... < 4(n — 1)?/n? <4 
and the right endpoint of the k" subinterval. 
Show that for any positive integer n 


[ii oer dele 

(A) | 6 sin xXdx * 39m 
m/2 

(B) ie cos” xdx a 


3: 


44, 


45. 


46. 


47. 


48. 


49. 
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Let the function f(x) be positive on the interval 
[a, b]. Prove that the expression 


fo0dx) ma 


reaches the least value only if f(x) is constant on 
this interval. 
If |x| < 1, prove that 


DEFINITE INTEGRATION 


1 
xe Sex tan! x —=In(1+ x?) 
12 3.4 5.6 2 
H how that 1-=-++—++-... = 0.438 

ence snow tha 2734 °5 ote F “8 


Assuming that the function g defined by 
g(x) = 2x is integrable over the interval [0, 2], use 


st 1, 3 
the partition )9, > i 5° 2/ to show that 


3<[axdx <5. 


Find the limit, when n tends to infinity of 
1 1 1 1 
+ +...+—: 
n n+l n+2 4n 
Let fbe a continuous function such that f(0) = 2 
and f(x) > 3 as x > o. Find the limit of 


(1/b) JP f(x)dx as (a) b> 0, (b) bo. 


1 
Let f(x) = x —[x]- > , if x is not an integer, and 


let f(x) = 0, if x is an integer. ([x] denotes the 
greatest integer < x.) Define a new function P 
as follows : 


P(x)= [teat for every real x. 


(A) Draw the graph of f over the interval 
[-3, 3] and prove that fis periodic with 
period 1. 


1 
(B) Prove that P(x) = me —x),if0<x<1 


and that P is periodic with period 1. 
(C) Express P(x) in terms of [x]. 
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(D) Determine a constant c such that 
1 

[eo +c)dt=0, 

(E) For the constant c of part(d), let Q(x) 


= i, (P(t)+c)dt . Prove that Q is periodic with 


period 1 and that Q(x) ie See eee 
an a XK): PSS I. 
6. 4 10 
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50. 


Given an even function f, defined everywhere, 
periodic with period 2, and integrable on every 


interval. Let g(x) = I, f(t)dt, and let A= g(1). 


(A) Prove that g is odd and that 
g(x + 2) — g(x) = g(2). 
(B) Compute g(2) and g(5) in terms of A. 
(C) For what value of A will g be periodic 
with period 2? 


~nllanget, Exercises ford EE AGMA MCC Gs 


1. 


Evaluate the following limits : 


n n 
Qiae (n+1)/(2n4+1) a (n+ 2),/2(2n + 2) 


330 


(i) lim : sin 7 +2sin? et + 3sin ee 
noe n 4n 4n 


- 3 00 
... +nsin> — 
4n 


3 30 


37 . 320 : . 307 
sin? —+2sin? ——+3sin? —+4...+ nsin? — 
4n 4n 


2. 


4n 4n 
Prove that, when a and b are positive, 
lise b-—acos®@ 
0 b’—2abcosO+a~ 
-la 1,,,-1b 
or 


tan 
2b b b’ b a 


according as b is greater than or less than a 
Show how it follows from the equality 


dO is equal to 


x dx 
i a =Inx that the sum of n terms of the 


1 
harmonic series | + 5 ae 3 ait lies between 
In(n+ 1) and1+Inn. 
Prove that 
kx i 1 
{ sin| > Ja _ a nkone) eager 
0 T 2 sin(1/2) 


denotes the greatest integer function. 
When a > 0 and b> 0, prove that 
» In(1+ b*x? +b 
f n( aL na 
0 |+a°x a a 


6. 


10. 


Prove that, if I= J, e* cos 2xydx 


dI 
then dy =—2yl, and assuming the formula 


wo 2 1 _y2 
J, e dx=5Vn prove that I= 5 vie = 
Prove that, if y, > 0, y, < y < y,, and 
o sin xy 

=| ——- dx 

oo =L, xt 
" ab 
then $"(y) — a°o(y) =-5% 
Show further that, when y> 0 anda > 0, 
o(y) = mde fa? 
n 


If nh = | always, then show that es Il [1 + 
r=1 


1 ¢i Ind +x) 
2k] It = eh ae 
(rh)**]'""=e*, where A IK Jo 


Show that for a differentiable function f(x) 
(em et 
0 2 


X. 


= fred +50) + 5 Ain) AO, 
0 2 2 70 


where [.] denotes the greatest integer function 


andn eN. 
(i zi a 
1 1+x 


dx =0 and deduce that if a > 0 


1 In 
Prove that J, i= a dx = 
x 


2 
1 1+x 


*o [nx T 
dx =—Ina 
is \ a +x? 2a 


11. 


12. 


13. 


14. 


15. 


16. 


A particle moves along a straight line. Its 
position at time t is f(t). When 0 <t < 1, the 
position is given by the integral 


t]+2sin mx cos 1x 

f0= [3 

For t = 1, the particle moves with constant 
acceleration (the acceleration it acquires at time 
t= 1). Compute the following : 

(A) Its acceleration at time t = 2; 

(B) Its velocity when t = 1 

(C) Its velocity when t > 1 

(D) The difference f(t) — f(1) when t > 1. 
Assume that the function fis defined for all x 
and has a continuous derivative. Assume that 
f(0) =0 and that 0<f'(x)< 1. 


Prove that I, f(x) ax] = [ foot dx 


Let p(x) be a polynomial of degree at most 3. 
(A) Show that there is a number c between 0 


and 1| such that [_peodx = p(c) + p(-c). 


(B) Show that there is number c such that 


1 
[/),,PO0dx = SIP(-c) + p10) + pred]. 


(A) Let G(a) = Evaluate 


f dx 

0 (1+x*)(1+x’*)° 
G(0), G(1), G(2). 

(B) Show, using the substitution x = 1/y, that 

x* dx 

0 (L+x*)(1+x’) 

(©) From (b), show that G(a) =7/4, independent ofa. 


G@a)= 


Iff,(x)= J, f@ax, £,(x) = [ f,(t)dt, ...., 

f(x) = I, f,_,(t)dt, then prove that 

£O= | al f(t) (x—t)"dt. 

Evaluate the integral [ica +0) dt, given 


3 3\1/2 
that | ce y"“dt = 11.35. Leave the answer 


in terms of ./3 and ./31. 


O 2.185 
17. A function F is defined by the indefinite 


DEFINITE INTEGRATION 


so i 
integral F(x) = J = dt, if x>0. 


(A) For what values ofx is it true that In x < F(x)? 


(B) Provethat I < dt=e[F(x)+a)—F(1+a)]. 


(C) In a similar way, express the following 
integrals in terms of F : 


%: ett 7 et ~ 
—dt, | dt, | edt . 
1 t lt 1 


18. The strength of an alternating current values 
according to the law 


J ont oe! Date 
i=i,sin (2zt+4) 


where i, is the amplitude, t is time, T is the period 

and 9 is the initial phase, Find the mean value of 

the square of the current strength : 

(A) on the interval of time [0, T], 

(B) on the interval [0, T/2] (the period of the 
function is i?(t)) 

(C) onthe arbitrary interval [0, tp] and the limit 
of that mean value as t, — 0 

19. Evaluate the following integrals : 


@ » tan” ara I) dx (i) I+x x°dx_ 3 dx 
1 xt fm 
xt "Tx x Jf1-x? y1-x2 x2 
o x72 
as ee 
(iii) I me fe] . 
it*a-t)* 
20. (A) Show that 0< J. rqane 
ttt 2 
and that fj - Wat gens 


1 
(B) Evaluate (vo —t)*dt then apply the 
results of (a) to conclude that 
22 «#1 22 1 
~ <1<—- : 
7 630 7 1260 
21. Use the identity 1 + x®=(1 + x’) (1 —x?+x*)to 
prove that for a > 0, we have 


1 ae a a dx aoa 
z| a + <| 7 Sa + 
l+a 3. 5 01+x 3) 5 
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22. 


23. 


24, 


25. 


26. 


Taking a = 1/10, calculate the approximate 
value of the integral. 


212 


Prove that y = 8[ Pe sin2(x—t)dt is a 


solution of the differential equation 
2 

at +4y= 16x2e 

dx 

Given that every solution of the differential 

equation must be of the form 

e2x* + A cos2x + B sin 2x, where A and B are 

constants, prove that 


1 
I, Pe” sin 2(x —t)dt= 7 ae — COs 2x). 


When I, (a) = nia ih (1-t*)" cos atdt 


and n is a positive integrer, prove that 
@ o7L,,=(2n+ 1,-1.1, 


2 =-al 


n+l 


and deduce that I,(a) is a solution of the 


d’y 4 2n+2 dy 0 


differential equation ae at ae le a 
Prove that 
ime cos’ 6d0 ett 
0 (a*cos’0+b* sin’) 4a*b’ 
ie sin’? 0d0 _ ot 
0 (a? cos’0+b’sin*@)* 4ab° 


iP do T (. " ‘) 
0 (a> cos’0+b*sin?@)> 4ab\a> b* 


Prove that , when 0<x<1, 


n/2 ea 
} tan 
0 1+x 


Prove, when a, b, a, B are constant, that 


_ 2 % a(x-t) 1 o¢x b(x-t) 
y= I, Fe dt+—— Ii f(tyedt 


is a solution of the differential equation 


a cy -(a+ by 


* aby =f(x) 
dx? 


28. 


29. 


30. 


31. 
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27. 


(A)Give a geometric argument to show that 


1 x+1] 1 
<| dt<—,x>0 
x+1 x ¢t x 


(B) Use the result in part (a) to prove that 
1 1) 1 

—— <In) 1+—]<— 

x+l ( ~) x°* 20 

(C) Use the result in part (b) to prove that 
1 x 

ext D< (1+) <e, x>0 
x 


Ly 
and hence that lim aes =e. 


(D) Use the inequality in part (c) to prove that 


1 x 1 x41 
(1+) <e<(1+-] ,x>0 


Prove that, for any fixed value of 0 , 


2 dx 1, A 
J, 5 7 = —tan 
x°+a° oa a 
{’ dx 1 ; SiN, Xr 
0(x?+a’°) 2a? a 2a°(A> +a’) 
dx T 


and deduce that ie (tay fat 

Show from graphical considerations that if f(x) 
steadily diminishes, as x inereases from 0 to 7, 
the series f(1)+f(2)+f(3)+...... is convergent, 
and that its sum lies between I and 


I+ f(1), provided the integral I = [fooax, be 


finite. 
Apply this to the series 
1 1 1 
2 + 2: + 2, 
(n + 1) (n + 2) (n + 3) 
Show that 


(A) |cosx — (1 — x?)/2! + x4/4! — x°/6!| <x8/8! 

(B) |sinx — (x — x3V/3! + x°/5! — x7/7!| < x9/9! 
Assume that the function f defined by f(x) =x?+ 1 
is integrable over the interval [0, 1]. Using the 


D234 


REET SPR? i show that 


partition fo.2 


32. 


33. 


34. 


35. 


36. 


31 


36 
ae < | toodx See 


3 
Using the inequality sinx = x — a (x = 0) and 
the Schwartz-Bunyakovsky inequality, show that 
n/2 
1.096< [" Vxsinxdx <1.111 


The function f(x) is continuous in (0, 1) and 


ae nf (x) 


= L=f"S 


Use the mean ae theorem for integrals to prove 
that for some &, in (1/V/n, 1). 
1,=f(é,tan“! vn, L=f(C,){tan n—tan Vn }. 


Deduce that, as n + ©, I, > 0 and 


can nf Cds 
°l+n 
When f(x) is ees and is strictly decreasing 


dks nf (0) 


1-1/n 
in (0, 1) prove that ie f(x)dx 


mi) 
>f " fOx)dx 


The function f(x) is differentiable in a <x <b, and 
f(a) = f(b) = 0; show, by dividing the range (a,b) 
into two equal parts and applying the mean-value 
theorem to each part that there is at least one 
point € in (a,b) for which 


4 b 
P@I> Gar), £004 


Verify the theorem for the function sin2x in (0, 7). 


When L = 2222 
D's nlolexe 
1 |sin nx| 
L|<- 
By property, |1,| = ee dx 


and since |sinnx| < 1, we have 


37. 


38. 


39. 


40. 


41. 


42. 
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lpi dx 
IJ<- 
H. aie 


Deduce that I, > 0 asn > ©. 
Given that f(x) is continuous in (a, b), prove that 


1 b 
asn—>o,I = =]. f(x)cosnxdx > 0, 
n a 


Arrange the functions 


x x /(Inx) xInInx =x InInInx 
J(inx)’ InInx ” J(inx) ; J(inInx) 
according to their order of magnitude for large x. 
Show that [_ ie =x-2x5 42%? -... if 1< 

Ol+t 5 9 


x < 1. Also deduce that 


m+2In(/2 +1) 
4J2 0 


= 


5a ane 

5 9 

3f(1 +sect)In sect dt 
0 


If o(x) = then 
Insec x [x + In(sec x + tan x)] 


(i) (x) is even, 


(ii) &x)> 5 3 > When xT 5 through values less 
than ~ 
an, 

(A) If 6” is continuous and nonzero on 


[a, b] , and if there is a constant m > 0 such 
that '(t) = m for all t in [a, b], prove that 


b 4 
sin p(t)dt} < —, 
a m 


2 
(B) Ifa>0, show that s = for all x>a. 


le sin(t”)dt 


A sequence of polynomials (called the 
Bernoulli polynomials) is defined inductively 
as follows : 


1 
P(x) =1; P(x) =nP,_,(«) and i, P, (x) dx =0, 
ifn>1, 

(A) Determine explicit formulas for P,(x), 


P,(X),...-5 P5(x). 
(B) Prove, by induction, that P,(x) is a 
polynomial in x of degree n. 
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43. 


44, 


45. 


46. 


(C) Prove taht P_(0)=P,(1) ifn 22. 
(D) Prove that P (xt 1)-P (x) =nx""lifn>1. 
(E) Prove that for n >2 we have 


Son _ fk Pa(k)- 
LF =|, P.(x)dx =! 


n+l 
(F) Prove that P11 —x)=(-1)"P, (x) ifn2 1. 


Pi41(0) 


1 
@ ProvethatP,., (O)= oanaP,, (5 }- =Oifn=1. 
n n 1 
= 
Prove that 2 ) fe Ia 
= 1 
= i(n i 


1/2 


Let f(x) = [d+ y"” dtifx>0. 


(A)Show that f is strictly increasing on the 
nonnegative real axis. 

(B) Let g denote the inverse of f. Show that 
the second derivative of g is proportional to 
g? [that is, g’(y) = cg?(y) for each y in the 
domain of g] and find the constant of 
proportionality. 

Let n be a fixed integer. Let f: R— R be given 


if x <0 


xX 
by g(x) = is if oh =or-2 


<x< gut _ ord 


Prove that [. f(x)dx = [. xdx= 2771. 


A function, called the integral logarithm and 
denoted i is defined as follows : 


Li(x) = {— 


ifx>2. 


X x dt 2 
Prove that Li(x) = inx +] In?t In2° 


Show that there is a constant b such 


(A) 
(B) 
that [: 


Inx e! 


dt = = Li(x) and find the value of b. 


48. 


49. 


50. 
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x 2t 


Express {[— dt in terms of the 


(C) ot) 


integral logarithm, wherec=1+ > >In 2: 


(D) Let f(x) =e# eer Life?) if. 


2x 
x > 3. Show that f(x) = aT 


Assume that integrable functions p,(x), p(x), 
p(x), p,(x) are given on the interval [a, b], the 
function p,(x) is non-negative, and the function 
p(x), p3(x) Satisfy the inequality p,(x) < p,(x) < 
p,(x). Prove that 


[psp dx <p (x)p,(x)dx 


b 
< [psp dx. 
Given two functions fand g whose derivatives 
f' and g’ satisfy the equations 
f(x) = g(x), B(x) =—f(x), f(0) = 0, g(0) = 1 
for every x in some open interval J containing 
0. For example, these equations are satisfies 
when f(x) = sin x and g(x) = cos x. 
(A) Prove that f?(x) + g7(x) = | for everyx in J. 
(B) Let F and G be another pair of functions 
satisfying the given conditions. Prove that 
F(x) = f(x) and G(x) = g(x) for every x in J. 
Since sin x <x for x > 0, it follows that 


x, x x? 
i) sintdt < | tdt or, 1——<cosx <l., 
0 0 2! 


Ina similar fashion show that x — (x3/3!) < sinx <x. 
Prove by repeated differentiation of the identity 
1 
1-x 
bea positive integer (I—x)"™= 1 +mx 


=1+x+x?+x?+..., where |x| <1, that, ifm 


m(m+l) 5 
1.2 


m(m+1)(m+2) e 
1.2.3 


Previous Years. Questions, (JEE Advance dns. 


A, 


1. 


Fill in the blanks : 
secX COSX sec” x + cot xcosec x 
f(x) = |cos>x cos’x cosec” x 2. 
1 cos’ x cos’ x 


t/ 
Then [ *£(%) AK = esses [IIT - 1987] 


[x’] dx, where [ ] denotes the 
[IIT - 1988] 


: 15 
The integral J, 


greatest integer function, equals.... 


10. 


11. 


12. 


2: 
The valueof | |1—x"|dxis....... [IIT - 1989] 


31/4 


The value of } ® is... [IIT - 1993] 


—__q 
m4 1+sing 


e 


The value of 
eae 
If for nonzero x, af(x) + bf(1/x) = 1/x — 5 where 


dx is.. [IIT - 1994] 


axbythen | £O0dx = ee (IIT - 1996] 


xsin?" x 
For n> 0, (he dX =... 
0 sin?" x+cos?" x 


7 : l 
The value of I oan AXIS... 
[IIT - 1997] 


ein x 4 ein x? 


d 
Let 7 FQ) = .x>0.lF f dx 


= = F(k)- F(1) then one of the possible ics of k 
[IIT - 1997] 


True/False : 
The value of the integral 


2a f(x) ; 
J, a+ fQa-x)! dx is equal to a. 


[IIT - 1988] 


Multiple Choice Questions with ONE 
correct answer : 


1 
The value of the definite integral J, (i+ e* ) dxis 


[IIT - 1981] 
(A) -1 (B) 2 

(C) Ite! (D) None 

Let a, b, c be non-zero real numbers such that 


(. (1 + cos*x) (ax” + bx +c) dx [. (14 cos*x) 


(ax” + bx + c) dx. Then the quadratic equation 
ax +bx+c=0 has [IIT - 1981] 
(A) Noroot in (0, 2) 

(B) At least one root in (0, 2) 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


O 2.189 


DEFINITE INTEGRATION 


(C) A double root in (0, 2) 
(D) Two imaginary roots 


. n/2 vcot x 
The value of the integral J, FS = dk 
cotx +vtanx 
is [IIT - 1983] 
(A) 1/4 (B) x/2 
(C) x (D) None of these 


For any integer n the integral 


J, e* cos? (2n + 1)x dx has the value 


[IIT - 1985] 
(A) = (B) 1 
(C) 0 (D) None 
f: RR, g:R— Rare continuous functions 


m/2 
The value of integral J [feo + fo] 


[g(x) — g(—x)] dx is [IIT - 1990] 
(A) 1 

© -l (D) 0 

The value of liza qo is [IIT - 1992] 


(A) 2- log, (15/7) 
(B) 2+ log (15/7) 
(C) 2+4 log, 3—4 log. 7+ 4 log.5 
(D) 2-tan" (15/7) 


[" (cosax—sinbx)? dx where a and b are 


integers is equal to [IIT - 1992] 
(A) -1 (B) 0 
On (D) 2 
The value of [" (1— x”) sin x cos’ x dx is 
[IIT - 1992] 
(A) 0 (B) x- 1°/3 
(C) 2n- 7 (D) 7/2 — 213 
{J (1—x)|dx equals [IIT - 1992] 
(A) -2 (B) 0 
(©) 2 (D) 4 
1 
Integral I, |sin27x| dx is equal to [IIT - 1992] 
(A) 0 (B) 3/n 
(© m4 (D) 2/r 
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21. 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


dx 

The value of fe ius is [IIT - 1993] 
(A) 0 (B) 1 
(C) n/2 (D) 7/4 
The value of | ae dxis  [IIT- 1994] 
A) 0 5 1 sinx re 
(A) ® 2 | sal 

lsinx — x? 
C) 2 2 dx 
Ors Oba 


1 
If f(x) = A sin (nx/2) +B, P | 5] =2 V2 and 


1 2A 
We f(x) dx = —, then the constant A and B are 
T 


[IIT - 1995] 
(A) x/2 and 1/2 (B) 2/n and 3/n 
(C) Oand—4/n (D) 8/m and 0 


20 
The value of J, [2sin x] dx where [ ] represents 


the greatest integer function is [IIT - 1995] 
(A) — 52/3 (B) -1 
(C) 5x/3 (D) — 2x 
Let fbe a positive function, It 
k k 
L= I. xf [x(1—x)] dx &L= ee f[x(1—x)] dx, 
where (2k — 1) > 0, then I,/I, is [IIT - 1997] 
(A) 2 (B) k 
(C) 12 (D) 1 
If g(x) = J, cos* t dt, then g(x + 2) equals 
[IIT - 1997] 
(A) g(x) + g(m) (B) g(x)- g(m) 
© gx)g(m) (D) g(x)/g(n) 
If IR f(t) dt=x+ [ tf(t) dt, then the value of 
f(1) is [IIT - 1998] 
(A) 1/2 (B) 0 
(C) 1 (D) -1/2 
Let f(x) x— [x], for every real number x, where [x] 


1 
is the integral part of x. Then I, f(x) dx is 


[IIT - 1998] 
(A) 1 (B) 2 
(© 0 (D) 1/2 
anl4 dx, 
tee Treoax i equal to [IIT - 1999] 


30. 


32. 


33. 


34. 


35. 


36. 
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(A) 2 (B) -2 

(C) 12 (D) -1/2 

If for a real number y, [y] is the greatest integer 
less than or equal to y, then the value of the 


integral [2 sin Xx] dx is [IIT - 1999} 
(A) -1 (B) 0 
© -n/2 (D) n/2 


Let g(x) = J, f(t) dt, where f is such that 


1 
< f(t) < 1 for t € [0, 1] and 0 < f(t) < 5 for 


Nile 


t €(1, 2]. Then g(2) satisfies the inequality 
[IIT - 2000] 
(A) -3/2<9(2)<1/2 (B)0 < g(2)<2 
(CQ) 3/2<g(2)<5/2 (D) 2 <g(2)<4 


a sinx for |x|<2 


phe iC) ie 2 otherwise ’ then 
f, f(x) dx [IIT - 2000] 
(A) 0 (B) 1 
(© 2 (D) 3 
ox 
The value of the integral | Pe dx is 
[IIT - 2000] 
(A) 3/2 (B) 5/2 
© 3 (D) 5 
™ COS’ x 
| ~ dx,a>0 [IIT - 2001] 
—71+a 
(A) = (B) ma 
(C) x/2 (D) 2x 


Let f: (0,0) > Rand F(x)= [ f()dt. fF’) 


=x’(1 +x), then f(4) equals [IT - 2001] 

(A) 5/40 (B) 7 

© 4 (D) 2 

Let f(x) = Jv 2-t? dt. Then the real roots of 
the equation x ot *(x) =O are [IT - 2002] 
(A) +1 (B) +1/V2 

(©) +1/2 (D) Oand 1 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Let T > 0 bea fixed real number. Suppose f 
is a continuous function such that for all 


T 
x ER, f(x +T)=f(x). IfI= J £00) dx, then the 


343T 

value of J (2x) dx is (IIT - 2002] 

(A) G/2)I (B) 21 

(©) 31 (D) 61 

1/2 1 

The integral pr (oss ial *)) dx equals 
[IIT - 2002] 

(A) -1/2 (B) 0 

© 1 (D) 2 ¢n (1/2) 


1 
If I(m, n) = J, t™ (1 +t)" dt, then the expression 
for I(m, n) in terms of I(m + 1, n—1) is [IIT - 2003] 


on 
) aa a ee ») 
(B) 
C ood I(m+1,n-1 
On aa (m+1,n—1) 


Ge A 
©) 1m+ia-1 


2 5 ‘ 
dt, then f(x) increases in 


x24 
Ifftx) = 7, "e+ 


[IIT - 2001] 
(A) (-2, 2) (B) no value of x 
(©) (,%) (D) ot 0) 

2 

If f(x) is differentiable and [i xf(x)dx = 5 t 
then f (4/25) equals [IIT - 2004] 
(A) 2/5 (B) -5/2 
(C) 1 (D) 5/2 
The value of the integral ik Q [—~ ~ dx 1S 

[IIT - 2004] 
(A) W/2+1 (B) n/2-1 
© -l (D) 1 
[ ix +3x°+3x+34 (x + 1) cos (x+ 1) } dx is 
equal to [IIT - 2005] 


44, 


45. 


46. 


47. 
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(A) -4 (B) 0 

(©) 4 (D) 6 

Let f be a non-negative function defined on the 
interval [0, 1]. 

If le 1-[f(t)F dt = J, fapat ,0<x<1 and 
£(0) = 0, then [LIT - 2009] 


(A) (3) 5 and t{ 5 >: 
() (5)> 5 and t{ 5 >> 
© (5) 5 and t{ 5 <3 
(D) (3}> 5 and t{ 5 <3 


Let f be a real-valued function defined on the 
interval (-1, 1) such that e* f(x) = 2 + 


J, vt! + 1 dt, for all x € (-1, 1) and let f' be the 
inverse function of f. Then (f ' (2) is equal to 


[IIT - 2010] 
(A) 1 ® 5 
1 1 
Oz ©) = 
In3 8 
The value of I = J a ties 5, dx is 
Jing SX +sin(In 6—x*) 
[IIT - 2011] 
(A) Eine (B) ~<In= 
4 2 2 22 
© ie. (D) Ste 
2 6 2 


One or More than ONE correct : 


n 


n 
S — 
Let »n ea ae and 
n-l 
T. = 
var Pa ees forn = 1, 2,3,..... Then 
[IIT - 2008] 
T T 
A) S, <—= Ss, >= 
(A) 33 (B) 33 
T T 
Cc) T, <= T, >—= 
© 33 (D) 33 
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48. 


49. 


50. 


51. 


52. 


53. 


Let f(x) be a non-constant twice differentiable 
function defined on (co, 00) such that f(x) = f(1 —x) 


(1 
and f (=) =0. Then 


(A) f(x) vanishes at least twice on [0, 1] 
(1 
‘B) t(3)-0 
we 1) inx dx = 0 
© l.. ae sin x dx = 
[ot t sin qt = [ f 1—t sinnt qt 
(D) f, fae" =f £0 - He 


ra 


[IIT - 2008] 


sin nx 


X n=0,1,2,...., then 


——_—— dx 
-" (1+ m*)sinx 


[IIT - 2009] 


10 
(A) L =I, (B) Doloma = 10m 
m=1 


10 
© YMbmn =9 
m=! 


(D) I, 1% Ore 


ix*(1—x)* 
The value(s) of Lea 


dx is (are) 
[IIT - 2010] 
22 
(A) > -" 6) 
(C) 0 


Subjective Problems: 


1 
+ >) = log 6 
[IIT - 1981] 


1 1 
lim + 
Show that : im{ aap 


1 
Evaluate ( (tx + 1 —x)"dx, where n is a positive 
integer and t is a parameter independent of x. 
1 
Hence show that iF x1 =x)" * dx 
=["C, (n+ Dy" fork=0, 1,.....,n. [IT - 1981] 
™ . Tl pt i 

Show that if xf (sin x) dx = ai f(sin x) dx. 

[IIT - 1982] 


54. 


55. 


56. 


57. 


58. 


59. 


60. 
61. 


62. 


63. 


64. 
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3/2 
Find the value of 1c [x sin 7 x| dx. [IIT - 1982] 


7/4 §IN X +COSX 
Evaluate: } eK 


IIT-1 
0 9+16sin2x l ane 


/2xsin~ 'x 


[IIT - 1984] 


Evaluate the following J, 


Given a function f(x) such that 

(i) Itis integrable over every interval on the real 
line and 

(i) f(t + x)= f(x), for every x and a real t, then 


show that the integral ( f(x) dx is 
[IIT - 1984] 


x/2 X SiN XCOSX 


indepedent of a. 


Evaluate the following: ii Cost ane 


[IIT - 1985] 


rt x dx 
Evaluate i} 


—.—  ,< a<n [IIT - 1986] 
9 1+cosasinx 


Evaluate [ log(VI—x + Vi+x] dx [IIT- 1988} 


If f and g are continuous function on 
[0, a]satisfying f(x) = f(a—x) and g(x) + g(a—x) =2 


then show that [“f(x)g(x)dx = | f(x) dx 
[IIT - 1989] 


n/ 
f(sin 2x) sin x dx = v2[, : 
[IIT - 1990] 


n/2 
Show that | 

0 
f(cos 2x) cos x dx 


sin 2kx 


Prove that for any positive integer k, — 
sin x 


=2[cosx+cos3x+........ tcos (2k—1)x | 


n/2 T 
Hence prove that I, sin 2kx cot x dx = 5 


[IIT - 1990] 


If fis a continous function with i f(t) dt > c 
as |x| > oo, then show that every line y = mx 
. 2 7 

intersects the curve y + J, f(t) dt = 


[IIT - 1991] 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74, 


75. 


76. 


mxsin (2x)sin(m/2.cosx) 


Evaluate xX 


0 2x-T 
[IIT - 1991] 
Determine a positive integer n < 5, such that 
1 
J, eS @-1)"dx= 16-66. [IIT - 1992] 


BD 4k SOx + OK +1) 
2 (x? +.1)(x* -1) 


X 


[IIT - 1993] 


Evaluate | 


nt+v 
Show that i |sin x] dx=2n+1- cos v 


where n is a positive integer and0<v<n7. 
[IIT - 1994] 


x1—cos mx 


Let 1 = } dx. Use mathematical 


® 1-—cosx 


induction to prove that I, =mz,m=90, 1, 2,........ 
[IIT -1995] 


i ( 2x ) 
oS ii dx 
[IIT - 1995] 
Let a + b = 4, where a < 2 and let g (x) be a 


differentiable function, If dg/dx > 0 for all x. Prove 


a w3 x4 
i) iat 
valuate ee c 


a b 
that \, g(x)dx + \, g(x)dx increases as (b—a) 


increases [IIT - 1997] 


m4 
Evaluate I, (n(1+tanx)dx  [IIT- 1997] 


. = 2x(1+sinx) 
Determine the value of Serene 


{IIT - 1997] 


1, oy He fo5 
Provethat fe tan dx=2 i; tan” xdkx. 


l-x+x? 


Hence or otherwise, evaluate the integral 


1 
[tan (= x+x°)dx. [IIT - 1998] 


cosx 


Integrate i Boom 4 geo dx [IIT - 1999] 


+e 


x Int ; : 
For x > 0, let f(x) = f, mere . Find the function 
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f(x) + f(1/x) and show that f(e) + f(/e) = 1/2. 
Here Int = log.t. [IIT - 2000] 
77. Let f(x), x = 0 be a non-negative continuous 


function and let F(x) = I, f(t) dt, x>0. If for 


some c > 0, f(x) < cF(x) for all x = 0, show that f(x) 
=0 for all x>0. [IIT - 2001] 
78. Let f(x) be an even function then prove that 


[°° t(0s2x) cos xdx= ./7 [7 tGin2x) cos x dx. 


[IIT - 2003] 
79. Let f(x) be a differentiable function defined as 
f[0, 4] > R show that 
(i) 8f (a) f(b) = {f(4)?—£(0)}?; when a, b € (0, 4). 


(i) J (x) dx=2 [ao2) + BABY] y O<a, B<2. 


[IIT - 2004] 
n 4x3 
3 m+4x re 
80. Find the value of “~*’’ 9 _ gos ( x |+ *) 
3 
[IIT - 2004] 


81. Evalutate 
Co (2sin( Leos x] + 3c0s{ Leos x)} in x dx 
5 5 sin x 


[IIT - 2005] 


G Match the Columns 
82. Column-I 


es © zhe(3) 
tage: NES Sere 


1 dx 
(B) iF Vas Q) 
i. dx 


2: 
2]-x 


Column - IT 


(A) 


© 


fe dx nt 
we tiga oD 
H. Comprehension Based Questions. 


Let the definite integral be defined by the 


b b-a 
formula J f(x) dx = ie (f(a) + f(b)). For more 


accurate result for c € (a, b), we can use 


2.194 0 


[fx) dx = J. fx) dx + Jf) dx = (6) 50 


atb 
2 
b-a 

Sa (f(a) + f(b) + 2f(c)). 


b 
that for c = , we get I. f(x) dx 


n/2 
83. (, sinx dx [IIT -2006] 


(A) qiity2) (B) qty2) 


ae mae 
© Bh O) Wa 
x (x-a) 
f(x)dx - (f(x) + f(a) 
84. 1f lim : ee. =0, 
(xa) 
then f(x) is of maximum degree [IIT - 2006] 
(A) 4 (B) 3 
© 2 (D) 1 


85. Iff?(x)<0 Vv x € (a, b) andcisa point such that 
a<c<b, and (c, f(c)) is the point lying on the 
curve for which F(c) is maximum, then f’(c) is equal 
to [IIT - 2006] 


Concept PRoBLems—A 
1. 45 2. mm square unit 
3. e-1. 
5. @ 135 (ii) 12 
(iii) 18 (iv) e?/2 
(v) 1 (vi) cos a — cos b 
Practice PRoBLEMS—A 
7. (A) 1+n)/2 (B) -4 
(©) -8 
© 2 
10. The region under the graph of y = tanx from 0 to 
7/4. 


uw lim —2+4i/n__ 4 


; 12. 2183 
n>0i41+(2+4i/n) n 
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f(b) -f(a 2(f£(b) — f(a 
2f(b)-f(a 


I. Integer Answer Type: 


fia _ x50) 10 dx 
20 
86. The value of 5050 [id= x°)!'ax is 
0 
[IIT - 2006] 
87. For any real number, let [x] denote the largest 
integer less than or equal to x. Let f be a real 
valued function defined on the interval [—10, 10] 


f(x) = | if [x] is odd, 
by aah: {[x]-—x if [x] is even 


x — [x] 


2 610 
Then the value of =f f(x) cos tx dx is 


10 
[IIT - 2010] 
88. Let f: [1,0©) >[2,0) bea differentiable function 
such that f(1) = 2. if [IIT - 2011] 


6f f(t)dt = 3x f(x)-x° 


1 
for all x > 1, then the value of f(2) is 


3. 3 
iG 


(i) In © 
a 
(iii) S (b*? = a>), 


Concept ProsLEMS—B 


1 3 
a | " f(x) dx 
@ 4 
(i) —2n 
(iii) 4.5—2n 
6. (A) > 
(B) 2 
© < 
7. (i) First 
(iii) First 


(ii) Second 
(iv) Second 


8. 


11. 


(A) True (B) False 
Yes 


PRACTICE PROBLEMS—B 


13. 
14. 


15. 


16. 
18. 


19. 


23. 


24. 
28. 


122 
(A) True 
(B) True 
(C) False 
(A) 4 (B) 10 
© -3 (D) 2 
9 6-1 

=n 
3 4 17. 4 
both the integrals are positive 
jt 28 

4 4 

3 

3V2 < | Vx? +2dx <3V29 
3/2 27. Yes 
Yes 


Concept PRoBLEMS—C 


2: 
4. 


8. 


9. 


11. 


2x-2 

@) 0 

(ii) —sin(a?) (iii) 2xV1+x* 
3x? 2x 3x? 


() V1+x9 vl+x! ) V1+x9 vl+x! 


x? xdx 3x? 
(vi) 3 (+t)? = ian 
__ 3(1-3x)? 
43x) 6 v257 


p, 
_ ee (1 +3x)? (6 sin 2x + 15x sin 2x + 4x cos 2x 


+ 12x? cos 2x) 


f(a) =0. 


F(x)= I t?sin(t*)dt 10. (b) sec? x. 


(A) (0, 0) (b)x = 1 12. (a) (3, 3) (b) x=1 
13. (A) True. Since fis continuous, g is differentiable 
by First Fundamental Theorem of Calculus. 


14. 
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(B) True, g is continuous because it is diff- 
erentiable. 

(C) True, since g’(1) =f(1) =0 

(D) False, since g"(1) = f(1) > 0. 

(E) True, since g’(1) =O and g"(1)=f(1)>0. 

(F) False, g(x) =f(x)> 0, so g” never changes 
sign 

(G) True, since g’(1) = f(1) =0 and g’(x) = f(x) isan 
increasing function of x (because f(x) > 0). 

(A) x=3 

(B) Increasing on [3, ©), decreasing on (—, 3] 


Practice Problems—C 
15. V¥1+sin* x.cosx 16. —1 
2 ; 27 
17. 7 8. 0 
20. @) 1 
(ii) 1 
(iii) 4 
22. (A) 1/4 (b) 3/12 
23. e*(1 +2x)/(1 -e*) 24, n/2 


25. 


26. 


27. 


™m 
() ; +4 .new} 
(ii) {mn/2 + (1/4) cos !(2a—- 1)/3,neT} fora 
(—1, 2), fora ¢ [1, 2] the function has no critical 
points. 
(A) 0,2,5, 7,3 


(B) ©,3) 
(C) x=3 


Y/ 


(A) local max. at 1 and 5; local min. at 3 and 7 
(B) 9 
© (1/2, 2), (4, 6), (8,9) 
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28. f=c,f=b, [f(tdt=a 
0 
29. 1/2 


31. f(x)= * or f(x) =0 


32. 1/2. 
34. 2/3 


Concept PRosLEMsS—D 


1 (A) 5 
2. F(x)=3*+x-4,x=1 
3... 20) 
4, F(x)=y,+ [fede 
6 a 

(A) 5 


30. [-1,2] 


1 
33. (b°’a*)h*e7 


26 
(ee 


(C) Thestatementistrue. 7.(B) No 
8. (A) 2/3, 1097/15, 100*7/150. 


(B) 10 
(©) 0 


3 
11. (A) 0, 5 (B) 0 
12. P(x)=4x+ 8x’+ 3x? 


1 
13. K=3,L=1,M=5 14. 3 (42-0. 


15. The curves coincide for x € R. 
16. The increase in the child's weight in kg between 
the ages of 5 and 10. 


PRACTICE PROBLEMS—D 


17. 
2 
(ii) = 2 Pan +2 log, (=) 
Mii) 4 
(iv) J3-1 
18 52 —2 


4log, 2 
19. (A) —F(0)=0, F(3)=0, F(5) =6, F(7)=6, F(10) =3 


3 37 
(B) increasing on Fa and [Fao], 


3 37 
decreasing on [0.5 and 6 


2 4 


il er ee 
(C) maximum 5 atx=6, minimum — 7 atx= 5 
YA F(x) 


(D) 
2 10 X 
1-x’)/2, 0 
F(x)= ( x’) x< 


(+x7)/2; x0 
21. y=2-x;y=x-3 


20. 


BPG? Oo: & 
1 3 
23. ua ~ 5 ;) ~ 8” 
min F(x)=F (-5 = aS 
xe[-1/2, 1/2] 2 8 
24. f(p)=— 1/2. 25. 34/3 — 2/2 -1 
26. f(x)=x*?,a=9. 27. 1 
28. [4, 0) 29, a=1 
30, 2m, TSE tt 31, A=7,B=_6,C=3 
32. —1,— 2,0 
3 


1. 
2. 
3. 


1 1 
‘ V3 +> xtsinx + 1/6 if0 <x <2n/3;2V3 —>x- 


sinx + 57/6 if2n/3 <x <0 


» O49 


. (A) Displacement =— 


. istance = 5 


3 
(B) Displacement = >? distance = 2 


263 
. (v, + 2gh)/2 37. , 
. lm. 
-@) x=2 
(i) x=In4 
(ii) {-1, 4} 
. Number of litres of oil leaked in the first 2 hours. 


. Number of bees in the first 15 weeks. 


462k 

‘ on g 

Concept PRoBLEMS—E 

(i) Yes (ii) No 
(i) Yes (ii) Yes 
(i) Yes 
(ii) Yes 
(iti) No 
(A) Yes (B) Yes 
(C) No (D) Yes 
a, b, d are defined. 
(i) Yes (ii) No 


Aw 


: 1 if x rational 
Consider f = We Ais ; 
—1 if x irrational 
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DEFINITE INTEGRATION 


(i) Does not exist 
(ii) Does not exist 
(ili) = 


. No 
. (A) 16 


. (3 


(B) 4 
(ii) 22 


(Cc) 10 


ne 2 : 
(iii) — 5 (iv) 6 


PRACTICE PROBLEMS—E 


16. 
21. 


22. 
23. 


24. 


25. 


a, b, c are integrable. 
(A) Yes 


(C) No (D) Yes 
(E) Yes 


(F) No 
No, Yes, No, No 
No, consider the example 


(B) No 


1 if xisarational number, 
A(x) = | _ 1 if x is an irrational number 


Make sure that the function f(x) is continuous 
both inside the interval (0, 1) and at the end-points 


pln tC) So) and IC) Sey), 
No. Consider the function 


lif x is rational 


103 5 aoe ene ; 
—1if x is irrational, on the interval [0,1] 


26. 


27. 
29. 


30. 
31. 


(A) 2/r, 0, 0, (2/m)cos"'a 

G1 —-1312 04 

(C) Not necessarily because of discontinuity. 
5/6 


(B) 2). k(Vk+1-Vk) =221-3 v2 - ¥3 
—~ V5 — V6 — V7) 
(C) x=1,x= 2 


2 
No, fis discontinuous. 


Concept PRoBLEMS—F 


1. 
2. 


(B),(C), (D) 
(A) Infinite interval 


(B) Infinite discontinuity 

(C) Infinite discontinuity 

(D) Infinite interval 

The integral is improper; the integrand is 
undefined at 0. 

both limits are ¥ 
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5. 

7. @) 1-In2 (i) 1/2 
(i) 1 (iv) x 

8. (i) -= (ii) n/2 
ai) () 


9. Error when we move from step (3) to step(4) 
PRACTICE PROBLEMS—F 


15. (i) In tan0=—Intan (5 ~6) 


(ii) Use 2sin’?0 = 1 —cos20, quote (i) and integrate 
cos28 Intan®@ by parts. Note sin20 Intan® > 0 as 


60> 0, 7 
17. @) - (ii) ; 


18. t=tanO gives I, on using partial fractions, as 


1 20 b* 1 
dt 
b? -a’ fF Pearer oral 


22. 8 

Concept PRoBLEMS—G 

1. (A) 16 (B) uf | 
(©) 2-2 (D) 72/4 


1 3 
2. (i) 5 log 6+ on 5 


, Av2 7 
(ii) ae (iit) 0 
es 
iw) 5 
3. Yesineachcase;7/4 5. —4/5 
6. 2 
8. Avni is right. 
9. The limits of integration cannot be covered by 


sint. 
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11. The function x = +5 is double-valued. To 


obtain the correct result it is necessary to divide 
the initial interval of integration into two parts : 


i Ux? dx = [- Vx dx le Vx? dx and apply 
the substitutions x = V5 in —2 <x <0 and 


x= Vie in0<x<2, 

12. Itis impossible, since sec t > 1 and the interval of 
integration is [0, 1] 

13. Yes, it is possible 

14. The antiderivative F (x) will lead to the correct 
result and F,(x) to the wrong one, since this 
function is discontinuous in the interval [0, 1] 


PRacTIcE PROBLEMS—G 


15. (i) 2 [cos2—cos3] (ii) ee 
(ii) —2 iy) > 
16. (i 5 Inia +3 ) (ii) x 
(iii) ind (i) 2-Fn2- 
17. (i) = (ii) . 
ii) V2 -[% (iv) 
18. In 11. 


x 
19. The substitution x = tan oA is not applicable, since 


x 
the function tan 5 is discontinuous at x = 7. 


1 1 
—In2 = 
21. ; n 22. 7 
23. 2009 
Concept PRosLEMS—H 
1. (A) 0.5In(e/2) 
(B) 4x 


© 1 
3. Apply integration by parts to fand G Note that G’ 


g 
4. 2 


PRACTICE PROBLEMS—H 


m3 Se? -2 
4n 1 1 
Oa m4 5-35] 


nm oT 
Ey UO ee 
7. (i) 20 
(ii) In2 
1 
(iv) #(E—1)+2 2 


10. (A) n=4 (B) 2 
£(0)b? s f° (0)b? 


ao 


11. ) f(b) =10) + #(0)b+ —] 3 


1 ob 
He [PO wo ~x)>dx 


PRACTICE PROBLEMS—I 


1. "nif (a4 i rt te}] 
e\n! (n-l)! 1! 


A 5, (5n/32)a% 
6. (i) na‘/32; (ii) 5/4—-37/8; 
(iii) 1/2. 
es + om + Bs + d tan! x 
10. 6x2 41)? 242 41)? 16(x2 +1) 16 
n(2m)!(2n)! 
13. (A) 52201 oinl(m +n)! 
(B) 0, ifn is even, 7, inn is odd 
(C) 1/2 
NS 
D) srsin 
p!q! , _k! 
14, 16. (1 
(p+q+)! C) nt 
* 105 
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DEFINITE INTEGRATION 
(m-—1)(m-3)...3 x17 
m(m-2)..4x2 2 
(m—1)(m-3)...4x 2 


18. (A) 


mon20)435c1 . Putx=sin @. 
2n(2n—2)..4%2 Passel 
(2n + 1)(2n-1)...3 x1 
3" +n! 
I Teas Fa CuaD) 
PRACTICE PROBLEMS—J 
+f dx =0 
1. (i) m jes X= 
fe t/6 2 v3 
(ii) [ sec Mas, 
1 
2. (i) 37 ii) 5 
(iii) In3 
. @ tna i 18 
@) Zh a) 3 
(ii) In z (iv) 2(V2 -1) 
a 
4. (i) 1 (i) ob 
6. (i) In4] (ii) 3/8 
1 
(iii) tan'2 +> In5 
7 (i Ta’ én2 i) 2 
~ @ ra (ii) Tae 
(ii) 2 (iv) 1//2 


8. Consider upper and lower sums for the integral 


hie dx obtained by dividing the interval [1, m] 


into m — | equal parts. 


10. : -~ 1.67 x10!!. 
k+1 


Concept PRoBLEMS—I 


1. cos(e*) e*—cos(x”)2x 


2. 3x2, leosx3 
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i 
3" 
4. x?(2x sin x’—sin x) + 2(cos x —cos x’) x 
5. 4 
uit AY ne OY. 2: 
; — =cott —~=-t 
6. (i) ea (ii) ae 
Be eee 
“17 
8. -2. 


PRACTICE PROBLEMS—K 


COS X 


' 2 
be ae 10. 1+ — 
e 


e” 
8x? 40x°+4 px dt 
et 63/2 
1-5x®° (1-5x°) 


° v1-5t° 

12. -t? 
13 Sh nobcee ye 2H) 

* 101 
14. —cos x 15. [0,2] 
16. x=0 17. Minimum at x =0. 

1 1 

18. > 19. c= 1; limit= a 


PRACTICE PROBLEMS—L 


2. f(x) + f/x) = (in x)? 


5. (i) 0 (ii) 0 
(iii) 60 
3n+1 
7. (i) 0 (i) 
(ili) 1 (iv) 4 In 4/3 
9. 8 


Concept PRosLEMS—J 


3 
1 B® @ 3 (ii) 
6. 21, =n, 
PRACTICE PROBLEMS—M 


7. (i) 0 (ii) z in2 


Ala 


(ii) 2 (iv) 35 

8 (i) 0 (ii) 0 
(iii) (1-4) (iv) n/2 

9 (i) 4 Gi) — 0/2 
(iii) 0 

10. (i) x (ii) o5 In(l+ J5) 
Gi) © 

MW. @ Zein? Gi) LZ - (2 -DI 
(iii x (iv) x 


PRAcTICE PROBLEMS—N 


x. at ee: 
a =(m-2 
2. ; In2 (ii) aS ) 
(ii) mIn2 (iv) m1n 2 
2 
4. (i) 1? (i) — Fn 
(ii) — =n2 (iv) Lye 
2 2 16 
2 3n° 
+O 3 ®) 32 
ae Te .. 8 
(iii) D (iv is 
6. (3+ i -A) 
2\2 +2 
PracticE PRoBLEMS—O 
2 @) 3(e-1) (ii) 1 
ves _, WU 
(ii) 5 (iv) 4 
4. 0 
6. -a 


PRACTICE PRoBLEMS—P 


t 1 
1 = 
3. tan Vala Ht 4. 0 
5. 48 
2 
6. 3 


Concept PRoBLEMS—K 


1. No 

2. No 

9, nm<I<2n. 

11. To estimate the integral from below use the 
inequality 1 + x* < (1 + x?)*, the Schwartz- 
Bunyakovsky being used for estimating it from 
above. 


Practice PRoBLEMS—Q 


16. (A) Plus 
(C) Plus 


(B) Minus 


1 
18. 2 sin"! = 
8 sim5 


x* atO0<x<l 


21. The function f(x) = ( eG is 


continuous on the interval, it reaches the least 


value m= ee ~ 0.692 atx = : and the greatest 


value M= 1 atx=Oandatx=1. 
23 8/5 
24, (i1)0.85<I<0.90. 


26. I(1) = 1.66 the greatest value ; i(- | x 0.11 
the least value. 7 


PRACTICE PROBLEMS—R 


3. 3 
4. xor0. 5. f(t)=-sint;c=7/3 
6. f(t)=sint—1;c=0 
7. (A) 16 (B) 1+3/V2 
(C) (36)!7 (D) 1/5 


1 1 1 
: =3+ —=x+—- x? : =3e% a= —In2 
8. p(x) =3 aXt GX 9. f(x)=3e-%a 3 


10. (A) No such function 
(B) —2*In2 
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DEFINITE INTEGRATION 


1 
(C) 2 x+1 


11. (A) 2x°%(x+ x) 


B i 3iflxl<1: 1 Paes iflx!>1 
( ) X- Bx if |x| < KZ xix Gig Ix| 
(C) 1-e*ifx 0; e&-1ifx <0 
(D) x if|x|< Bx +3 x ER 
1 
12. f(x) = 2x; c=- 9 13.3+3Inx 
PRACTICE PROBLEMS—S 
ae 8 - Des 
- (i) 15 (ii) 39 
eis ¥ 16 
- O 355 ® 35741 
eee o Sec oe 
(iii) 24 (iv) 2! 
9 
3 = (ii . 
fa ee 
(iii) 63 (iv) 16 ™ 
q.,.y, oe sy oat (dB 
- O t99 ) 147 245 
2 > ; or 
() F1LB OY) $7913.17 
; 2.4.6...(2n)  13.5..2n-l x 
5 @ 357..0nt) © “546m 2 
nee Oe . Tt 
(iii) 8 (iv) 3223 
eo 
"128 
PRACTICE PROBLEMS—T 
4. 0 


5. Change the variable by the formula z = kw’x?, and 
then apply L'Hospital's rule. 
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PRACTICE PRoBLEMS—U 43. C 44. D 45. C 
— 46 C 47. C 48. B 
4 1+vV1—b2 49. C 50. A 51. C 
1. fo cos(x+t’)2tdx = 4. tn | > 52. A 53. A 54. C 
2 55. A 56. A 57. A 
58. D 59. A 60. C 
5, 7 {en(a+va?+1)\ 6. 1m 61. D 62. A 63. D 
2 2\ 4 64. D 65. C 66. AC 
oe 67. ABCD 68. ABCD 69. ACD 
ge ee 70. ABCD 71. ACD 72. AB 
16 4 73. AB 74. AC 75. AD 
76. AC 77. ACD 
PRACTICE PROBLEMS—V 78. ABCD 79. ACD 
I 80. ABCD $1. ABC $2. AB 
1. (x+1)M(1+x)-x ogee $3. ACD 84. AB 
; 85. ABCD 86. C 87. C 
3. Integrating both sides between 0 and t yields 88. A 39. C 90. A 
2 yon tg 2n 91. B 92. B 93. B 
Ind +t) —[ tT +. | = J dx, 94. C 95. D 96. C 
97. A 98. A 99. C 
Now use ; 5 100.B 101.A 102.C 
0< (ax fixax = 103. C 104. A 105.B 
Ol+x 0 2n4+1° 106.C 107.D 108. A 
5 ate 109. A 110.A 
Ae ED ars 111. (A(R) ; (B}(P) ; (CHS); DR) 
i 112. (A)-(R) ; (B)-(P); (CHS) ; (DQ) 
(ii) In2 (iv) Xa4 by 113. (A}-(Q) ; (BARS) ; (C)-(QS) ; (D)HS) 


114. (A)-(S) ; (BJS) ; (C)-(PR) ; (D){R) 
115. (A(R) ; (BS) (CHQ); DQ) 


ie oe 
ee 


OBJECTIVE EXERCISES REVIEW EXERCISES for JEE ADVANCED 


3. Having worked C one finds S by obsering that 


2C+ bS=n, 
L A 2 A 3. D 2 
4. D 5. D 6 C Abed 275 

12. (x)= RR 2B. 

7 A 8 B 9. D Be es ae: 
10. C 1. B 12. A 14. 6In3—4 15. 3in(ex) 
B.A 14. A 15. C 21. 4Inx 
16. C 17. A 18. A ; 
19. A 20. B 21. D 22. (A) —Ae* (B) 5A 
22. B 23. B 24. B 
25. C 26. B 27. A 1 
28. C 29. C 30 D © Atl—- ze (D) eIn2—A 
31. B 32. A 33. A 
34. A 35. B 36. B 23, a=0 4 eee 
37. C 38. B 39. B 2 2" n! 
40. B 41. C 42. D 25. In(1 +a), (a>—1). 


26. 


33. 


34. 


35. 


36. 


39. 
44, 


47. | 


49. 


50. 


The value of integral is 1/2 if2nn<a<(2n+ 1)z, 
and — n/2 if (2n —-1)x < a < 2nz, n being any 
integer; and 0 ifa isa multiple of x. 


(0,4) 
V3 
i) —-— ii) 2+1n F 
Oa a) 41 
eee) 
a=9,b= 5 
sin(n+ 1x 
Use the identity _\ 2) =14+2c0sx+2 
su 


cos 2x +...+ 2cos nx to prove that sinnx = 2 cos 
sin X 
(n—1)x+2cos(n—3)x+..., 
where the last term is | or 2 cos x. 
(2n —2)(2n—4)....4.2 16 

(2n -1)(2n —3).....5.3.1 °°" 3 
Apply the Schwartz-Bunyakovsky inequality in 
the form 


f feo too s] < “e(x)dx 


705" 
(©) PO)= 5 %- BD? FLD) 
1 
©) > 
(B) 9(2)=2A, a(5)=5A 
(C) A=0 
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1. 


2. 


eae: v2 
() 5 (i) Sa 62-150) 


The integral reduces, with t = tan 9, to 


lpi dt b’-a’ pr dt 

J 2 J 2 242 
b-ol+t b “°(a—b)°+(at+b)'t 
The difference between a > b and a < b comes in 
the answer to the second of these integrals. 


11. 


14. 


16. 


17. 


18. 


19. 


21. 
32. 


33. 


37. 


42. 
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(B) 


Ne 


" 1 
(A) m- 5 


1 1 1 
© 5+ 5)t-) O 5-Y 


+ (n- 5) (t—1)?/2 
(A) G0)=G(1)=G(2) = 7/4 


2 
5G 31 + V3 - 1135) 
e* 1 
(A) x>1(C)F(ax)—Fla);F(x)— — +e xe!*—-e-F (=) 
x xX 


(A) (ig)? /2 


(ig) gy I 
8) ) 8rty 


sin +2@)-sin 20| 


© Gy /2 


(i) 


5a 
(ii) 37 Put x = cos 9 and integrate by parts 


(ii) 0 
0.099 
Integrate the inequality 


4 2 
xsinXx > fe -S anit on0<x< 


and write Schwartz-Bunyakovskyn equality 


n/2 m/2 n/2 
xsinx < J xdx sin xdx = 
Py J = eas 


in I, note that ae) is bounded , f(x) being 
continuous. 
[f(x)| < M, say, since f(x) is continuous; and so 


Il, <M(b—a)/ /n 


1 2 _ 3 
P(X) =X— 53 Pa) = x x4 6 > Pax) =x" — 
=) 1 1 
ae eee ee ee eee 35 
7% 7 Xs Pals) x*—2x° +x 30 2 Ps) x 
1 
2oh ah 6 
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43. 1(k+m-+1)= [that 47. AD 48. ABCD 49. ABC 
, 50. A 
== tt 1 <a 
oe AE consane ; 5. aopeeb i 
46. (B) b=log2 (C) e?Li(e*~?) ; to i 
48. Consider h(x) = [F(x) -f(x)?+ [G(x) -2(x)P 55. ——log3 gg. SENS 5g. 
20 12 16 
me 510 245-1) 
PREVIOUS YEAR'S QUESTIONS Beh gaa Mae? BS 
8 
(JEE ADVANCED) 65. <> ee ye 
15 +32 3 1 
7 7 = (peo == 7 
( 60 ) De Daas G75 82a 68. 2n+1—cosv 
3. 4 4. n(V2 -1) x |®,1,|v3+1_ 2 
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8. 2 9. 16 10. T : 
ul. D 12. B 13. A 74. log 2 75. (=) 
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3.1 


One of the applications of definite integral is the 
calculation of areas bounded by curves. In the previous 
chapter we dealt with definite integration as the limit of 
asum. The concept of integration arose in connection 
with determination of area. We shall now use definite 
integral to find the area of plane regions bounded by 
curves. 


CURVE SKETCHING 


Let us first focus on the techniques of tracing the 
curves bounding the plane regions. The following 
procedure is to be applied in sketching the graph of a 
function y= f(x) which in turn will be extremely useful 
to evaluate the area under the curves. 


1. Extent 


Find the domain of definition of the function and the 
values of the function at the points of discontinuity (if 
possible) and the endpoints of the domain. 


We should find out if there is any region of the plane 
such that no part of the curve lies in it. Such a region is 
easily obtained on solving the equation for one variable 
in terms of the other. 

The curve will not exist for those values of one variable 
which make the other imaginary. For this, find the value 
of y in terms of x from the equation of the curve and 
find the value of x for which y is imaginary. Similarly, 
find the value of x in terms of y and determine the 
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values of y for which x is imaginary. The curve does 
not exist for these values of x and y. 


For example, the values of y obtained from y*= 4ax are 
imaginary for negative values of x. So, the curve does 
not exist on the left side of y-axis. 

Similarly, the curve ay? = x?(a — x) does not exist for 
x > aas the values of y are imaginary for x >a. 

In the curve, a*y* = x? (x —a) (2a—x), we find that for 
0<x<a, y’ is negative, i.e., yis imaginary. Therefore, 
the curve does not exist in the region bounded by the 
lines x = 0 and x =a. For a<x< 2a, y’ is positive i.e., y 
is real. Therefore, the curve exist in the region bounded 
by the lines x =a and x = 2a. 


2. Intercepts 


When we put x = 0 in the equation of the curve, we get 
the y-intercept and this tells us where the curve 
intersects the y-axis. To find the x-intercepts, we set 
y = 0 and solve for x. (We can omit this step if the 
equation is difficult to solve.) 

We should also see whether the curve passes through 
the origin or not. If the point (0, 0) satisfies the equation 
of the curve, it passes through the origin. 


3. Sign Scheme of f(x) 


When graphing a function f, the zeros of the function, 
i.e. solutions of the equation f(x) = 0 and the points of 
discontinuity of the function divide its domain of 


3.2 0 


definition into intervals where the function is of 
constant sign. The sign scheme of the function helps 
in locating parts of the graph which lie above/below 
the x-axis. 


4. Symmetry 


The aim of symmetry is to make the calculations as 
short as possible. Indeed, ifa function is even or odd, 
then we may consider the part of the domain which 
belongs to the positive x-axis, rather than the whole 
domain. On this part of the domain we must carry out 
complete investigation of the behaviour of the function 
and construct its graph, then, resorting to symmetry, 
complete the construction on the whole of the domain. 

Consider the graph of an equation F(x, y) = 0 in the 

x-y plane. 

(i) The graph of F(x, y) = 0 is symmetric about the 
y-axis if on replacing x by— x, the equation of the 
curve does not change. i.e. F(x, y) = 0 implies 
FCx, y)=0. 

If F represents a function, then it is said to be 
even. 
For example, the parabola y = xis symmetric with 
respect to the y-axis. 

Y 


O xX 
(ii) The graph of F(x, y) = 0 is symmetric about the 
x-axis 1f on replacing y by — y, the equation of the 
curve does not change. i.e. F(x, y) = 0 implies 
F(x, —y) =0. 
For example, the parabola y= x is symmetric with 
respect to the x-axis. 

Y) 


(iii) The graph of F(x, y) = 0 is symmetric about the 
origin if on replacing x by — x and y by — y, the 


equation of the curve does not change. 


(iv) 


(v) 
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i.e. F(x, y) =0 implies F(—x, —y) = 0. 

IfF represents a function, then it is said to be odd. 
For example, the graph of y= x7 is symmetric with 
respect to origin. 


Y 
O xX 
x2 y 
Further, the circle x* + y?= r?, ellipse — + ee i. 
a 
2 2 


x 
and hyperbola eae = | are symmetric with 


respect to the y-axis, the x-axis and the origin. 
The graph of F(x, y) = 0 is symmetric about the 
line y= x ifon interchanging x and y, the equation 
of the curve does not change. i.e. F(x, y) = 0 implies 
F(y, x) =0. 

For example, the graph of xy = c? is symmetric 
with respect to the line y=x. 


Also, the graph of x? + y>=3 axy, a> 0 is symmetric 
with respect to the line y =x. 
YA 


The graph of F(x, y) = 0 is symmetric about the 
line y= —x ifon replacing x by—y and y by— x, the 
equation of the curve does not change. 

ie. F(x, y)=0 implies F(—y,—x) =0. 

For example, the graph of xy =—c? is symmetric 
with respect to the line y=— x. 


\Ze..|Note: For graphs of algebraic equations, the 


symmetry is judged as follows : 


(a) Ifall the powers of y in the equation are even, the 
curve is symmetric about the x- axis. 


(b) If all the powers of x are even, the curve is 
symmetric about the y-axis. 

(c) If all powers of x and y are even, the curve is 
symmetric about the x-axis as well as y-axis. 


Thus, the curve x? + y? = 4ax is symmetrical about 
x-axis, The curve a2x? = y? (2a — y) is not symmetrical 
about x-axis, for besides containing a term in y‘, the 
equation also contains a term in y? so that even powers 
as well as odd powers of y occur in the equation. 


5. Periodicity 


Find out whether the function is periodic or not. If 
f(x + T) = f(x) for all x in the domain, where T is a 
positive constant, then f is said to be a periodic 
function and the smallest such number T is called the 
fundamental period. If we know what the graph looks 
like in an interval of length T, then we can repeat the 
same segment of the graph to sketch the entire graph. 


6. Monotonicity 


The steps for determining intervals of monotonicity are 

as follows : 

(i) Determine the derivative of the function f(x) and 
find the critical points i.e. points where the 
derivative is zero or does not exist. 

(ii) Determine the sign of f(x) in different intervals 
formed by the critical points. 

(iii) Determine monotonic nature of function in 
accordance with following categorization : 

f' (x) = 0: equality holding for distinct points 
only 
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=> strictly increasing interval 

f’ (x) 20: equality holding for sub-intervals 

=>  non-decreasing or increasing interval 

f’ (x) <0: equality holding for distinct points only 
=> strictly decreasing interval 

f’ (x) <0: equality holding for subintervals 

=>  non-increasing or decreasing interval. 

Note that at the points where f'(x) = 0, the curve 
has horizontal tangents. 


7. Local Maximum and Minimum Values 


Find the critical points of f and use the tests for 

discrimination of local maximum and minimum. 

The First Derivative Test 

Suppose that x =a is a critical point of a continuous 

function y = f(x). 

(i) Iff'(x) changes from positive to negative at x =a, 
then fhas a local maximum at x =a. 

(ii) If f(x) changes from negative to positive at x =a, 
then fhas a local minimum at x = a. 

(iii) If f’(x) does not change sign at x =a (that is, if f’ (x) 
is positive on both sides of x = a or negative on 
both sides), then fhas no local maximum or minimum 
atx=a. 

The Second Derivative Test 

Let x=a be astationary point of a function f (i.e. f(a) =0). 

The function f has a local maximum at a if f’'(a) is 

negative, and a local minimum if f’’(a) is positive. 


8. Concavity and Points of Inflection 


If the second derivative f''(x) is everywhere positive 
within an interval, the arc of the curve y = f(x) 
corresponding to that interval is concave up. If the 
second derivative f’(x) is everywhere negative in an 
interval, the corresponding arc of the curve y = f(x) is 
concave down. 

The concavity of the graph of f will change only at 
points where f"(x) = 0 or f(x) does not exist. Let x =c be 
such a point and the signs of f’(c—h) and f’(c +h) be 
opposite, then the point x = c is called a point of 
inflection. 

The following table contrasts the interpretations of 
the signs of f, f’, and f’’. (It is assumed that f, f, and f’ 
are continuous.) 
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Where the | Where the Where f "(x) 
ordinate f(x) | slope f'(x) 


Is positive | The graph is} The graph The graph is 
above the x |slopes upward |concave 
axis Upward 


The graph is} The graph 
below the x |slopes 
axis downward 


The graph is 
concave 
downward 


The graph has a|The graph 
horizontal has 

tangent anda ___fan inflection 
relative point 
maximum or 

minimum. 


The graph 
crosses 
the x axis. 


9. Asymptotes 


(i) Ifeither lim f(x)=Lor Jim f(x) =L, then the line 
y = L is a horizontal asymptote of the curve 
y= fx). 

(ii) The line x =aisa vertical asymptote ifat least one 
of the following statements is true : 


lim £(x) =00 Tim. f(x) = 00 


xa 


lim f(x) =—00 Tim f(x) = —o0 
(ii) Ifthere are limits 

. £(x) : 

lim —— = m, and lim[f(x) - m,x]=c,, 


X00 X 
then the straight line y = m,x + c, will be an 
asymptote (a right inclined asymptote or, when 
m, = 0, aright horizontal asymptote). 


Ifthere are limits 

. f(x) : 

lim —— =m, and lim [f(x) - m,x]=c,, 
X>-0 X X>-00 


then the straight line y= m.,x + c, is an asymptote 
(a left inclined asymptote or, when m, = 0, a left 
horizontal asymptote). 


1 
Find the asymptotes of y= x + — 
x 
and sketch the curve. 
TF ij 1 
We have fim y= fim (+) =o 
‘ : 1 
lim y= lim | x+— | =~ 
x>0 x>0 x 
=> x=0isa vertical asymptote. 


Now, lim y= lim (x+=) =o 


> x00 x00 xX 
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li li 1 
ee ae ha 


=>  Thereisno horizontal asymptote. 


; ‘ 1 
Further, lim - = lim (145) =1. 


X—>00 


lim (y—x)= lim (x+2-x] stim 22%, 


X—>00 X—>00 X00 xX 


y=x+0 i.e. y= x isan oblique asymptote. 
A rough sketch of the curve is as follows : 


Analyse the equation (y — x)? = x? 


and trace its graph. 


Solving for y, we have 
y=xtx3?, (1) 
(i) Intercepts. The given equation shows that the curve 
contains the points (0, 0) and (1, 0) on the coordinate 
axes. 


(ii) Symmetry. There is no symmetry with respect to 
the axes or the origin. 

(iii) Extent. Equation (1) shows that we must exclude 
x <0. Italsoshows that for each value ofx (except x = 0), 
there are two values of y, and that the curve 
consists of two branches which start at the origin 
and lie on opposite sides of the line y= x. 


For the upper branch, lim y= oo and for the lower 


branch lim y = — ©. Hence, the curve extends 


indefinitely up and down. 

(iv) Asymptotes. Equation (1) shows that there is no 
vertical asymptote and the discussion of the extent 
in y shows that there is no horizontal asymptote. 

(v) Maximum, minimum, and inflectional points. 
Taking the positive sign in (1) and differentiating, 
we get y’ =14+3/2x!2, y"=3/4x 12, 

Since y’ # 0, the upper branch has no extreme 


point except the origin, which is a minimum point 
since it is a left end point and the slope there is 1. 
Since y’' > 0 for x > 0, the upper branch is concave 
up and has no point of inflection. 

Y 


For the lower branch we have 
y’ =1-3/2x!2, y" =-3/4x!?, 

Hence again the origin is a minimum point as in the 
case of the upper branch. Setting y’ =0, we get x = 4/9 
and y = 4/27. This point is a maximum point since 
y’’ <0 for x > 0. The last statement also tells us that the 
lower branch is concave down and has no point of 
inflection. 


Applying the derivative, construct 
the graphs of the following functions: 


_ =x) 
@) f= (aap 


(ii) {x)=x+e* 


6sin x 


(ili) f{x)= 
' (2-x)’ | 
(i) The function f(x) = (x3) is defined for all x #3. 
It is neither even nor odd, nor periodic. Its graph 
cuts the x-axis at the point x = 2 and the y- axis at the 
point y = 8/9. Since f(x) > — © as x —> 3, the 
straight line x = 3 is a vertical asymptote to the 
graph of the function f(x). Note that 
8—12x+6x?-x° 8—3x 

an) x’ —6x +9 2 6x49" 
Asx — oandasx>-, f(x) > -x. 
Therefore, the line y=— x is an inclined asymptote 
to the graph of the function. Let us find the 


2+cosx 


derivative 

3(2 — x)? (-1)(x —3)° —(2—x)°2(x -3) 
f'(x)= (x- 3) 
> (2-x)?(5-x) 


(x-3)° 


(ui) 


O 3.5 


The points x = 2 and x = 5 are the critical points. 
On the intervals (— 9, 2), (2, 3) and (5, ©), f(x) is 
negative and, consequently, the function f(x) 
decreases. On the interval (3, 5) the derivative is 
positive and the function f(x) increases. 

We tabulate the various information about the 
function as follows: 
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x (00, 2) (2, 3) 3, 5) (5, 00) 
> oto0 Oto-co -ot ot a ro) 
y: (0) Ds 4 to- 
oe —- ae me 
\. \ y \ 


The graph of the function f(x) is shown below. 


The function f(x) =x + e~ is defined for all x ER. 

It is neither even nor odd. It is not periodic. 

The graph cuts the y-axis at y = 1. It does not 

intersect the x-axis. 

Since lime ~ =0, the line y= x is an inclined 
x0 

asymptote as x > ©. 

As x — — © there is no inclined asymptote 


f(x) 
because rcs >-®© asx >-, 


Let us find the derivative 

f(x)=1-e%. 
The point x = 0 is a critical point. 
It is easy to see that f'(x) < 0 for x <0 and f'(x) > 0 
for x > 0. Therefore, the function f(x) decreases on 
the infinite interval (co, 0) and increases on (0, ©). 
It follows that at the point x = 0 the function has a 
relative minimum. The graph of the function f(x) is 
shown below. 
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at, ; _ _6sinx. . 
(ii) The function f(x) = Fleas. © defined for all 


x € R. It is an odd function, and periodic with a 
period 27. It is, therefore, sufficient to construct 
its graph on the interval [0, 7t]. Since 2+ cos x 2 1, 
the function possesses no vertical asymptotes. 


We find the derivative 
cos x(2 + cos x) — sin x(—sinx) _ 


= 6 
F(x) (2+cos x) 
— 2cosx+l ; 
(2+ cosx)” 
The points x = 27m + 3 m,n € I, arecritical. 


On the interval (0, 27/3) the derivative is positive 
and, consequently, the function f(x) increases. 
On the interval (27/3, 10) the derivative is negative 
and the function f(x) decreases. 

The point x = 27/3 is a point of maximum. In fact at 


; 2 : 
the points x = 27n + me n € I, the function f(x) 
possesses maxima and at the points x = 27n — 


2m n € J, it possesses minima. 


The graph of the function f(x) is shown below. 
YA 


ps aa, 


fed 23 
Example 4.) Which one of the following functions 


resembles the graph of a rational function as shown? 
5(x* —1)(x +3) (x? -1)(x +3) 
(x? —4)(x +2) (x? —4)(x +2) 
5(x? -1)(x +3) 5(x? —4)(x +2) 


(x? —4) (x? —1)(x +3) 
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The function seems to have a zero (i.e. 
crosses the x-axis) at —3, — 1 and 1. Ofall the choices 
given only (A), (B) and (C) satisfy this. 

The function in (C) would change sign around the 
vertical asymptote x =— 2 and the graph does not, so 
(C) is not the correct answer either. 

The horizontal asymptote is the limit of the function at 
positive or negative infinity, and from the graph, this 
limit should be 5. Answer (B) does not satisfy this, so 
(A) must be the correct answer, and indeed, it satisfies 
all other requirements. 


pees 
Construct the graph o ag 
and find the area bounded by y= f(x) and x-axis. 
2 2 
Here, f09=% 21 = 1-5 
x“ +1 xo +1 


(i) The function f(x) is well defined for all real x. 
=> Domain of f(x) is R. 

(i) f(x) = f(x), so it is an even function and hence 
graph is symmetrical about y-axis. 

(iii) Obviously the function is non-periodic. 

(iv) f(x) > 1 for x > 00 (we are considering x > 0 only 
as curve is symmetrical about y-axis). Hence y= 1 
is an asymptote of the curves. It may be observed 
that f(x) < 1 for any x e R and consequently its 
graph lies below the line y = 1 which is the 
asymptote to the graph of the given function. 


2 


(v) Again eae] decreases in (0,00), thus f(x) 
x 


increases in (0, oo ). 

(vii) The greatest value — 1 for x — coand the least 
value is—| for x = 0. Thus, its graph is as shown in 
figure. 


y = | (asymptote) 


Example 6.) Construct the graph of f(x) = xe*. 


Find the area bounded by y = f(x) and its asymptote. 


(i) The function is well defined for all real x => 
domain of f(x) is R. 

(ii) There is no symmetry in the graph. 

(iii) Obviously function is non-periodic. 


3:7, 


(iv) f(x) — 0 as x — —- oo. Hence y = 0 is an 
asymptote of the curve. 
(v) f(x) =(k+ 1) e => f(x) increases for x >-1 
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and decreases for x <—1. 
Hence, x = —1 is the point of absolute minima. 


1 


Minimum value = f(—1)= ——. 


(vi) f"(x)=(k + 2)e* => f(x) is concave up for x >—2 and 
concave down for x <—2 and hence x = —2 is a 
point of inflection. 


(Practice:PrObleMSien A 


1. Plot the following curves : 


@ y=+Vx?-1 (i) y=2+ J(x-12-1 
(ii) y=+ Vx? 41 (iv) 4y? + 4y—x?=0 


2. Construct the graph of the following functions : 
(i) y=1+x?-0.5x* (i) y=(kt+1)(x-2/. 
3. Construct the graph of the following functions : 
(@) y=(-x’y! Gi) y=xt*(1+xy°. 
(iii) y=(1+x)*(1—-x)+. 
4. Construct the graph of the following functions : 
(i) y=x(1—-x’)? (ii) y=2x-1+(«+1)y! 
5. Construct the graph of the following functions : 


(@) y=0.5 Vx? 4+x41-Vx? —x 41) 


3.2 AREAOFA CURVILINEAR 
TRAPEZOID 


It is known that the definite integral of a non-negative 
function is the area of the corresponding curvilinear 
trapezoid. This is the geometrical meaning of the 
definite integral, which is the basis of its application to 
computing the areas of plane figures. 


Consider the curvilinear trapezoid aABb bounded by 
the graph of a nonnegative continuous function 


Gi) y= vx? 4+1-yx?-1 
(iii) y= (x + 2973 —(x — 2). 
6. Construct the graph of the following curves : 
(i) y?=8x?—x4 ji) Y=(k-1)(«+1)!. 
Plot the graph of the following functions : 


: _ cosx aa» > x? +2x-3 
O Ye cos2x () y= x’ +2x-8 
8. Construct the following curves : 
(i) x=cost, y= sin2t 
(ii) x=cos3t, y=sin3t 
(iii) x=cos(St +1), y= sin(St +1) 


T 
(iv) x =cost, y= cos ( iF 4 


y= f(x), x € [a, b], the interval [a, b] of the x-axis, and 
the line segments x =a and x=b(a<b). 
Yi 
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If f(x) = 0 for x € [a, b], then the area bounded by 
b 


curve y= f(x), x-axis, x =aandx =bisA | f(x) dx 


Compute the area of the figure 
bounded by the curves f(x)=x?—2x+2,x=-l,x=2, 
and the segment [—1, 2] of the x-axis. 


The region described is a curvilinear 


trapezoid lying above the x-axis, therefore its area is 
computed as 


2 312 
A= [0 2x4 2)dx=— -x°[) +2x/?, =6: 


1 


‘ s 
Find the area bounded by the curve 


y= /nx+tan'x, x-axis and ordinates x = 1 and x =2. 


Let f(x) = nx + tan'x 


1 
de anna >0 


fax 
=> f(x) isa strictly increasing function. 


Since f(1) = 7 >0, f(x) is positive for all x € [1, 2]. 


A rough sketch is as follows se 


2 
The required area = | (¢n x + tan”! x) dx 
1 


2: 
= [xn xox xtan x5 in 4x°)| 
1 


1 
=2 (n2—2+2 tan !2— 5 fn5-0+1 


1 
—tan!1+— én2 
2 


2 iGo ins 
an Be eae ee ee 


Find the area bounded by y= x |sinx| 


and x-axis between x =0 andx= 27, 


| 


O<x<a 


M<x<2n 


xsinx, ifsinx >0, Le, 


—xsinx,ifsinx<0, ie., 
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O ue 2n X 
T 2m 
The required area = | xsinxdx+ | (—x sin x) dx 
0 T 


TT 
=x (—cos abe -| (—cos x) dx 
0 


2n 
—(x(-cosx))|-* + [ (~cosx) dx 


2a 


=T+sin X |p + (2n+n)-sinx =4n, 
TT 


Ifa function f(x) is defined as 

f(x) = max {4 —x?, |x —2|, (x —2)"3} for x © [-2, 4], then 
find the area bounded by the curve and x-axis 
y=4~—x’isa parabola EMA. y=|x —2]is 
a pair of straight lines ABF and ACD y= (x —2)! is the 
curve IHABG. Thus, from the graph 

f(x) = max {4—x?, |x —2|, (x —2)"3} is equivalent to 


2-x if —2<x<-l 
Aox* Gf +1<x<2 
AX)= \(x-2) if 25x53 
x-2 if 3<x<4 


Now, the area bounded by the curve and the x-axis 


+2 


Pale 3 3 2 
ey, eae as + Ft 2] | 2 
Qs 3 |, L4 Beil 22 


-1 2 3 4 
Ss } (2 —x)dx 4 | (4—x?)dx4 ) (x —2)!8 dx 4 | (x —2)dx 
—2 -l 2 3 

4 
25| 
3 

59 

a 


Consider the function, f(x) = cos“! 
(cos x) — sin™' (sin x) in [0, 27]. Find the area bounded 
by the graph of the function and the x—axis . 


Erte 3 3 
Opp = 
2 4 2 


x O<x<ua 
“4 = 
cos" (608%) = lon ax n<xs 2m’ 
<x< 
x ae 
X exe 
sin“! (sin x) = ‘ 
—-2n 3n 
xs ~~ <x<2n 
2 
0 if x e(0, 3) 
2x-nt if x e(¥, nm) 
Hence, f(x)= | x if x e(n, 32) 
4n—2x if x (32, 2n) 


The graph of f(x) is: 


n 32 


2 2 
.. The required area = area of the trapezium 


&.|Note: If f(x) < 0 for x € [a, b], then the area 
bounded by the curve y = f(x), x-axis, x =a and x = bis 
b 


ae | f(x) dx 


a 


y =f(x) 


Oo 3.9 


Further, ify = f(x) does not change sign in [a, b], then 
area bounded by y = f(x), x-axis and the ordinates 
b 


} f(x) dx 


a 


Example 6.| Find area bounded by y = log, x 
2: 
and x-axis between x = 1 and x=2. 


Arough sketch of y= log, x isas follows 


AREA UNDER THE CuRVE 


X=a,x=bis 


2 
The required area = — i log, x dx 
1 2 


2 
a | log, x . log, e dx 
1 2 


=—log,e.- [xlog, x-x]; 
2 

— log, e . (2log.2—2-0+1) 
2 


=— log, e .(2 log,2—1). 
2 


Example 7.) Find the area ofthe region bounded 


by the curve y= e?*— 3e*+ 2 and the x-axis. 


We find the points of intersection of the 


curve and the x-axis : e* — 3e* + 2 = 0. The curve 
intersects the x-axis at x = 0 and x= /n 2. The graph of 
f(x) = e?*— 3e* + 2 is shown in the figure. 


We see that on the interval [0, /n 2], f(x) <0. So the area 
of the given region is 


3.10 O 


In2 2x x e* x - 
aA=|, -@*-3e vayin={ -»] 
0 
3 
= 37 ~2in2. 


Example 8.| The figure shows two regions in the 


first quadrant. A(t) is the area under the curve y= sin x” 
from 0 to t and B(t) is the area of the triangle with vertices 


O, P and M(t, 0). Find lim an 


Y, ; Pa sin t) 


t sint? 
[Solution] Wehave A(t)= [ sin x” dx BO= 
“ae sin x? dx 
fee tim —?___. 
t>0 B(t) t>0 t sint 
t 
2| sin x? dx 
Sin 2 
t20 3 sint? 
t 2 
t 2 2 
2[ sin x° dx 
= lim 5 
t>0 t 
ACO) “205 Bein — 5 
Hence, lim = lim = 


> 0 Bit) t0 34? 3° 
Example 9.) Let f : [0, 0) > R be a contin- 


uous and strictly increasing function such that 
f(x) = ferro dt , Vx > 0. Find the area enclosed by 
0 


y=f (x), the x-axis and the ordinate at x = 3. 
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We have f3(x)= [tf?@at 
0 


On differentiating w.r.t. x, we get 

=> 3f?(x)f'(x)=x f?(x) 

=> f(x) Bf'(*)-x]=0 

As f(x) 40 

x x? 

3 > f(x)= 6 +C 
But f(0)=0=>C=0> fQ)= 


which is a non-negative function. 


=> f'(x)= 


3 xX 
ae es oS 3 
A= 6]* dx ll 2: 
3.3 AREA BOUNDED BYA 


FUNCTION WHICH 
CHANGES SIGN 


Ifon the interval [a, b] the function f(x) = 0, then, as we 
know from the area ofa curvilinear trapezoid bounded 


by the curve y = f(x), the x-axis and the straight lines 
x=aandx=bis 
b 
A= Jf(x)dx 


If f(x) changes sign on the interval [a, b] a finite number 
of times, then we break up the integral throughout 
[a, b] into the sum of integrals over the subintervals. 
The integral will be positive on those subintervals 
where f(x) 2 0, and negative where f(x) <0. 


The integral over the entire interval will yield the 
difference of the areas above and below the x-axis. To 
find the sum of the areas in the ordinary sense, one has 
to find the sum of the absolute values of the integrals 
over the above indicated subintervals or compute 
the integral 


b 
A= f | f(x) |dx 
a 
For example, if f(x) > 0 for x € [a,c] and f(x) <0 for 
x € [c,b] (a < c < b) then the area bounded by curve 


y= f(x) and x-axis between x =a and x = bis 
b : b 
A= [[fOo|ax= [| #00 Jax + [£00 [ax 
c b : ° 
= [f0odx- [foo dx 
Find the area bounded by y = x? 


and x—axis between the ordinates x =— 1 andx=1. 


The graph of y = x*is shown below : 


VY 


1x 


0 I 
The required area = ~x3dx +] x?dx 


Raver 
7 ae a. 
Compute the area bounded by the 


curve y= sin x and the x-axis, forO <x <27. 


Since sin x =0 when 0<x <7tand sin x <0 


when 7 < x < 271, we have 


2a T 2a 

A= J |sinx Jax = [sin xax + [ sinxax 
0 0 Tt 

& TT 

[sin xax =— COS xX |; =—(cos m—cos 0) 


: =—(-1-1)=2. 


2n 
s 2n 
[ sinxax = cosx| = —(cos2m —cos7) = —2 
1 F 


Consequently, A= 2 + |-2| =4. 


AREA UNDER THECURVE © 3.11 
Compute the area of the plane figure 


Sn 
bounded by the interval -=. "| of the x-axis, the 
graph of the function f(x) = cosx, and segments of the 


straight lines x= = and x = 7. 


The graph of f(x) = cosx is shown below 


Solving the equation cos x = 0, we find that the graph 
| Sn 

——,1 
| 6 


»X,= 


of the function y = cos x on the interval 


F : ‘ T T 
intersects the x-axis at the points x, =—> — 
2 2 
Consequently, the require area 
™ 
= |cosx | dx 
51/6 
—n/2 n/2 Tt 
=- | cos xdx + | cos xdx — | cos xdx 
51/6 —n/2 m/2 
m2 mT 
=—sinx| ¢,t+sinx|!”, —sinx|’,, = a 


Compute the area of the figure bounded 
by the curve (y— x —2)’=9x and the co-ordinate axes. 
The given equation represents a parabola 
touching y—axis at (0,2) and cutting x—axis at (1, 0) 
and (4, 0). 

Solving (y — x — 2)?= 9x for y, we get y=x + 2+3 Vx 
and y=x+2—3./x . Thecurve below the liney=x+2 
is given byy=x+2-3 yx. 

y=xt2+ 3vx 


(0,2) 


(1,0) 


(4,0) X 


3.12 0 


The required area 


= | (x+42- 30k) ax -f (x +2-3Vx) dx =I. 


The area bounded by y= x?+ 2 and 


; Pp 
y= 2|x|-—coszx is of the form of ri where p and q are 


relatively prime, then find p —q. 


Let us solve for points of intersection 
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x*+2=2|x|—cosmx 
=> (\x|-1)?+ 1 =—cosmx 
=> x=+1. 
For—1 <x<1,x?+2>2|x|—cos mx 
The required area 


1 
= [ (x +2-2|x|+cosmx)dx = se 
-1 3 


Thus, p—q=8-—3=S. 


(ConceptiProblen—_-llnnn A 


1. 


2. 


Find the area enclosed between y = sin x and 


. ; 3n 
X-axis as X varies from 0 to ra 


Under what condition does the value of the integral 
b 


Jf@0dx coincide with the value of the 


a 
area of the curvilinear trapezoid bounded by the 
curves y= f(x), x=a, x=b, y=0? 


Which of the following statements are true? 

(i) IfC>0isaconstant, the region under the line 
y = C on the interval [a, b] has area 
A=C(b—a). 

(i) IfC>Oisaconstant and b> a2 0, the region 
under the line y= Cx on the interval [a, b] has 


1 
area A= 7 CO- a) 
(ti) Theregion under the parabola y=x’ on theinterval 
1 
[a, b] has area less than ‘ (b?+ a2) (b—a). 
(iv) The region under the curve y = y1— x’ on 
the interval [-1, 1] has area A = >" 


(v) Let fbea function that satisfies f(x) 2 0 for x 
in the interval [a, b]. Then the area under the 
curve y = f(x) on the interval [a, b] must 


always be greater than the area under y= f(x) 
on the same interval. 


(vi) Iffis even and f(x) = 0 throughout the interval 
[—a, a], then the area under the curve y= f(x) 
on this interval is twice the area under y = f(x) 
on [0, a]. 
4. Express with the aid of an integral the area of a 
figure bounded by : 
(i) The coordinate axes, the straight line x = 3 
and the parabola y= x?+ 1. 
(ii) The x-axis, the straight lines x =a, x= band 
the curve y=eX+2 (b>a). 
5. Prove that the whole area (when finite) included 


: 1 ; 
between the axis of x and the curve y = 14) is 
a \a 


independent of the value of a, assuming (x) = 0. 

6. Compute the area of the figure bounded by the 
parabola y= x?— 4x + 5, the x-axis and the straight 
lines x= 3, x=5. 

7. Find the area between curve y= x’—3x + 2 and x-axis 
(i) bounded between x = | and x =2. (ii) 
bound between x = 0 and x =2. 

8. Find the area bounded by the curve y = x(x — 1) 
(x —2) and the x-axis. 

9. After four seconds of motion the speed, which is 
proportional to the time, is equal to 1 cm/s. What 
is the distance travelled in the first ten seconds ? 


Practice, Problems B. 


10. Compute the area of the curvilinear trapezoid 


bounded by the x-axis and the curve y= x—x2Vx . 


11. Find the area of the figure bounded by the curve 


y = sin*x + cos? x and the segment of the x-axis 
joining two successive points of intersection of 
the curve with the x-axis. 


12. Find the area of the region bounded by the graphs 
2x 


4x7 +9 


1 
13. Show that the area under y = — on the interval 
Xx 


,y=0,x=0, andx=4. 


of y = 


[1, a] equals the area under the same curve on 
[k, ka] for any number k > 0. 

14. Compute the area of the curvilinear trapezoid 
bounded by the curve y=e* (x? + 3x+ 1)+ e?, the 
x-axis and two straight lines parallel to the y-axis 
drawn through the points of extremum of the 
function y. 


15. Arectangle with edges parallel to the coordinate axes 


3.4 AREA OF A REGION 
BETWEEN TWO NON- 
INTERSECTING GRAPHS 


If f and g are continuous functions on the interval 
[a, b], and if f(x) = g(x) for all x in [a, b], then the area of 
the region bounded above by y = f(x), below by 
y= g(x), on the left by the line x =a, and on the right by 
the line x = bis 


A= | (£0) -g(x))dx 


f 


(a) 
We explain this using vertical strips : 
Note that the vertical strip has height f(x) — g(x) if 
y = f(x) is above y = g(x) and the area of the vertical 


strip is (f(x) — g(x))dx 


O 3.13 


has one vertex at the origin and the diagonally 
opposite vertex on the curve y= kx™ at the point where 
x=b(b>0,k>0,and m2 0). Show that the fraction of 
the area of the rectangle that lies between the curve and 
the x-axis depends on m but not on k or b. 

16. (a) Find the area A(b) under the curve 

y= e *cos2x in the interval [0, b]. 

(b) Find lim A(b). 


bow 


17. Prove that the area between the curve 


AREA UNDER THE CURVE 


2/3 

(=) + . = 1 andthe segment (—a, a) of the axis 
a 

ofxis = ab. 


5 
Thus, if f(x) > g(x) for x € [a,b] then the bounded area 
b 
= I. (f(x) —g(x))dx. 


Remark : It is not necessary to make an extremely 
accurate sketch; the only purpose of the sketch is the 
determine which curve is the upper boundary and 
which is the lower boundary. 


Find the area of the region enclosed 


by the parabolas y= x? and y= 2x — x?. 


We first find the points of intersection 


of the parabolas by solving their equations 
simultaneously. This gives x= 2x — x” or, 2x*—-2x =0. 
Thus 2x (x — 1) = 0, so x = 0 or 1. The points of 
intersection are (0, 0) and (1, 1). 


We see from the figure that the top and bottom 
boundaries are y, = 2x— x’ and y, = x’ respectively. The 
area of a typical rectangle is (y, —y,)dx = (2x —x?— x’) 
dx and the region lies between x = 0 and x = 1. So the 
total area is 


A= [ (2x 2x2) dx =2 Kc x2) dx 


x] (4 1 
P(e Booey. 3 


3.14 0 
Find the area of the region between 


the curves y= x—2 and y= 2x —x?. 


» 


(2,0) 


The graphs intersect in those points whose coordinates 
are the simultaneous solutions of the given equations. 
Eliminating y between these equations, we have 
x—2=2x—x’* or x*-x —2=(x—2) (x+ 1) =0. Thus 
x = 2 or x =—1, and the common points of the two 
graphs are (2, 0) and (—1, —3). The graph of y= x —2 is 
a straight line. The graph of y = 2x — x’ is a parabola 
that is concave down and has its vertex at (1, 1). The 
region whose area is sought is shaded in the figure. 
This area is given by 


[ [2x-x2)—(x-2)]dx= [2 +x+2) dx 


2 
= (-3* ye +25] 
3 2 4 


Compute the area of the region 


between the graphs offand g over the interval [0, 2] if 
f(x) = x(k —2) and g(x)=x/2. 


The two graphs are shown in the figure. 


The shaded portion represents the required region. 
Since f < g over the interval [0, 2], the required area 


2 
= J fe-foo a= f [3x] dx 
0\2 


52° 9 oF 
22 3 3° 


Example 4.) Find the area of the region between 


the curves y= x? and y= x?~x on the interval [0, 1]. 
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We need to know which curve is the top 


curve in [0, 1]. Solving x3=x?-—x, or x(x?—x+1)=0. 
The only real root is x = 0. To see which curve is on 
top, takes some representative value, such as x = 0.5, 
and note that because (0.5)? > 0.57— 0.5, the curve y= x? 
must be above y = x” — x. Thus, the cubic curve is on 
top throughout the interval [0, 1]. 

The region is shown in the figure. 


Thus, the required area is given by 


1 
[x ~¢¢ = w}dx= (txt he + he) a2 
Top Bottom 4 3 2 0 12 


curve curve 


Sketch the curves y = 2 x? e* and 


y= —x’e* and compute the area of the finite portion of 
the figure bounded by these curves. 


3 X 
ie 


Solving the two curves 2 x?e*= — x e* 
=> x=0 or-2. 
dy 
Consider the curve y= 2 x’ e* 4 2xe&(x+2) 


=> the curve has a horizontal tangent at x = 0,2 
Also it increases in x <— 2 and x > 0, and decreases in 
(—2, 0). Similarly for y=—x? e* 


we have ae —x? &(x+3) 
dx 
It increases in (—°, —3) and decreases in (—3, ©). 


0 
Hence, A = } (2 x?e*+x3e*) dx. 
-2 


Integrating by parts we get the result 
A= [(x°-x?+2x-2)e"]), = 187-2. 


Example 6.| Find the area of smaller portion of 


the circle x°+ y? =4 cut off by the line x = 1. 


Equation of the circle is x° + y? =4 and 


equation of the line is x = 1. 


The required area = area ABCA 


2 2 
= 2| ydx=2[ V4—x? dx 
1 1 
eee 2 | 
2 5 +—sin 


2 2 
1 


= os 2sin'()-2{ 2 2sin"(2)] 
2 2 


4n—3V3 


3 
2 2 
Example 7.) Theellipse e + = = 1 isdivided 


into two parts bya line parallel to the y—axis . Find the 
equation of the line ifthe area of the smaller part is ab 


m_ NB 
3. 4 
Let the line be x = h parallel to the 


y—axis. The smaller area 


fb 
=2 | = az — x? dx 
h a 
2 a 
-2°|3 fae ee sir] 
a 2 a h 
2 2 
_ 2b ue A a’ h? +2 geen 
a 4 2 2 a 
H 2b) (4 5 sin-'(2)) ] ih 2 2 
ence, 4 a a a’ —-h 
3 : 
Hab eo ap (given) 
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AREA UNDER THE CURVE 


h T 
Let = -sin!? — = — 

a 3 
=> sin — == = sin 
a 6 

a4 
2 a 
For this value of h = 7? 
bh 
fo eS az — bh? 
a 
_ b a Va _ vBab 
ai 229 4 


which agrees with the second term. 
Example 8.) For what value of the parameter 


a> 0 isthe area of the figure bounded by the curves 


y=aJx and y= aie: andthe y—axis equal to the 
number b? Also state the value of b for which the 
problem has a solution . 
7a] 
a +1 


1 
Solving the curves: P ar 
1 


2 


a2+1 
Hence, b= i ( j1=x - avx) dx 
0 
1 
> b= Zt xy? 2 gzoit ae 
3 3 Ff 
[2 - 3b] 
a ee 


The problem has a solution for 0 <b <4/3. 


0 x 


Example 9.| Sketchthecurve y=xe™** andcompute 


the area of the figure bounded by the curve. You may 


2. 
assume that the value of the integral J e * dxis > : 
0 


Consider 
C vx eX a 00 -x 
[= Vx e*dx= dx 
4 2x 
=0+ i as dt where x = t? 
0 
Hence A= Jz. 


Example 10.| Find the area included between the 
parabola x? = 4ay and the curve y = 8a3/(x? + 4a?), 


The curve (x? + 4a3) = 8a3 is symmetrical 
about y-axis. Equating to zero the coefficient of the 
highest power of x in the curve parallel to x-axis. Also 
this curve cuts the y-axis at (0, 2a). Solving the two 
given equations x? = 4ay and y= 8a?/(x* +4a”) we 
get their points of intersection as (+2a, a). 

Also both the curves are symmetrical about y-axis. 


Now the required area OCPAQO 
= 2 x area OPA (by symmetry) 
=2 x [area OAPM - area EM) 


2a 3 
8a 
=? | ydx, for y=—.—— - | ydx, for x” = day 
(x? + 4a’) -| 
8 2a 
a X 
=2 dx —2 dx 
Ifeoe ra 
2a 3 2a 2 
ie = tan! x es ee 
“2a 2alo 2a} 3 |, 3 


4} 5 
=)7_|2n-— Ia 
2 4 ; 


Let 'a' be a positive constant. 


Consider two curves C,: y= e*, C, : y=e* *. Let S be the 
area of the part surrounding by C,, C, and the y-axis, 


as) 
then find lim —. 
a>0 a 
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e*-*, we get e*= e? 


Solving e* = 


a 
=> x=> 
2 


a/2 
Area S= Ne ‘e *-e* )dx = (e"-e “+e xp? 


= (4 De (e?? + e#?) =e? —2e%7+ 1 =(e8?— 1? 
S  (e%?-1)  1(e#?-1) 
5-( a )-{5$) 
Aiphone 
a0 ga 4 


(Example 12.) Find the area enclosed by 


curve y=x’+x-+ ] and its tangent at (1,3) and between 
the ordinates x =— 1 andx=1. 


oY _ 9x + 1, Theslope of tangent is = =3 
dx . P S dx 


atx=1. 
The equation of tangent is y— 3 =3 (x-1) >y=3x 


1 
The required area = | (x? +x+1-3x) dx 


1 = x3 1 
=[@ 2x+1) dx= xX +x 
3 1 


1 2. 8 
14+1]_ 1-l/= = 
Ee es 


3 3 


Suppose g(x)= 2x + 1 and h(x)=4x? 
+ 4x + 5 and h (x) = (fog)(x). Find the area enclosed by 
the graph of the function y= f(x) and the pair of tangents 
drawn to it from the origin 


Given 

g(x)=2x+1, h(x)=(2x+1)?+4 

h@)=f[g@)] 
(2x+1)?+4=f(2x+1) 


Let 2x+1=t 
=> f(t)=t?+4 
f(x)=x?+4 (1) 


Solving, y=mx and y=x?+4, we get 
x*-mx+4=0 

For tangency, put D=0 

=> m=16 

=> m=+4 
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AREA UNDER THE CURVE 


The tangents are y=4x and y=— 4x 


2: 
The required area = 2/ [(x? +4) — 4x] dx 
0 


[ 2 * 16 
= 2[{(x-2)? dx = F(x-2)"| eo 
0 


0 


Practice,Problems C, 


1. Find the area included between curves y = 2x — x? 
andy+3=0. 

2. Find area between curves y= x’ and y=3x-2 from 
x=O0tox=2. 

3. Calculate the areas of the figures bounded by 
3y=—x2+ 8x—7, y+ 1=4/(x-3) 

4. At what values of the parameter a > 0 is the area of 
the figure bounded by the curves x = a, y = 2%, 
y = 4 larger or equal to the area bounded by the 
curves y = 2*, y=0, x =0,x =a? 

5. Find the area of the figure bounded by the straight 
line y=—8x — 46 and the parabola y = 4x?+ ax + 2, 
if it is known that the tangent to the parabola at 
the point x =— 5 makes an angle m— tan“! 20 with 
the positive x-axis. 

6. Find the area of the figure bounded by the parabola 
y=ax?+ 12x—14 and the straight line y= 9x—32, 
if the tangent drawn to the parabola at the point 
x =3 is known to make the angle x — tan~'6 with 
the x-axis. 

7. Find the area of the figure bounded by the curve 


y — 15 = e** and the curve y=7 fe*dx passing 
through the point A(0, 10). 
8. Find the area of the region in the first quadrant 


below y=— 7x + 29 and above the portion of y = 8/ 
(x?— 8) that lies in the first quadrant. 


3.5 AREA OF A REGION 
BETWEEN TWO 
INTERSECTING GRAPHS 


10. Find the approximate area of the region that lies 
below the curve y = sin x and above the line 
y=0.2x, wherex 20. 

11. The accompanying figure shows velocity versus 
time curves for two cars that move along a straight 
track, accelerating from rest at a common starting 
line. 

(a) How far apart are the cars after 60 seconds ? 
(b) How far apart are the cars after T seconds, 
where 0 <T $60? 


12. Prove that the curves y? = 4x and x? = 4y divide 
the square bounded by x =0, x =4, y=0, y= 4 into 
three equal areas. 

13. Find the area of the region bounded by the 
parabola (y — 2)° = (x — 1) and the tangent to it at 
ordinate y= 3 and x-axis. 

14. Find the area of the region bounded by the curves 


2 
y=x andy= inn?’ 


If we are asked to find the area between the curves 
y= f(x) and y= g(x) where f(x) 2 g(x) for some values of 
x but g(x) = f(x) for other values of x, then we split the 
given region S into several regions S,, S,, ...... with 
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areas A, A, ..... as Shown in the figure. We then define 
the area of the region S to be the sum of the areas of 
the smaller regions S,, S., ...., thatis, A=A,+A,+..... 
The area between the curves y = f(x) and y= g(x) and 
between x = a and x= bis 


b 
A= J fox) g00) dx 
When evaluating the integral, however, we must split 


it into integrals corresponding to A,, A. .... 
f(x)-—g(x) when f(x)2 g(x) 


Ix) 20) = fo when g(x)2 f(x) 


We explain this using vertical strips : 
y = (x) 
Height 
F(x)-g(x) 


Height 
g(x-f(x) 


Area by vertical strips 
Note that the vertical strip has height f(x) — g(x) if 
y = f(x) is above y = g(x), and height g(x) — f(x) if 
y= g(x) is above y= f(x). In either case, the height can 
be represented by |f(x) — g(x)|, and the area of the vertical 
strip is dA =|f(x) — g(x)|dx 
Thus, we have A= (. |fx) — g(x) dx. 


Compute the area of the region 


between the graphs of fand g over the interval [—1, 2] 
if f(x) =x and g(x) =x3/4- 


The region is shown in the figure. 


Here we do not have f < g throughout the interval 
[—1, 2]. However, we do have f< g over the subinterval 
[—1, 0] and g < fover the subinterval [0, 2]. 


A= ["fats)—txy] dx+ J FR) e001 ds 


- (5 save ffs * 
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1(-1)' Ft (-1)? ; 2? 124 23 


4 4 2 2 44 16° 


Find the area of the region bounded 


by the line y= 3x and the curve y = x3 + 2x?. 


The region between the curve and the 


line is the shaded portion of the figure. 


Part of the process of graphing these curves is to find 
which is the top curve and which is the bottom. To do 
this we need to find where the curves intersect : 
x3 + 2x?= 3x orx(x + 3) (x—1)=0 

The points of intersection occur at x =—3, 0 and 1. In 
the subinterval [—3, 0], labeled A, in figure, the curve 
y = x? + 2x? is on top (test a typical point in the 
subinterval, such as x =—1), and on [0, 1], the region 
labeled A,, curve y = 3x is on top. The representative 
vertical strips are shown in the figure and the area 
between the curve and the line is given by the sum 


A= J" [08+2x)-Gx)] dx+ f [x)— 60 +2x2)]ax 


0 1 
= (Fx +ie 3x") (3x2 Jat 2] 
4 3 2 JL; \2 4 3 No 


81 54 27) (3 1 2 a 
= + 0, 
i ee ier ee 6 


Find the area of the region bounded 


by the curves y= sin x, y=cos x, x =0, andx=71/2. 


The points of intersection occur when 


sin xX = cos x, that is, when x = 77/4 (since 0 <x < 77/2). 
The region is sketched in the figure. 


y=sinx 


YA y =cos x 


Observe that cos x > sin x when 0 < x < 77/4 but 
sin x = cos x when 77/4 < x < 77/2. Therefore , the 
required area is 


m/2 
A= J |cosx — sinx|dx =A, A, 
0 
wl4 ; m/2 : 
= J, (cos x—sin x) dx + } a (sin x—cos x) dx 
TU. 


=[sin x +cosx]*/4 +[—cos x—sin ] 7/7 
0 n/4 


-(4++ 0 1}+(-0 ++] 
=2 2 -2. 


Note: In this particular example we could 


have saved some work by noticing that the region is 
symmetric about x = 7/4 and so 


w/4 
A=2A,=2 I, (cos x— sin x) dx. 


Example 4.| Using the concept of area prove 


5/4 aja 
that | (sin x —cosx)dx = | (cosx —sinx)dx 
n/4 37/4 


The curves y= sinx and y= cos x intersect 


each other at several points enclosing regions of equal 
areas. We compute the area of one such equal region. 
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AREA UNDER THE CURVE 


51/4 
Using strip-1, A= i (sin x — cos x) dx 
n/4 n/4 
Using strip-2, the same area A= | (cos x —sinx)dx. 
37/4 


Hence, we get the desired result. 


Find the area of the figure bounded 
by the curves y = |x — 1|, y=3 — |x| 
The curves meet at two points (see 
figure). Solving the equation 3 —|x|=|x—1|, we find the 
abscissa of these points : x =—1, x =2. 


2 
Therefore, A= [ G=[x|=]x-1] ax 


-1 
We divide the integral into three integrals over the closed 
intervals [—1, 0], [0,1], [1, 2] respectively. We obtain 

0 1 


oe [IG+x)-d-wldx +/1G-x)-d- wax 
-1 0 


2 
+ [[G—x)-(x-D]}dx =14+241=4, 
1 


Find the area of the region enclosed 
byx =y* and y=x-2. 
Tomake an accurate sketch of the region, 
we need to know where the curves x = y? and y= x —2 
intersect. We find intersection points by equating the 
expressions for y. 

x=y?andx=y+2 (1) 
This yields 

y’=y+2ory’—y—2=0or (y+ 1) (y—2)=0 
from which we obtain y=—1, y= 2. Substituting these 
values in either equation in (1) we see that the 
corresponding x-values are x = | and x= 4, respectively, 
so the points of intersection are (1, —1) and (4, 2). (Fig. a) 
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Fig: (b) 
The equations of the boundaries must be written so 
that y is expressed explicitly as a function of x. The 


upper boundary can be written as y= ./x (rewrite 


x = y’ as y=+,/y and choose the + for the upper 
portion of the curve). The lower portion of the 
boundary consists of two parts : y=— jy forO<x< 
1 and y=x—2 for 1 <x <4 (Figure b). 

Because of this change in the formula for the lower 


boundary, it is necessary to divide the region into two 
parts and find the area of the each part separately. 


With f(x) = Vx , g(x) = Vx ,a=Oandb= 1, we obtain 
A= [x-(Vlax 


1 2 eA 4 
= Vxdx = | oe) =—_(= 
z iF 3 Gc 3 er 


With f(x) = ae , 2(x) =x—2, a= 1, and b=4, we obtain 
4 
A= fe (x—2)]dx = J (Vx —x +2)dx 


4 
= Ea ee +25] 
3 2 A 
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= (Z-s+8) = (-3+2)-2 
3 3 2 6 


Thus, the area of the entire region is 


Keegee pU=? 
he ae at ee 


Example 7.| The line y = mx bisects the area 


enclosed by the lines x = 0, y=0, x = . and the curve 
y=1+4x—x?. Findm. 
Here, the curve is x?— 4x = 1—y, 
i.e., (x —2)? =—(y—5S). 
It is a parabola whose vertex is (2, 5), axis isx —2 =0. 


The area enclosed by the lines x = 0, y=0, x = 5 and 


the curve 


a (iy d =" a+4x x’) dx 
= : ydx = ; = 


3 73/2 
= pees cee 
3 0 
3 9 1 27 39 
+2: ‘_—=—_, 
2 4 3 8 8 
The area bounded by the lines y= mx, y= 0 and x = 3/2 


3 

3/2 3/2 2 )2 
=| ydx =| mx dx =m om a 
0 0 2|,, 8 


According to the question, 


9 139 
b> oe 
2B 
ae 


Concept.Problems Bi 


1. Supose that f and g are integrable on [a, b], but 
neither f(x) = g(x) nor g(x) 2 f(x) holds for all x in [a, b] 
[i.e., the curves y= f(x) and y= g(x) are intertwined]. 
(a) What is the geometric significance of the 

b 
integral i) [f(x) — g(x)]dx ? 
(b) What is the geometric significance of the 
b 
integral J | f(x) - g(x)|dx ? 


2. Find the area of the region R lying between the 
lines x = —1 and x = 2 and between the curves 
y=x*andy=x?. 


3. Find the area of the closed figure bounded by the 
following curves. 
(i) y=3xt+18-x’, y=0 
(il) y x 2x4 2, y=2+4x x 
(ii) y=x°—3x’-9x+1,x=0, y=6 (x<0) 
2_ 4 
iv) y= ye 
4. Find the area of the region in the first quadrant 
bounded on the left by the y-axis, below by the 


: x 
liney= a? above left by the curve y = 1+ Vx and 


above right by the curve y = 2 


vx 


5. Find the area included between the curves 
y=sin x,y=cos xand thex-axis. 
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6. Find the area bounded by f(x) = max {sin x, cos x}, 
x=0,x = 27 and the x-axis. 


AREA UNDER THE CURVE 


Practice,Problems D & 


7. Find the area of the closed figure bounded by the 
following curves. 


(i) y= sinx, y=x° 


Gi) y=—2x’+5x+3,yt+1 


2 
- -1 
cae ,x=1,x=2,y=0 


x+1 


(ili) y= 
(iv) y= Vx, Y= V4-3x,,y=0 
8. Find the area of the closed figure bounded by the 


3 
curves y=2-—|2-—x| andy= ix 
9. Compute the area of the figure bounded by the 
Le ee, 
curves y= ~~ and y=xInx. 


10. Find the area of the figure lying between the curve 


y=xe ” and its asymptote. 


4-x? 


4+x? 


11. Find the area included between curves y = 
and 5y= 3|x|-6. 


1 
12. Find the area bounded by the curve [y| + an eFl, 


3.6 AREA BY HORIZONTAL 
STRIPS 


For many regions it is easier to form horizontal strips 
rather than vertical strips. The procedure for horizontal 
strips duplicates the procedure for vertical strips. If we 
want to find the area between the curve x = g(y) and 
the y-axis on the interval [c, d], we form horizontal 
strips. Such a region is shown in the figure, together 
with a typical horizontal approximating rectangle of 
width dy, which we refer to as horizontal strip. 


13. For what values of m do the line y = mx and the 
curve y= x/(x?+ 1) enclose a region ? Find the area 
of the region. 

14. The figure shows a horizontal line y= c intersecting 
the curve y= 8x —27x°. Find the number c such that 
the areas of shaded regions are equal. 


15. A circle with radius | and centre on the y-axis 
touches the curve y= |2x| twice. Find the area of 
the region that lies between the two curves. 

16. Find the area of the figure bounded by the curves 
y=(x+1), x=siny, y=0(0<y<1) 

17. Find the area of the figure bounded by the curves 
y=e%*|sinx|, y= 0 (x 20) (assume that the area of 
this unbounded figure is the limit, as A—> 00, of 
the areas of the curvilinear trapezoids 
corresponding to the variation of x from 0 to A). 


Thus, if g (y) = 0 for y € [c, d] then the area bounded 
by the curve x = g(y), y—axis and the abscissa y = c and 
d 


y=dis | gody, 

y=c 
Sometimes, a curve in the xy-plane can be defined 
as the graph of a function of y and not as a function 
of x. An example is the parabola defined by the 
equation (y—1)*=x~—1 and illustrated in the figure. 


(y-lY=@-D 
y =2 
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Although this equation cannot be solved uniquely for 
y in terms of x, it is easy to do the opposite. We get 
x=(y—1°+1=y?—2y+2, and so the curve is the graph 
of the function f defined by f(y) = y* — 2y + 2. The area 
ofthe region bounded by the parabola, the two coordinate 
axes, and the horizontal line y= 2 is given by 


= ft) ay= | y-2y+ 2) ay 


3 2 
y 2 
= —-y' +2 
( ry y) e 
Find the area bounded between 


y=sin ‘x and y-axis between y = 0 and y= > 


5° 
y=sin'x > x=siny 


Area 


y=sin'x xX 


2 ; 
The required area =| sinydy = —cosy |? =-(0-l=1. 
0 


Alternative : 
The area in the above example can also evaluated by 
integration with respect tox. The required area = (area 


ofrectangle formed byx =0, y=0,x=Il,y : )—(area 
bounded by y= sin'x, x—axis between x = 0 and x= 1) 
1 
™ aera 
= xy_]sin x 
Z J os 


0 
™ 


= 5 sin xt 7 oe 


= = _(%+0-0-1) =], 
2 \2 


en, Note: IfF and G are continuous functions and 
if F(y) 2 G(y) for all yin [c, d], then the area ofthe region 
bounded on the left by x = G(y), on the right by 
x = F(y), below by y=c, and above by y= d is 


d 
A= | &y)-Gy)ay 
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Further, if we wish to find the area between the curves 
x = F(y) and x = G(y) where F(y) 2 G(y) for some values 
of y but G(y) 2 F(y) for other values of y, then we split 
the given region S into several regions. 


Approximation by horizontal strips of width 
dy 


Length 
F(y) — G(y) 


Length 
G(y) — F(y) 


x=FY) x =G(y) 
Figure Area by horizontal strips 


Note that regardless of which curve is “ahead” or 
“behind,” the horizontal strip has length |F(y) — G(y)| 
and area dA = |F(y)— G(y)| dy. However, in practice, we 
must make sure to find the points of intersection of the 
curve and divide the intergrals so that in each region 
one curve is the leading curve (“right curve’’) and the 
other is the trailing curve (“left curve”). Suppose the 
curve intersect where y= b for b on the interval [c, d], 
as shown in the figure, then 


a- [1609 Fon} + f'tFO)—Go) 


G ahead of F F ahead of G 


Find the area enclosed by the line 


y=x-—1 and the parabola y* = 2x + 6. 


By solving the two equations we find 
that the points of intersection are (—1, —2) and (5, 4). 


We solve the equation of the parabola for x and notice 
from the figure that the left and the right boundary 


1 
curves are x, = ro me andx,=y+1. 


We must integrate between the appropriate y-values, 
y=—2 and y=4. Thus 


4 
A= [Gn—*) dy 

= fily+)-a2y?-3) ay 

= fanyry+ady 


3 2 4 
= em yay 
2.3 2 


2 


: 64)+8+ 16 42 8)=18 
6. + y _ 3 ig 


Compute the area of the figure 


bounded by the parabolas x = — 2y”, x = 1 —3y’. 


x 
We rewrite the equations as y?=— 5 and 


1-x 
By =1-x > y= 


The graph is shown below : 


Solving the two equations : 
x-l x 
( 3 }- 5 => 2x-2=3x 
> x=2>y=1,-1. 
Since 1 —3y’ =—2y’ for—1 <y< 1, the required area 


= fi fas (2y"j] dy 
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31 
y 4 
= y-—| =_. 
2 | 3 


Example 4.| Find the area of the region between 


the parabola x = 4y— y’ and the line x = 2y—3. 

The figure shows the region between the 
parabolaand the line, together with a typical horizontal 
strip. 


To find where the line and the parabola intersect, we 
solve 4y — y* = 2y — 3 to obtain y = —-1 and y = 3 
Throughout the interval [—1, 3], the parabola is to the 
right of the line (test a typical point between —1 and 3, 
such as y= 0). Thus, the horizontal strip has area 


_ [(4y-y*)- (2y -3)]dy 


Right curve 


dA 


Left curve 
and the area between the parabola and the line is given 
by 


3 
A= J [@y-y)-@y-3) dy 
3 
= [| G+2y-yydy=Gyt P- ty, 
= (9+9-9)-(3+1+4)=102. 


Alternative : 

In this example, the area can also be found by using 
vertical strips, but the procedure is more complicated. 
Note in the figure that on the interval [—5, 3], a 
representative vertical strip would extend from the 
bottom half of the parabola y” — 4y + x = 0 to the line 


y= 3 (x + 3), whereas on the interval [3, 4], a typical 


vertical strip would extend from the bottom half of the 
parabola y’— 4y+ x = 0 to the top half. Thus, the area 
is given by the sum of two integrals. It can be shown 
that the computation of area by vertical strips gives 
the same result as that found by horizontal strips. 
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Top half of 
y -4y+x=0 


(3, 3) 


Bottom half of 
y -4y+x=0 


(i) Find the area of the region shown 


in the figure. The region is bounded by the curve 
y =x’, the line y=—3/2 x, and the line x =2. 


(ii) 


Find the area of the same region, but this time use 
cross sections parallel to the x axis. 


(i) Here, f(x) = x? and g(x) =—3/2x. For 


(ii) 


x in [0, 2], the cross-sectional length is 
x?—(—3/2 x). Thus the area of the region is 


2 2 
i) [x°-[-25)]ax= | (+3) dx 
0 2 0 2; 
3 2 3 2 3 “2 
(FF )p-(F2)-(S 22 
3 4 }'0 3 4 3 4 3° 


Since the cross-sectional length is to be expressed 


in terms of y, first express the equations of the 
curves bounding the region in terms of y. The 


curve y = x* may be written as x = Jy , since we 
are interested only in positive x. The curve 
y =— 2/3 x can be expressed as x = — 2/3 y by 
solving for x in terms of y. The line x = 2 also 
bounds the region. The point P in the figure lies 
on the parabola y = x? and has the x coordinate 2. 
Thus P = (2, 2”) =(2, 4). The point Q lies on the line 


y=- ot and has x coordinate 2. Thus, 


(i) 
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Q=(, EF 2) = (2, — 3). Consequently, a cross 
section of the region is determined for each number 
y in the interval [—3, 4]. The area of the region is 
therefore 


i dy. For 0 < y <4, the cross section is 
determined by the line x = 2 and the parabola 
x= Jy . Thus for 0<y $4, x, =2- Jy ,the large 
minus the smaller. For —-3 <y <0, the cross section 


is determined by the line x = 2 and the line 
X, =— 2/3y. Thus for—3 <y <0, 


ee 


The integral now breaks into two separate 
integrals, 


ie x, dy + i x, dy 


2 
= f(2+2) dy + fey dy 


2 
y_ 4 )0 ee 3/2 \\4 
(aye) (29 5 I 


17 


8 
_. + — =—_, 
Cos 


Needed only one integral, but (11) needed two. 
Moreover, in (ii) the formula for the cross-sectional 


length when 0 < y <4 involved Jy , which is a 


little harder to integrate than x”, which appeared 
in the corresponding formula in (i). Although both 
approaches to finding the area of the region in are 
valid, the one with cross sections parallel to the y 
axis is more convenient here. 


ll 


Example 6.| Compute the area enclosed between 


the curves y= tan"'x , y=cot 'x and the y-axis. 


The required area 


1 
A= [cot x—tan™ x)dx 
0 


1 
- (F-2a0 x Jas =In2 
(0) 
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Alternative : 


n/4 n/4 


A=2 | xdy =2- } tanydy =1n2, 
: 0 


Practice,Problems Es 


1. 


The area of the region that lies to the right of the 
y-axis and to the left of the parabola x = 2y—y? is 


2 
given by integral fey —y”)dy . (Turn your head 


0 
clockwise and think of the region as lying below 
the curve x = 2y—y” from y= 0 to y=2.) Find the 
area of the region. 

Y 


The boundaries of the shaded region are the 


y-axis, the line y= 1, and the curve y= 4/x Find 
the area of this region by writing x as a function of 
y and integrating with respect to y. 


y=l 


10. 


11. 


Find the area of the region in the 1‘ quadrant that 
is bounded above by y = Vx and below by the 
x-axis and the liney=x—-3. 

Compute the area enclosed between the curves 

y=sec!x, y=cosec !x and linex—1=0. 

Find the area of the region bounded by x= y” 

and x = 3y—2y?. 

Find the area of the region given by 

(i) y-axis, x = y?-3y?-4y+12. 

" 1 

qi) y roe ae 

(a) Iff(y)=—y>+ y+ 2, sketch the region bounded 
bythe curve x = f(y), the y-axis, and the lines 
y=0 and y= 1. Find its area. 

(b) Find the area bounded by the curve x =—y?+ 
y+2 and the y-axis. 

(c) The equation x + y* = 4 can be solved for x as 
a function of y, or for y as plus or minus a 
function of x. Sketch the region in the first 
quadrant bounded by the curve x + y? = 4, 
and find its area first by integrating a 
function of y and then by integrating a 
function of x. 


, y-axis. 


Find area common to circle x? + y’ = 2 and the 
parabola y’ = x. 

Find the area of the region bounded by y +4x=0 
and (y+ 4)x+8=0. 


3.26 O 


3.7 AREA OF A REGION 
BETWEEN SEVERAL 


GRAPHS 


Ifit is required to find the area ofa plane figure of more 
complicated form, then we try to express the sought 
for area in the form of an algebraic sum of the area of 
certain curvilinear trapezoids. For instance, the area of 
the figure represented in the figure below is computed 


by the formula 


S = S.app—Saace ~ Secpb 


Let the curves AB, BC and AC be the respective graphs 


of the following functions : 


y= f(x), x € [a, b] ; y= g(x), x € [a, ¢] 
and y= h(x), x € [c, b]. Then 


S= fox = {econ ~ foods 


Compute the area of the plane 


figure bounded by the curves y= /x , x € [0, 1], 
y=x2,x €[1, 2] and y=-x?+ 2x+4,x © [0, 2]. 


The required area 
2 1 2 
S= [i +2x-+4)dx— | Vxdx - | x7dx 
0 0 1 
2 


1 3/? 
3/2| _ X 


2; 2 2 
+x"| +4x|,-—x 
0 0 


3 3 


0 
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Find the area bounded by the 


curves y= sin” |sin x| + cos cos x and y=cos x +7 
and the lines x = 0 and x =4n. 


‘Solution 


Let f(x) = sin” |sin x|+ cos cos x 


=> f(x)=sin' (sin x)+cos'(cosx) (for0<x<7) 


=> fx)= 


2x, 0<x<= 
2 
Tl, Deg 
2 2, 
4n—2x, —<x<2n 
Y; 


T2 = 3n/2 2n x 


=> The area bounded is shown in the figure 
m/2 


= ixea | 
0 


(m+ cos x—2x) dx 


32/2 


2, } (™— (1 + cos x)) dx 
m/l2 


= 4[mx+sinx—x’],~ —2[sinx]7, 


n/2 32/2 


2 


= |= +1 | -2ba 


27° +4-1+4=(n' +8). 


Find the area of the region enclosed 


between the curves 4|y| = |4 — x) and |y| (x?+ 4) =12. 


a [a (] 
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1 (8a)? + [areaO PM + area MP R] 


= 4|6tan! "eee cen 2v2 
3 3 


= =(18tan-' V2 -2V2), = 
Example 4.) Find the area bounded by the region +2 I aa X dy, for x2+ y? = 64a7] 


inside the ellipse, x°+2y’=2 and outside the graph of ; 
the function, f(x) = 1— x? = 32 ma?4 of = ae 2 |, pas = ¥) dy 


The graph is shown below : B 
Y y° i 
Pao peed @ ees 
32ma*+ Al 3 
6407 . ay | 


64a —y") + sin 
v2[ by ( y) 5 Ale 


4av3 
. 1 (8a)? +2 LJ, x dy, for y? = 12ax] 


0 


1 | 64x3V3a? 
32ma4 | ate) 
es y2-2y? -vl-y 
- 2S Jay +2[{0 8a? J3 } + 32a? {sin - sin-"(J372 )}] 
I 2 
ey 2 32 
= 22 | l-y’ dy—2 j Ay dy = 32a? 4 sa 16223 += a?n 
-1/2 -1/2 
128 i 
2V2n 3V3 8n-9V3 a an = Ca3=2 a2(8m —/3). 


“3. O82 62 : 
Example 6.} Show that the area included between 
Show that the larger of the two areas 


8 
th bolas y? = 4a(x + a), y?= 4b(b i tb 
into which the circle x? + y* = 64a? is divided by the SPAS SEN Org Le) 


parabola Vab - 
16 (Solution) y =4a(x+a) represents a parabola whose 
y= 12ax is 3° a’[8n— 1/3 ]. vertex is (—a, . and latus rectum is 4a. Also y?= 4b(b—x) 


Di p4adte'a ci : representsa parabola whose vertexis (b, 0) andlatusrectum 
Rey — Crane acule yan comme (050) 4b. Both the curves have been shown in the figure. 


and radius 8a and y*= 1 2ax is a parabola whose vertex 
is at (0, 0) and latus rectum 12a. Both the curves are 
symmetrical about x-axis. Solving the two equations, 


the co-ordinates of the common point P are (4a, 4a ,/3 ). 


Equating the values of y? from the two given equations 

of parabolas, we get 4a(x +a) = 4b (b—x) or, x=b-a 

i.e. the abscissa of the point of intersection P is b — a. 

Now both the curves are symmetrical about x-axis. 
The required area 

= 2[Area APM+ Area PMB], by symmetry 


Now the area of the larger portion of the circle (i.e. the 
shaded area) = the area PRSTQOP = the area of the 
semi-circle RST + 2 area OPR 


3.28 O 


b-a 
=) oe _, ydx, for the parabola y?=4a(x +a) 


si i. ydx, for the parabola y*= 4b(b — x) 
= 9 i {4a(x+a)} dx+ fe {4b(b— s)ex| 


b-a b 
= Ade] @&+ayldx+4 vb) (b-w'7dx 


b 


2 <s 2 
= va| 2-0)" | _4 Vo| 20-9" 


b-a 


1 1 
= 3 8 Va.b*? + . 8 ba??? 


8 
= 3 (a+b) y(ab) - 
Example 7.| IfP(x, y) be any point on the ellipse 


x?/a* + y?/b? = 1 and S be the sectorial area bounded 
by the curve, the x-axis and the line joining the origin 


to P, show that x =a cos (2S/xb), y= b sin (2S/ab). 


The given ellipse is shown in the figure. We 


have 


S = sectorial area OAP (i.e. the shaded area) 
= area of the AOMP + area PMA 


1 a 
iy OM. MP + | ydx, for the ellipse 
i =D ae 
ene le (a = )dx , 


1, fara 
a 


2 

abs Py ea ae 
2 2 aly 

bx 2 2 

= —y(a -x 

ae ( ) 

2 
to oh G72") a’ sin! 

a 4 
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ak fe 2 2 (F—sin ) 
oe (a°-x") + avl5 i 
bx 2 3 
— —(a° —x 
a ( ) 
a(5- ) aby 
r19 a} C08) aT 
b x 
Thus, S= cos !—. 
Be eee ey 28 
cos oa ap OX ACOs. 


Also y eI eee eine. 
a a ab ab 


Example 8.) Find the area common to the 


circle x?+y*=4 and the ellipse x? + 4y?= 9, 


The equation of the circle 


xe+y=4, (1) 
and the equation of the ellipse is 
x2+ 4y?= 9, (2) 


Both the curves (1) and (2) are symmetrical about both 
the axes and have been shown in the figure. 


Solving (1) and (2) for x, we have 
x?+ 4(4— x?) =9 or 3x?=7 or x?= 7/3 
The x-coordinate of the point of intersection P 


lying in the first quadrant is (7/3) . Also putting 
y= 0in x*+y?=4, we getx =2atC. 
Now the required area is symmetrical about both the 
axes. 
The area common to the circle and the ellipse 
= 4 x (common area lying in the first quadrant) 
=4 x area OCPB 
= 4 [area OBPM + area CPM] 


(7/3) 
=4 i y dx, for the ellipse 


0 


2 
y dx, for the circle 
2) 


= 


AREA UNDER THECURVe (© 3.29 


M773) 1 2 
I, ~V(9—x?)dx + (is as (4-x bax | y= sin’ a + COS *] and x-axis (where [.] is the greatest 


-4| 
xf(9—x2) 9 gaclinne integer function). 
-| 5 2 dor) = 
F (Solution) y= sin’ * +0057 | 
2 
a v2an-(3) "1 <sin? ; + cos a <2, for x € 2,2] 
2 2 (7/3) 2X ‘| 
“. y= | sin’ —+cos—| =1 
1 {7 20 9d 7 4 4 
=2)9V3V3 2 3V3 Now we have to find out the area enclosed by the 
3 ry 
+4) 2sin"(1)-— [Efe sin ne circle x + y’=4, parabola (v-3)=(x+3] 
2V3V3 2 


line y= | and x-axis. The required area is shaded in the 


+ 


235 v7 v7__ figure. 
+ 9sin“! + 4rt— 8sin-!—= 
eneme 5 AB 23 Y 
sinh ft sft 2 ec ey 
=4nr+9 sin 3°V3 —8sin™| 5° 3 |: 
Example 9.| Find the area enclosed between the is HUY), af //)\ 
1 . 
curves y=In(x+e),x=In y and x-axis. (20) X 
The given curves are y= In (x + e) and 
Oa 
x=In => e* => y=e* 
y. y 
Using transformation of graph we can sketch the 
curves. Hence the required area 


= 3 x1+(V3 -1)x 1+ [Co +xen dx 


2 2 
42 J 4-x )dx 


x? x? ; 
= = —+—+xX 
(2V3 n+[ 5 


2 
Hence, the required area +2 Sv —~x? +2sin7! (3) 
0 oa) Ne 
= iF In(x+e)dx+ J, e “dx 11 
: -28-+|0-(-3+5-1) 


= ik Intdt + J, eta (putting x + e=t) 


=(tInt-t)® -(e*%)° =14+1=2. | 


Example 10.| Find the area enclosed by circle 5 n on 1 
P =QV3-1)+¢+ 5 -3-(2 +3 


x? + y? = 4, parabola y = x2 + x + 1, the curve 


3.30 O 


p 


ractice.Problems 


Find the area included between the ellipses 
x? + 2y*= a? and 2x*+ y?= a’, 

The circle x? + y? = a? is divided into three parts 
by the hyperbola x? — 2y? = a Determine the 
areas of these parts. 


Find the area of the shaded region in the figure. The 
curves are parabolas. The inscribed square has area 
4, and the circumscribed square has area 16. 


A figure is bounded by y x4 lly 0, x=0,x=1. 
At what point of the curve y = x + 1, must a 
tangent be drawn for it to cut offa trapezoid of the 
greatest area from the figure ? 

A figure is bounded by the curves y = (x + ay) 
y=0,x=0. At what angles tothe x-axis must straight 
lines be drawn through the point (0, 9) for them to 
partition the figure into three parts of the same size? 
The figure here shows triangle AOC inscribed in 
the region cut from the parabola y = x? by the line 
y=a’. Find the limit of the ratio of the area of the 
triangle to the area of the parabolic region as a 
approaches zero. 


Let the sequence a,, a,, a,,... be in GP. Ifthe area 
bounded by the parabolas y* = 4a,x and 


3.8. DETERMINATION OF 


PARAMETERS 


Find the area of the figure bounded 


by the parabola y = ax* + 12x — 14 and the straight line 
y= 9x — 32 if the tangent drawn to the parabola at the 
point x = 3 is known to make an angle nm —tan“!6 with 
the x-axis. 


10. 


11. 


12. 


13. 


14. 


15. 
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Fi 


y’ + 4a (x—a,) =0 be A,, prove that the sequence 
A,, A,, A,,... is also in GP. 

What part of the area of a square is cut off by the 
parabola passing through two adjacent vertices of the 
square and touching the midpoint of one of its sides? 
For what value of the parameter a > 0 is the area of 


the figure bounded by the curves y = a vx ; 

y= /2—x andthe y-axis equal to the number b? 

For what values of b does the problem have a 

solution? 

Show that the area bounded by the semi-cubical 

parabola y? = ax? and a double ordinate is 2/5 of 

the area of the rectangle formed by this ordinate 

and the abscissa. 

Prove that the area common to the two ellipses 
2 2; 2 2, 

= + us =1, a + a =1 is 4ab tan”! b/a. 

a b b a 

The area between the parabola 2cy = x? + a? and 

the two tangents drawn to it from the origin is 


1 
= g2/c. 
ane 


Let A and B be the points of intersection of the 
parabola y = x’ and the line y= x + 2, and let C be 
the point on the parabola where the tangent line 
is parallel to the graph of y=x + 2. Show that the 
area of the parabolic segment cut from the parabola 
by the line four-thirds the area of the triangle ABC. 


Compute the areas of the curvilinear figures formed 
2 
by intersection of the ellipse a + y*= | and the 
2 
hyperbola = -y=1. 


Find the value of c for which the area of the figure 


4 é 
bounded by the curves y= — landy=cis 
Xx 


>X 


ie 
equal to 7. 


y=ax?+ 12x-14 


d d 
2 9a = Y! _6a+12. 
dx dx|,.-3 


Hence, tan(m —tan-!6) = 5a+ 12—6=6a+ 12 

=> a=-3 

Hence , y=—3x?+ 12x-14 

(note that D< 0, soy<0 Vx ER) 

The point of intersection of the line with parabola are 
x=—2or3. 


Hence A= J rae +12x-14]- (9x -32)}dx = 


(Example Z) Find the value of'a' (a> 2) for which 


the reciprocal of the area enclosed between y = = : 
Xx 


1 ob gs te 
y = —— ,x=2andx=ais'a' itself and for what 
4(x-1) 


values of b € (1, 2), the area of the figure bounded by 


the lines x = b and x =2 is | 


x2=4(x-1) > (x-2)=0 
= The curves touch other. 


(one 
SL 4QK-D x? a 


= e241. 


Also 


2 
= i : ~<a 
4(x-1) x 


For what value of '‘a' (a > 2) is 


> b=lte2 


1 
the area of the figure bounded by the curves, y= — , 
xX 


1 4 
= ,X=2 and x=aequalto In —= ? 
y Se 


: ; 1 1 
Solving the equations y= a and y= a 
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We get x= 1. 


n n 
2a-1 15 2a-1 15 
=> 15a?—128a+64=0 
8 
> a=8;a 5° 


Thus, a = 2 since a is greater than 2. 


Example 4.| Ifthe line y = mx divides the area 


enclosed by the lines x = 0, y= 0, x = 3/2 and the curve 
y= 1+4x—x?into two equal parts, then findthe valueofm. 

The given curve is y— 5 = — (x — 2). 
Thus given curve is a parabola with vertex at (2, 5) and 
axis x =2 
Given that area CBFC = Area CDEBC 
So area CDEBFC = 2 Area CBFC 

3/2 
Area CDEBFC = | (1+4x—x?)dx 
0 


3 /3/2 


x+2x? 


0 


3/2 


9m 
AreaCBFC = | ar 
0 


3.32 0 


S) th eee 
o we must have ~, 8 6 


Consider the two curves C, :y=1+cosx 
&C,:y= 1+ 00s (x—@) for  € (0.2);x E[0, x]. Find 


the value of c,, for which the area of the figure bounded by 
the curves C,, C, and x = 0 is same as that of the figure 
bounded by C,, y= | and x= 7. For this value of a, find 
the ratio in which the line y= | divides the area of the figure 
by the curves C,, C, and x= 7. 


1+cosx=1+cos(x-Q@)x=Q-x 


2s ge 
a 
n/2 
Now | (cos x — cos(x — a))dx 
0 


Sit i (cos(x — a))dx 


u 
<+0 
2 


or, [sinx —sin(x - 7) = [sin(x - a) 


a, a : 
sin 5 sin{ 5 }| (0 —sin(-—a)] 
= sin( ©) sin(7— a) 


. a 3 : 
2sin —sina=1-sina, 


T 
=1> a= : 


Hence Dei 
ence, 2sin > 5 
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Example 6.| The possible values of'b > 0, so that 


the area of the bounded region enclosed between the 


parabola 
2 


Xe. : 
y=x-—bx?andy= 7 ismaximum. 


The given parabolas are 


y=x-—bx? (1) 


The abscissae of their points of intersection are given 
by 


and 


2 
— =x-—bx? 
b 


=> x?(1+b’)—bx=0 > x=0,x= 


1+b? 
Thus, the two parabolas intersect at O (0, 0) and 


cabin SDS 3 
ay 1+b? (140?) 


The region enclosed by the two parabolas is shaded 
in the figure. 


To find the area of this region, let us slice it into vertical 

strips. The approximating rectangle shown in the figure 

has length = y, — y,, width = Ax and it can move between 
b 

x=Oandx= lab’ So, the area A enclosed by the two 


parabolas is given by 


1+b? 


Ae | (y.—y,)dx 


i b ) ( b )-3 b° 
2\14+b°) =3\14+b? 6 (1+b?) 
Dy ibe & 

6 (1+b’) 

ax bans re 
db 6 (1+?) 


[1+b? 2b’ | 


Now, A= 


dA _ b 

db 3(1+b?) 
dA _ b(1—b)(1+b) 

db 3(1+b)’ 

For maximum value of A, we must have 


dA 
py 70 2 PUL-b) (1 +b)=0 


=> 1-b=0 


>b=1  [- b>0] 


dA 
Since b> 0. Therefore, 1 + b>0. Thus, db changes its 


sign from positive to negative in the neighbourhood 
ofb=1. 


Example 7.| Find the value(s) of the parameter 


"a' (a > 0) for each of which the area of the figure 
a —ax 


l+a‘ 


is the greatest . 


and the 


bounded by the straight line, y = 
x’ + 2ax+3a° 
l+a‘* 


parabola y = 


Xy 2 2 2 
- - + 3a 
A=] (a ax) (x eee 3 ee 
l+a 
x 
where x, and x, are the roots of, 
x?+2axt+3a?=a?—ax 
X = —2a or x=—a 


(a? -ax) -(%? + 2ax + 3a’) 
am J 1+a‘* 


—2a 


X 
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a dA 
4 => Aa 0 
gives a= 3'4. The greatest area is bounded when a= 314, 


Example 8.) Compute the area of the figure 


bounded by the straight lines, y= 1 , y= 2 and the 


~ Lea 


1 
curve y = ax? and y= 7? x?. Find also the values of 


the parameter a (a= 1) for which the area is greatest. 


Since a 2 1, the greatest area is obtained when a = 1, 


4(5-3v2) 
and the greatest area is 7 


Example 9.) Ifthe area bounded by y=x?+ 2x-—3 
and the line y = kx + 1 is the least, find k and also the 
least area. 


Let x, and x, be the roots of the equation 
X°+2x—-3=kx+1 

=> »+(2—-k)x—-4=0 

=> x,+x,=k-2, x,x,=—-4. 


Now, A= [td +1)-(? +2x—3)]dx 


xy 


3.34 0 


x? x? 
Ze fk -E 4s] 


Xy 


xy 


era cae | : 
Ven Dy 6 he 7 | 


6 6 3 
_ [(k-2)? +167? 


6 
bees ; 32 
=> Ais minimum if k=2 andA,,,,= 37 


Least value of a variable area 

If y= f(x) is a strictly monotonic function in (a, b), with 
f'(x) #0, then the area bounded by the ordinates x =a, 
x=b, y= f(x) and y= f(c) (where c € (a, b)) is minimum 


+b 
when c = ce 


Proof Assume that fis strictly increasing in (a, b) 


A= J cto) f(x) dx + Jao) f(c)) dx 


= fc)(c—a)— J dx + | (0) dx) -9) 


=> A=[2c~(a+b)] feo) + | (He) dx— J (A(0) dx 


Differentiating w.r.t c, 
dA 


ae [2c—(a+ b)] f'(c) + 2f(c) + 0 — fic) — (f(c) — 0) 
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F a A 
For maxima or minima ae =0 
c 


=> f(c)[2c—(at+b)] =0 (as f'(c) #0) 
4 _atb 
ence, c= ——. 

Since fis strictly increasing f'(c) >0. 
atb dA ip dA 

Hence, for e< ———, — <Oandforc> 242, —>0 

2 dc 2 dc 
a+b ; 


Hence, A is minimum when c = 


We have a similar proof when fis strictly decreasing. 


Example 10.| Ifthe area bounded by 


3 
f(x)= S —x’ +a and the straight lines x = 0, x=2 and 


the x-axis is minimum, then find the value ofa. 


f' (x)= x?-2x= x (x—2). (note that f(x) 
is monotonic in (0, 2)). Hence, for minimum area, f(x) 
must cross the x-axis at 


0+2 
RS ae, See 


2 


Hence, f(1)=1/3-1+a=0 > a=2/3. 


Find the value of the parameter 'a' for 


which the area of the figure bounded by the abscissa 
axis, the graph of the function y= x3+ 3x2+x-+a, and the 
straight lines, which are parallel to the axis of ordinates 
and cut the abscissa axis at the point of extremum of the 
function, is the least. 
f(x) =x3+3x?+x+a 
Ar 
f'(x)=3x?+6x+1=0 => x=-I1+ 


3 
Hence for minimum area, f(x) must cross the x-axis at 


xo il(-1-2).(-1 \|- 1 
2 3 3 
Thus, f(-1) =-1+3-1+a=0 
=> a=-l. 
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Practice, Problems G_. 


1. Find the value of a for which the area of the figure 
bounded by the curve y= sin 2x, the straight lines x 
= 7/6, x =a, and the x-axis is equal to 1/2. 


2. (i) Find the area of the region enclosed by the 
parabola y = 2x — x? and the x-axis. 

(ii) Find the value of m so that the line y = mx 
divides the region in part (i) into two regions 
of equal area. 

3. Find the values ofc for which the area of the figure 
bounded by the curve y = 8x?— x5, the straight line 

x = 1 and x =c and the abscissa axis is equal to 

16/3. 

4. Find the values ofc for which the area of the figure 
bounded by the curves y = 4/x2, x = 1 and y=cis 


1 
equal to 2—. 
7 4 


5. Find the value of k for which the area of the figure 
bounded by the curves x = 77/18, x =k, y= sin6x and 
the abscissa axis is equal to 1/6. 

6. At what value of d is the area of the figure bounded 
by the curves y = cos5x, y= 0, x = 77/30 andx =d 
equal to 0.2? 

7. For what value of a does the straight line y = a 
bisects the area of the figure bounded by the lines 
y=0, y=2+x-x?? 

8. Findall the values of the parameter b (b> 0) for each 
of which the area of the figure bounded by the 


3.9 SHIFTING OF ORIGIN 


Since area remains invariant even if the coordinates 
axes are shifted, hence shifting of origin in many cases 
proves to be convenient in computing the areas. 


Find the area enclosed between the 
parabolas y?—2y+ 4x+5=0Oandx?+2x-—y+2=0. 


(y—1)??=-4(«k +1) (K+ 1?2=y-1 


Y2=—4X X2=Y 


Yi 


curves y= | —x?and y= bx? is equal to a. For what 
values of a does the problem have a solution? 

9. For what value of a is the area bounded by the 
curve y= a?x?+ ax + | and the straight lines y= 0, x 
= 0, and x = | the least? 

10. For what value ofk is the area of the figure bounded 
by the curves y= x?—3 andy = kx +2 is the least. 
Determine the least area. 

11. Find the least value of the area bounded by the line 
y=mx + | and the parabola y= x?+2x-—3, wherem 
is a parameter. 


12. For what positive a does the area S of a curvilinear 
x 1 

trapezoid bounded by the lines y = 6 +z, y=0, 

Xx 


X =a, x = 2a assumes the least value? 

13. For what values ofa (a € [0, 1]) does the area of the 
figure bounded by the graph of the function f(x) 
and the straight lines x = 0, x = 1, y= f(a), is at a 
minimum, and for what values is it ata maximum, if 


f{x)= V1-x’ ? 

14. For what value of a does the area of the figure, 
bounded by the straight lines x = x,, x = X,, the 
graph of the function y= |sin x + cos x —al, and the 
abscissa axis, where x, and x, are two successive 


extrema of the function f(x) = J2 sin(x+ 7/4), have 
the least value? 


Solving the two equations we get the points of 
intersection as (0, 0) and (— 4"3, 42), 


0 
The required area = | (V-4X — X?)dX 
4B 
0 


4 


—4'/3 3 . 


Find the area enclosed by the 
parabola (y—2)?=x-—1 and the tangent to it at (2, 3) and 
X-axis. 


= -3(4-X)" +X?) 


3.36 O 


Putx—1=Xandy-2=Y 
Hence the parabola becomes Y?=X 


Also x=2 => X=1 
and y=2 => Y=1 
Also x-axismeansy=0 >Y=-2 


1 
Equation of tangent : YY, = 2: 7q (X+X,) 


2YY,=X+X, 
2Y=X+1 


1 

Hence, A= | [Y*-(@Y-Dldy 
—2 

1 

=9 . 


3 
1 So ovigy 
3 -2 


Find the area enclosed between the 


smaller arc of the circle x?+ y?—2x + 4y— 11 =0 and the 
parabola y=—x?+2x+1- 2,3. 


Circle: (x—1)?+(y+2)?= 16...(1) 


Parabola : y=—[x?—2x—1+ 2,/3 ] 
=~[(x- 1-2 23] 


y+2=(4— 23 )-(x- 1? 2) 
Y 


Let x-l1=X and y+2=Y 
Hence, Circle : X2+ Y2= 16; 


Parabola : Y= 4— 2,/3 —X2 


Solving the circle and parabola 
X=2 or —2 


and Y=- 2/3 ; Y=1+ 2,/3 (rejected) 
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a-2[[( 2,3 - x?) ( vi6-x?) Jax 


16—-3V3 +41 
oe ae 


Example 4.) Find the area of region enclosed by 


(x-y) | (x+y) 
2 : b2 


the curve 2 (a> b), the line y=x 


and the positive x-axis. 


2 2 
- + 

The given . ») + Ss > 2 isan 
a 


ellipse whose major and minor axes are x — y= 0 and 
x + y=0 respectively. 
The required area is shaded in the figure. 


Instead of directly solving the problem we can solve 
an equivalent problem with an ellipse whose axes are 
along x-axis and y-axis. 
The equivalent region is shown as (OA’B’O’') where 
2 2 

Xx 
equation of the ellipse is — + oi =1. (1) 

a 


The required area = area (AOA'A" + A’ AB’) 
ab ab 


ee 
sas Va? +b? Va? + 
obtained by solving the equation (1) with the line y=x. 


re ). Note that A' is 


AOAAT 1 ab a ab 
ea 2 ? Va2+b2 Va24+b2 
1( a°b* 
~ Dhaba ® 
YA 


2 
7 Xx 
Area A/B’/A” = i) ab b 1 Jax 


a 
a? +b? 
a 
i 9 
ie pen dx 
Va? +b? 
b| x ay. Xx 
= a’ —x? + sin! 
al 2 8h abWa2+b? 
b es wT ab ae aa 
Soc: : {| a 
a 22 2Wa?+b? a’ +b° 
a’ Wael a 
sin 


b| ma? a? sin! b a*b 
ah Are Va2+b2) 2(a? +d’) | 


mab ab . ( b ) ab? ; 
Sige oF an) oaeeey 
Hence the required area = sum of areas (2) and (3) 


_ mab ab [sts 
= A 7 sin Pee ees? 
Area bounded by inverse function 


Let f(x) =x3+3x +2 and g (x) be its 


3.10 AREA BOUNDED BYA 
CLOSED CURVE 


Let us now find the area of a closed curve, such as 
that represented in the figure, 


OB M B'X 
Let PM=y,, P'M =y,, the elemental area is represented 
by (y,—y,) dx, and the entire area by 
OB' 
-y,)d 
J, Y2-ydx, 
in which OB, OB ' are the limiting values of x. 


Find the area of the region bounded 
by one loop of the graph of the equation y? = 4x2— x‘. 


O 3.37 


inverse. Find the area bounded by g (x), the x-axis and 
the ordinates x =—2 andx =6. 


The required area will be equal to area 


enclosed by y = f (x) and the y-axis, between the 
abscissa at y=—2 and y=6. 


AREA UNDER THE CURVE 


f(0)=2; f(-1) =—2 andf(1) =6. 
Note that f(x) is monotonic in [ — 1, 1]. 


1 0 
Hence, A= [(6-f@))dx + [ (f)-(-2))dx 
0 -1 


1 0 
= J4-x =x dx + f(x? +3K44)dx — 3 
4 

0 -1 


The graph is symmetric to both axes. 
Since y=+ V4-— x?’ , itis clear that the total graph lies 
between x = —2 and x = 2, The point (V2, 2) isa 
maximum point on the graph . We can plot a few points 
and sketch the rest of the curve by symmetry, as 
indicated in the figure. 


Let us find the area of the shaded region R bounded 
by the loop between x = 0 and x = 2. The equation of 


the top half of this loop is y=x V4 —x? , whereas that 
of the lower half is y=—x V4—x?. 


Thus, A= [txv4 —x?)—(-xV4—x?)]dx 


3.38 O 
= [, 2xV4—xax 


In order to evaluate this integral, we let 
u=4-x?2, du=—2x dx. 
Then u= 4 when x = 0, and u= 0 when x = 2. Hence, 


A=- [,w2du= 32 fe ; = 18% 
3 ae 3 


Find the area of a loop of the curve 
xy2+ (x +a)*(x + 2a)=0. 


The curve is symmetrical about x-axis. 


Putting y=0, we get x =—aandx=—2a 


The loop is formed between x =—2a and x =-a. 
To find the area of the loop, we first shift the origin to 
the point (—a, 0). The equation of the curve then 
becomes 

(x—a) y?+ {(x—a) + a}?2(x-—a+2a)=0 
or y(x—a)+x2(xt+a)=0 

2 

or y= x'@tx) (1) 


a-x 


&|Note: that the shifting of the origin only 


changes the equation of the curve and has no effect 
on its shape. now the origin being at the point A, the 
new limits for the loop are x =—a tox =0. 

The required area of the loop = 2 x area CPA 


0 
=? [. y dx , [the value of y to be put from (1) 


of} x (222) fo, 
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e.|Note: that in the equation (1), for the portion 


7 {etal 
CPA, y=-x C= ] 


(i —x(a+x) 
=2 3.4 (a? —x?) dx, 
[multiplying the numerator and the 


denominator by \/(a— x) ] 
= {’ —(—asin 8)(a —asin 8) 


. (-a cos 8) dO, 


n/2 acos® 
[putting x =—a sin 9 and dx =a cos 8 dO] 


0 
=~ 2a? J_ cin 0 — sin? 8) dO 


n/2 
= 2a? \, (sin 9 — sin? 0) dO 


[59%] -2e (1-7) 
=292|1-~.—1] = = 
2a 29 2a 4}: 


Trace the curve y? (2a — x) = x3 and 


find the entire area between the curve and its asymptotes. 


Tracing of the curve y2(2a — x) = x3. 


(i) Since in the equation of the curve the powers of y 
that occur are all even, therefore the curve is 
symmetrical about the x-axis. 

(ii) The curve passes through the origin. Equating to 
zero the lowest degree terms in the equation of 
the curve, we get the tangents at the origin as 
2ay? = 01.e.,y=0. 

(ii) The curve cuts the coordinate axes only at the 
origin. 

(iv) Solving the equation of the curve for y, we get 


3 


,_ _x 
Max" 
When x =0, y=0. 


When x —> 2a, y? > ©. Therefore x = 2a is an 
asymptote of the curve. 

When 0 < x < 2a, y? 2 OLe., y is real. Therefore, 
the curve exists only in this region. 

Combining all these facts, we see that the shape 
of the curve is as shown in the figure. 


Now the required area 
= 2 x area in the first quadrant 


2a 
=; i ydx 


[ x32 | » x | 
~2 Jo (2a —x) eee 


Now put x = 2a sin2 9, so that dx = 4a sin 0 cos 0 dO. 
The required area 


2 (asin? @)*” 
aI, 


J(2a—2asin? 6) . 4a sin 8 cos 8 dO 


n/2 sin? n/2 
a2 ome sinO cos0 d0 = 16a? | sin’8 dO 


0 cosO 


3.1 7 ; 
16a2. 42° > , by Wallis formula 


3ma2. 


Example 4.| Find the area bounded by the curve 


a3x?= y3(2a—y). 


The given curve is a2x?= y(2a—y) ...(1) 
It is symmetrical about y-axis and it cuts the y-axis at 
the points (0, 0) and (0, 2a). The curve does not exist 


for y> 2a and y<0. 


@,2a) 


x 


The required area = 2 x area OBA 


AREA UNDER THECURVE (© 3.39 


=2 L xdy 


a iE y-?VQa-y) 
0 a 


dy, from (1). 


Putting y = 2a sin? 0, we get, 


2 enl2 
= a (2a)3?sin30 . ./(2a).cos0.4asinOcos0 dO 


m/2 
= 32a? is sin4 8 cos? 6 dO 
F 3.1.1 T 

"6.4.2 2 
Thus, the required area = ta?. 


Find the area between the curve 


xy? = a?(y?— x?) and its asymptotes. 


The given curve is symmetrical about 


both the axes and passes through the origin. The tangent 
at (0, 0) are given by y? — x? =O ie, y=+ x are the 
tangents at the origin. From the equation of the given curve, 
y’ = a2x?/(a? — x2). Equating the denominator to zero, the 
asymptotes parallel to y-axis are given by x?—a?=OLe., 
xX=ra. 


by Wallis formula 


ae) 


The required area 
= 4 area lying in the first quadrant 


a 2.2 
=4 f'ydx=4 |, Fok 
a axdx a —2xdx 
=A j Ka? _ x?) =—2a j Ka? _ x’) 


(a2 —x?)!/? } 
=| 1/2 


0 
=—4a [0—a] = 4a’. 


3.40 O 
Example 6.| Thecurves y= 4x?and y?= 2x, meet 


at the origin O and the point A, forming a loop. Show 
that the straight line OA divides the loop into two 
parts of equal area. 


Solving the equations of the two given 


curves, we have 16x2=2x or 16x4—2x =0i.e.,x =Oandx 


5" 
. rt . 1 
Thus, the points of intersection are (0, 0) and ra : 
Y 


1-0 
The equation of the line OA is y—0 = TT. (x-0)i.e. 


2 


y = 2x. Now the area between the parabola y?= 2x 
and the line y= 2x 


= f(y, -y.)dx = [ (V@x) -3x) ax 
I, [, 


DO a Sh et ; 
3 80 4-3 4 12 aD) 


Again the area between the parabola y = 4x? and the 
line y= 2x 


12 4 
7 f, (2x—4x2)dx = [x7] — ben 


ie, ; 
4 6 «12 BG 
From (1) and (2) we observe that the straight line OA 


divides the loop into two parts of equal area. 


Example 7.| Determine the area of the figure 


bounded by two branches of the curve (y — x)? = x3 and 
the straight line x = 1. 


Two curves are given by (y— x)?= x3 


=> y=x+x Le. y—-x=+£x Vx ,x>0. 
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For the branch y= x + x32 dy =14 : x!2>0 
> dx 2 : 


=>  yisastrictly increasing function. 


For the branch y= x — x3? sa oe 
> dx 2 
dy 4dy 3-4 
=. as 0>x 6° de go SRR 


4 
Atx= 9° 3k x32 has a maxima. 


The graphs ofy=x+x Jx andy=x—x x are shown 
in the figure. 


xel 


Hence, the required area 


= [ (oc xx) -(x- xVx dx 
= [ exvxax ay [o7ax ae 
0 0 5 


Example 8.) Find area contained by ellipse 


2x?+ 6xy+t Sy?= 1. 


The ellipse 5y? + 6xy + 2x?-— 1 = 0 is 


centred at origin, with slanted principal axes. 


a 5 


On solving the equation for y, we have 


_ -6x+/36x? -20(2x?-1) _ -3x4V5-x’ 
10 5 


yisreal,5—x?>0 => — V5 <x< V5 


Ifx=— V5 ,y=3 V5 
Ifx = V5, y=3 V5 
The required area 
ji 3x+V5—x> -3x-v5 as 
ve 5 5 


V5 v5 
-= } V5-x? ax= = [ V5-x°ax 
AB 0 


Putx=J5 sin®, dx= V5 cos @d0 
When x=0, 0=0 
When x = ./5, 0-5 


Hence, the required area 


3 
a5 eoame —~5sin20 V5cos6d0 


ale 


a 
=4 Jcos” 6d0 = 4 
0 


Example 9.) Find the area of the figure enclosed 
by the curve 5x? + 6xy + 2y?+ 7x + 6by +6 =0 


Practice.Problems 


1. Find the area bounded by the curve g (x), the 
x-axis and the ordinate at x =— 1 andx = 4 where 


g (x) is the inverse of the function f(x) = = of = 


2. Find the smaller of the two areas enclosed between 
the ellipse 9x?+ 4y?— 36x + 8y+ 4=0and the line 
3x +2y—10=0. 

3. Prove that the area included between the curve 
x=y?(1 —x)and the linex=1 is 7. 

4. Find the area of loop y?= x (x— 1). 

5. Find the ratio in which the curve x23 + y23 = a2 
divides the area of the circle x?+ y?= a2. 

6. Find the area bounded by the curve 
Xt+ yt=x?+ y?. 


AREA UNDER THECURVEe (J 3.41 


The given equation denotes an ellipse, 
because A# 0 and h?<ab. The equation of curve can 
be re-written as 2y?+ 6(1 + x) y+ 5x2+ 7x+ 6=0 
Solving for y, 


_ 30+ x)-V¥GB-x)(«-P 
2 > 
_ 30 +x)+V¥GB-x)(x-l 


2 
2 
Also, the curves y, and y, are defined for values of x 
for which (3 —x) (x—1) > 0 


ie, 1< x<3. 


1 


The required area is given by 
3 


3 
A=[(y,-y,)dx => A=[JG—x) (=D dx 
1 1 
Putx =3 cos? 9 +sin?9 ie., dx=—2sin28 dO 
m/2 ‘ 
A=2 i) sin? 20 d0=— 
2 


7. Compute the area of the figure bounded by two 


branches of the curve (y — x)? = x5 and and the 
straight line x = 4. 


8. Compute the area of the figure bounded by the 
curve (y — x — 2)? = 9x and the coordinate axes. 

9. Find the area of the figure enclosed by the curve 
y?=(1 —x?)3. 

10. Find the area of the figure enclosed by the curve 
xt—ax3+ y= 0. 

11. Find the area of the finite portion of the figure 
bounded by the curve xy? = 4(x — 1) and the 
straight line passing through its points of 
inflection. 

12. Find the area of the figure enclosed by the curve 
(y—sin-!x)?=x—x2, 


3.42 0 


13. Find the area of the figure contained between the 
curve xy? = 8 — 4x and its asymptote. 

14. Sketch the curve | y|+ (|x|—1)?=4, and also find 
the area enclosed by this curve. 

15. Find the area enclosed by curve y? = x?— x4. 


16. Show that the area of a loop of the curve 
y?= x(4—x?) is 16/3. 


3.11 AREAS OF CURVES 
GIVEN BY PARAMETRIC 
EQUATIONS 


Now let us compute the area of the curvilinear trapezoid 
bounded by a curve represented by parametric 
equations : 
x= O(t), y= w(t), t being parameter __...(1) 

where a <t < B and (a) =a, w(f) = b. Let equation 
(1) define some non-negative function y = f(x) on the 
interval [a, b] and, consequently, the area of the 
curvlinear trapezoid may be computed from the formula 


A= [f(x)dx 
a 
Yi 
A(a B(p) 
Ola bx 
We change the variable in this integral : 
x= O(t), dx= o'(t) dt 


From (1) we have y= w(t) 
A= | y@oat 


Consequently, 


a 
This is the formula for computing the area of a 
curvilinear trapezoid bounded by a curve represented 
parametrically. 


(Example 1. igs we area of a region 
bounded by the ellipse “> 


equations are x = a cos - y=bsint. 


We compute the area of the upper half 
of the ellipse and double it. Here, x varies from —a to a, 
and so t varies between 7 and 0. 


+ > =1 whose parametric 


B 0 
A=2 [uc@owat =2 fo sin t)(—a sin tdt) 


a 
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17. Find the area enclosed by the curve xy? = a2(a—x) 
and y-axis. 

18. Find the area between the curve y2(a + x) =(a—x}3 
and its asymptote. 

19. Show that the total area included between the two 
branches of the curve y? = x2/[(4 — x) (x — 2)] and 
the two asymptotes is 67. 


(0) T 
=~—2ab [sin? tdt = 2ab| sin? tdt 
(0) 


in 2t |" 
sin | ==. 
0 


7 1—cos2t t 
=2ab dt = 2ab 
J 2 2; 4 


Now consider a closed curve represented by the 
parametric equations 


x= (1), Y= WO) 

We suppose that the curve does not intersect itself. 
Suppose that as the parameter ‘t’ increases from a value 
t, to the vaue t,, the point P(x, y) describes the curve 
completely in the anti-clockwise sense. The curve 
being closed, the point on it corresponding to the value 
t, of the parameter is the same as the point 
corresponding to the value t, of the parameter. The 
area of the region bounded by such a curve is given 
by the formula 


oe a a y&) dt 


: aaa 


x 


The above formula gives the area enclosed by any 
closed curve whatsoever, provided only, that it does 
not intersect itself ; there being no restriction as to the 
manner in which the curve is situated relative to the 
coordinate axes. For example, we again find the area 
enclosed be ellipse x = acos t, y= bsin t. The ellipse is 
a closed curve and is completely described while t 
varies from 0 to 27. 


We h cers 
chavex 4 -Y Ge 
Therefore, the required area 


= ab (cos? t + sin? t) = ab 


1 20 20 
= (x2 yo) dt = = [ ab dt = mab. 
2 s\ dt ~ dt 24 


Compute the area bounded by the x- 


axis and an arch of the cycloid x = a (t— sin t) y=a 
(1 — cos t) 


The variation of x from 0 to 27a 


corresponds to the variation of t from 0 to 27t. We have 
B 
A= J y(oe'wat 


a 


2n 2a 
= | a(1—cost)a(1—cost)dt =a? | (1—cost)* dt 
0 0 


20 2a 2a 
= 92 | dt-2 cost dt +f coxa 
0 0 


0 
2a 


2a 
Since, [dt=2n, [ costdt =0_ 
0 0 
2a Qn 
J cos? tdt = | a dt = 71, we get 
0 0 


A=a? (20+ 1) =3ma2. 


Find the area bounded by the curve 


given by the equations x = a cost, y = b sin+t. 


Eliminating t from the equations the 
cartesian equation of the curve is obtained as (x/a)23 + 
(y/b)23 = 1 

Since the powers of x and y are all even, the curve is 
symmetrical about both the axes. It does not pass 
through the origin. It cuts the axis of x at the points 
(+a, 0) and the axis of'y at the points (0, +b). The tangent 
at the point (a, 0) is x-axis. 


BO-») 
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AREA UNDER THE CURVE 


1 
At the point B, x =O and t= 5h 


At the point A, x =aandt=0. 


The required area = 4 x area OAB 


=4 les ydx=4 Lo - dt 


0 
= af bsin3t . (3a cos? t sin t) dt, 


(putting for y and dx/dt) 


m/2 
= 12ab i sin‘t cost dt 


e! e'-e' 


e'+ 
Example 4.| Foranyrealt,x= a 


is a point on the hyperbola x? — y? = 1. Find the area 


bounded by the hyperbola and the lines joining the 
centre to the points corresponding to t, and—t,. 


We sketch the hyperbola x? - y? = 1, 


e+ 
where x = y= 


We have to find the area of the region bounded by 
the hyperbola and the lines joining the centre x = 0, 
y= Oto the point (t,) and t,). 
The required area 

= 2 [area of APCN — area of PANP] 


=2 [area of APCN— | ‘ ydx ] 


3.44 0 


2t —2t 
ce ee ee 
a ap (2! +e! —2)at 
etieth fet et q 
= 2t, 
4 2) 2 2 i 


4 2 


2 =t,. 


Compute the area of the region 


enclosed by the curve x = asint, y=bsin 2t. 


When constructing the curve one should 


bear in mind that it is symmetrical about the axes of 
coordinates. Indeed, if we substitute 7 — t for t, the 
variable x remains unchanged, while y only changes 
its sign; consequently, the curve is symmetrical about 
the x-axis. When substituting 7 + t for t the variable y 
remains unchanged, and x only changes its sign which 
means that the curve is symmetrical about the y-axis. 

Furthermore, since the functions x =a sin t; y= b sin 2t 
have a common period 27, it is sufficient to confine 
ourselves to the following interval of variation of the 
parameter : 0 <t <27. From the equations of the curve 
it readily follows that the variables of the parameter : 

0 <t < 2m. From the equations of the curve it readily 
follows that the variables x and y simultaneously retain 
non-negative values only when the parameter t varies 


: T . 
on the interval | 0, = , therefore at 0 <t< > we obtain 
2 2 


the portion of the curve situated in the first quadrant. 
The curve is shown below. 


3.12 AREAS OF CURVES 
GIVEN BY POLAR 
EQUATIONS 


Ifr = £(8) be the equation ofa curve in polar coordinates 
where f(0) is a single valued continuous function of 
0, then the area of the sector enclosed by the curve 
and the two radii vectors 8 = 0, and 0 = 0, (0, <9.,), is 


1 8, 2 
equal to an rdo, 
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x = asint 
y = bsin2t 
“ t= 7/4 


t= (32/4) 


As in seen from the figure, it is sufficient to evaluate 
the area enclosed by one loop of the curve 
corresponding to the variation of the parameter t from 
0 to m and then to double the result 


S= 2[ yx'dt =2/ bsin2t  acost dt 
0 0 


Tw 
= dab | cos’ tsin tdt 
0 


3 
— _dAab| £28 t 
3 Jy 


Example 6.| Find the area enclosed by the curve 


1-t? 2t 
ee”) lat?’ 


Clearly t can be any real number. 


Let t=tan 9 


= ahs 


y= f(x) defined parametrically as x = 


1—tan’ 0 2tanO 
=> [|= +~ =cos 20 and y=—— = sin 20 
1+ tan“ 0 1+ tan“ 0 
> Pty. 


Note that the variables x and y take both positive and 
negative values, so that the given equation represents 
the complete circle. Thus, the required area = 71. 12= 7. 


The equation of an ellipse in polar 


coordinates, the centre being pole, is 


1 cos?@ sin?O 
= mg . Find its area. 


r a’ b° 
i se do 
The area is equal to 5 Jo 
1 2s abs 
7 } Pad ; PRET ies 
2/0 a*sin’ 0 + b° cos’ 0 
1 
5 dé 
=—2ab ol 2 
iF a’ sin’ @ + b* cos” 0 


= Ttab 


Hence the required area is 7tab. 


Compute the area bounded by the 


lemniscate r=a-vcos20. 


Y, 


“ r=avcos20 


The radius vector will describe one fourth of the 
required area if 0 varies between 0 and 77/4 : 


n/l4 


1,L1 | Pao 
4 25 


nl4 OO 
= alae | cos20d0 = = amy 
2 2: 2 


0 
Hence, A= a2. 


Find the area common to the circles 


r=av2 andr=2acos0. 


The given equations of circles are r = 


av2 andr = 2acos 0. The first equation represents a 


m/4 a’ 
0 4 


circle with centre at pole and radius a V2 . 

The second equation represents a circle passing 
through the pole and the diameter through the pole as 
the initial line. Both these circles are symmetrical about 
the initial line. Eliminating r between the two equations, 
we have at the points of intersection 


av2 =2acos0, ie., cos 0= 1/V2 , i.e, 0=+ 7/4. 


At P, 0 = 7/4. For the circle r = 2a cos 9, at O, r= 0 and 


1 
so cos 8= Oi.e., = 5 


O 3.45 


AREA UNDER THE CURVE 


Now, the required area = Area OQAPBO 
= 2(area OAPBO), (by symmetry) 
= 2[Area OAP + Area OPBO] 


1 px4 
-2|3 1, 1 d0, for the circle r=a./> 


1 p22 2 , 
a =| r°d0, for the circle r = 2acos 8 
20/4 


T m/2 
= { “(av2y-d0 + | (2acos 9)?d0 
0 t/4 


tl 


2 
=2a? [0]5'*+2a7[" 1 +cos 26) d0 


T sin20 |" 
=2a?|7 | +2a?| 9+ > 


4 m/4 


a2 = Tta2 


1 1 
= >a? + 5 he? a? = a?(1— 1). 


2 


Example 4.) Find the area common to the circler 


=a and the cardioid r =a (1 + cos 9). 


Eliminating r between the given 


equations, we get a(1 + cos 9) =a or cos 8 =0 or 9=+4 71/2. 
Thus the two curves cut each other at the points where 
0=+ 7/2. 


Both the curves are symmetrical about the initial line. 
Hence, the required area = 2 x area ABCOA 

=2 x (Area OABO + Area OBCO) .(1) 
Now area OABO 


1 px/2 
= =e r’ dO, forr=a 


ey ice eee 
=58 Joo = 58 [or 


3.46 O 


_1.n_ ma’ 
re oe a 
And area OBCO 


lp 
= ilies r’ dO, for r=a(1+cos 0) 


lez 
= Sa a” (1 +cos 0)? dO 


= 4a" [I+ 2c0s0+ = (1+-c0s20)} dé 
2 2 


n/2 
= <a" [5 + 200s0-+ 5 c0s28 a 
ie n/2\2 o 


“2 : 
= —|—+sin0+ 
2.2 


a (= 3n 2) a’ 
mee eee ger) 
Hence, from (1), the required area 


ma” a? 51 
= + 3n—-8)] = —-2 
2| fg #(3 ) 


The graph of r= 2 + cos 20 and its 


reflection over the line y= x bound five regions in the 
plane. Find the area of the region containing the origin. 


sin “1 


m/2 


Practice,-Problems 


1. Find the area of the loop formed by the curve 
given byx = a(1—t?), y=at(1 -t?),-I <t<1. 

2. Ifthe curve given by parametric equation x = t — t3, 
y= 1 —t* forms a loop for all values of t € [-1, 1], 
then find the area of the loop. 


3.13 AREAS OF REGIONS 

GIVEN BY INEQUALITIES 
Find the area of the region bounded 
by| x?2+y?-2x+4y-6|<8. 


|(x—1)2+(y+2)2-11|<8 
—8 <(x—1)2+(y+2)2-11<8 
3<(x-1}?+(y+2yP<19 
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The original graph is closer to the origin than its 
5x 70 


, and the 


nm 3m 
ee : a 4 40 
region is symmetric about the origin. Therefore, the 
area we wish to find is the polar integral 


3n/4 J ; 
af 5 (2 + £0820)" do 


reflection for 0c 


3nl4 2 
= 2/ |, (4+4c0820 + cos* 20)d0 


3n/4 1 
= 2/ 4+4cos20 + —(1 + cos 46) |d0 
w/l4 2 


31/4 


= 99 + 4sin20 + pind 


-(2 
4 


nl4 


4) (F+4)-5 8 
4 RO 


3. Find the area of the region bounded by the curve 
r=acos4q. 


4, Find the area common to the cardiodr = a(1 +cos@) 


3 
and the circle r = 7 and also the area of the 
remainder of the cardiod. 


The bounded region is shown below : 


It is an annular region having area 19% — 37 = 167. 


Find the area of the region defined 


by 1S|x|+]y|andx?-2x+1<1-y?. 


1 <|x|+|y|represents the region outside 


the square and x?— 2x + | <1 —y? represents the region 
inside the circle, as shown in the figure. 


(Example 3.|Find the area given by 


xty<6,x2+y?< 6yand y? < 8x. 


Let us consider the curves : 


P=y?-8x=0 (1) 
C=x’?+y*=6yl.e., x?+(y—3)?-9=0_ ...2) 
and L=x+y-6=0 (3) 


The intersection points of the curves (2) and (3) are given 
by (Oy) hy Gy 0 
=> y=3,6 
Hence, the points are (0, 6) and (3, 3). The intersection 
points of the curve (1) and (3) are given by 
y’= 8(6—y), 
ie. y=4,-12 
Hence, the point of intersection in lst quadrant is (2, 4) 


Now, 
C <0 denotes the region, inside the circle C= 0. 
P <0 denotes the region, inside the parabola P = 0. 
L <0 denotes the half-plane containing origin. 
The required area = Area of OMRO 
+ Area of MNSR — Area of ONSO. 
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AREA UNDER THE CURVE 


2 1 

= |, V8xdx+ > (MR+NS).MN 

— [Area of square ONSGB — Area of quarter OSGO] 
2 

=f Bxdx+5 (443). (? 123 )-2 1 


Pa ae? aa 
Example 4.) Find the area of the region represented 
1 
by the inequality log,(log,x) >0 where x € & 2] . 


log,(log,x) > 0 
Case-I : y € (0, 1), x<y 
Case-II: y € (1, ), x>y 


The required area 


{¢1 gs 
= 5\5)+3 = 8.2 8° 


A point P moves in the xy plane in 
such a way that [|x|] + [ly|] = 1, where [.] denotes the 
greatest integer function. Find the area of the region 
representing all possible positions of the point P. 


If [|x|] = Land [ly] =0 
then 1 <|x|<2, 0<lyl<1 

=> xe(-2, -1]U[L 2), ye (-L) 
If [Ix] =9, [ly] = 1, then 

x €(-L,), y €(-2, -1U 1,2]. 


(ee ee da a 


: z an 


x 
aT 
a: Tj . Vt 
—- . W. 
Area of the required region = 4(2 1) fal (-1)) =8. 
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Example 6.| Find the area of the region 


represented by [x+y] +[x—y]=5, forx2y, x20, y20. 
x+y] +[x-y]=5 

For [x—y]=0,[x+y]=5 

=> 0sx-y<1,5<xt+y<6 

Similarly for 1 <x-y<2,4<x+y<5 and soon. 


The required area 
= area of rectangle (ABCD + DEGF + GHJI) 


=3 (5-44) a2 square units. 
2 2 


Consider the following regions in the 
plane: R,;= {(x, y):0<x<1 and 0<y<1} 
R,= {%& y): x’ +y?<4/3} 

The area of the region R, ~ R, can be expressed as 
av3 + br 
9 
value of (a + b). 


4 


, where a and b are integers. Then find the 


1 
The required area A= U5 x 1+A,where 


a= | (GB=*)ax 


2 
t x= sinO 
ve put x=" sin 
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n/3 
= [ 7-cos0--*cos 0.40 
ews V3 
n/3 1/3 
=2 i (cos20 +1)d0 = 5] Fsin20 +0] 
3 6 3L2 7/6 


2) 1.V3 2 13 2 Bie, Kis 
33 2.73 eB ee 
_ 1 w34+n_ av3+bn 

V3 9 9 9 
Hence, a=3,b=1 
anda+ b=4. 


Example 8.) Find the area of the region given by 


|x—2y|+ |x + 2y|<8and xy=2. 
We have |x —2y|+ |x +2y| <8 
ie. fy—x/2|+]y+x/2|<4 (1) 

y =x/2 


y=-x/2 
Let us divide the reference frame into four regions (see 
figure) using the lines y= x/2 and y=—x/2. 


Region I: [y-4<0 and y+%>0) 


The inequality (1) reduces to 


x xX 
} + <4 >x<4. 
ly 5) [y 5) 


x x 
Region IT: [y-4>0 and y+%>0) 


The inequality (1) reduces to 


afyo% +( +X) <4 >y<2. 
(y *) y ) y 


Similarly, for regions III and IV, the inequality 
(1) respectively reduces to x >— 4 and y2-2. 

Thus, the region covered by the inequality (1) is a 
rectangle. The following figure shows the region 
satisfied by the inequality (1) and xy 2 2. 


The required area, is 


Aq=2['(2 2 ax =4[x—Inx] 4 =4(3—In 4). 
I . 1 


1 
Let O (0, 0), A(2, 0) and B( be 
the vertices ofa triangle. Let R be the region consisting 
of all those points P inside AOAB which satisfy 
d(P, OA) <min {d(P, QB), d(P, AB)}, where 'd' denotes 
the distance from the point to the corresponding line. 
Sketch the region R and find its area. 


Let the coordinates of P be (x, y). 
Equation of line OA : y=0 

Equation of line OB : V3 y=x 

Equation of line AB: /3 y=2—x 


d(P, OA) = distance of P from line OA = y 
d(P, OB) = distance of P from line OB 


_ |N3y-x] 
2 
d(P, AB) = distance of P from line AB 


= | W3y+x-2| 


AQ) x 
Given : d(P, OA) < min. {d(P, OB), d(P, AB)} 


cae {By ax L3y +x=21 
y <min. 5) , 2 
V3y-x 
=> y< pee (1) 
andy < pee (2) 
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Case 1: ity < 39=* 
: x= N3y | 
2 
ie, x>V3y ("V3 y-x<0) 


=> (2+ V3)y<x 


> y<sQ- V3 )x 
=> ys<x.tan 15° ...(3) 
( y=x. tan 15° isan acute angle bisector of ZAOB) 


c 
I] 


ol 


Mn 
10) A20) x 


Case II: Ify < Lard 


dy <2-x-v3y Go aSytx=2<0) 


> 
=> (2+ V3)y<2-x 
=> ysS-@- ¥3)(x-2) 
=> ysSHtan 15°) (x-2) AA) 
( y=(xk—2) tan 15° is an acute angle bisector of CA) 
From (3) and (4) we conclude that P moves inside the 
A QOA, (Q is the incentre of AABC), as shown in the 
figure. 
As ZQOA= ZOAQ = 15°, AQOA is isoceles. 
=> OC=AC=1 unit 
Area of shaded region 

=area of AQOA 


1 
= 3 (base) x (height) 


1 
= 72) (1 tan 15°) =tan 15° 
=(2— ./3 ) sq. units. 


Example 10.) Consider a square with vertices at 
(1, 1), 1, 1), C1, —-1) and (1, -1). Let S be the region 
consisting of all points inside the square which are 
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nearer to the origin than to any edge. Sketch the region 


S and find its area. 


Let the square be ABCD where the 


equations of the sides of the square are as follows : 
AB: y=1, BC:x=-l, 
CD: y=-l, DA:x=1 
Let the region be S and (x, y) is any point inside it. 
Then according to given conditions, 


Vx°+y? <|L—x|, [1 +x, |l-y, ll +yI 
> VP+ty<x?-2xt1, x2+2x+1,y-2yt+1, 
y?+2y+ 1 
=> y?<1-2x,y?<1+2x,x?<1-2yandx?<2y+1 


Now in y?= | — 2x and y? = 2x + I, the first equation 
represents a parabola with vertex (1/2, 0) and second 
equation represents a parabola with vertex (—1/2, 0) 
and in x? = | — 2y and x?= | + 2y, the first equation 
represents parabola with vertex at (0, 1/2) and second 
equation represents a parabola with vertex at (0, —1/2). 
So, the region S is the region lying inside the four 
parabolas 


Practice,Problems 


1. Find the area of the region represented by 


x+y <2, 

x+y2l1, 

x20, 

y20 
2. Find the area enclosed by |x| + |y| <3 and xy>2. 
3. Find are bounded by x?+ y? < 2ax and y?> ax, x>0. 
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y=1-2x,y2=1+2x,x?=1—-2y,x2=1+2y 


Now, S is symmetrical in all four quadrants 
.. S=4 area lying in first quadrant 
Now y?=1 — 2x and x?=1 —2y intersect on y=x 
The point of intersection is E (V2 -1, en 1) 
.. Area of region OEFO 

= area of AOEH+ area HEFH. 


1 V2 
S002) J, vi-2x dx 


1 2 
St 1-2V2)+ = 2a Ne 


=56 2V2) = 3-202) 
=56 2V2) =(v2 -1p 

=56 2V2) = (5v2 -7) 

== 42-5] 


_ 1 
Similarly, area OEGO = A (4V2 —5) 
nee 2 
so, area of S lying in first quadrant = Ps (4V2 —S) 


4 
Hence, S = 3 (4/2 —5). 


Ji 


4. Consider the closed figure C made by the line 
Ix|+ ly| = V2. Let S be the region inside the figure 
such that any point in it is nearer to the side 
xty= V2 than the origin. Find the area of S. 

5. Givearough sketch of the region R consisting of 
points (x, y) satisfying |x + y| < 2 and 
x? + y? 2 2 and find the area of the region. 


6. Calculate the area of a plane figure bounded by 
parts of the lines max (x, y) = | and x?+ y?= I lying 


in the first quadrant : 
x, if x2y, 
macy) y, ifx<y. 


7. Find the area of the bounded region represented 
by|x +y|=|y|—x andy2x?2-1. 
8. Find the area between the curve y= x?+x —2 and 
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|x? + 3x —2] is 


AREA UNDER THE CURVE 


y = 2x for which |x? + x —2| + |2x| 
satisfied. 

9. Let P (x, y) be a point satisfying these three 
inequalities, |x + y| <1, ly—x| <1 and 3x?+ 3y2> 1, 
sketch the region in which ‘P’ can move, also find 
the area of the region. 

10. Find the area of the region which consists of all 
the points satisfying the conditions |x —y| +|x + y| 
< 8 and xy > 2. 


Target.Problems.forJEE Advanced 


Problem 1.| Find the area of the region bounded 


ssa 
bythe curve C: y= Pe ee y=1. 
x? Sa 


—1 O(0,0) (1,0) 


ek 
On solving C: y= x24] and the line L: y= 1, we have 


x+l 


ay 1> xt+1=x?+1>x(x-1)=0 >x=0,1 


Thus, the points of intersection are atx =O andx=1. 

1 

x+l1 

The required area = (34 = 7 dx 

yAX + 
1p 2x 1 
= dx + dx — | dx 
2 J x? +1 J x? +1 J 


[Sno +1)+(tan™' x)- x| 


ain i. 
i 2 4 


Problem 2.) ABCDisarectanglewith 2AD=AB=2r. 
Find the area of the shaded region if APB and DQC are 


semicircles. 


B 


KAS 


D P Cc 
The required area is double of the area QEFQ. 


t 1 
In AEP’ = 
n G cos 8 rer 


3 
Since area QEFQ = area of segment PEQFP area of 
1 Ee 2n rior 


>6= 


= - x oO 
triangle PEF he 3 2, 5 tan 30' 
3 
=> AreaQEFQ= 7m va i 


2: 
The shaded area = ws 8) ; [4x —3V3]. 


Problem 3.) Find the area of the curve enclosed 
by the curves yly| + x|x| = 1, yly|—x|x| = 1 and y= |x|. 


In the first and second quadrants, we 
have y? + x?= | and y?—x?= 1. In the third and fourth 
quadrants, we have x?— y?=1. 


xf =1 x= 
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1 ae. _{;-7)\,8 1 7 _ 44-7 _ 37 
Area OABO = 3 (area of OMABO) = 5| 4 |~ g = 12) 3 3 12 12 12° 
1 we Problem 5.| Find the area of the region bounded 
Area OBCO = > (area of OBCNO) = (5) ~ 8 by the parabola y? = 4x and a normal drawn to it with 
The required area OABCO = area OABO + area Soa 
OBCO YA y=4x 
~ um 
= —+4+— = — 7 
8 8 4 aN 


Problem 4.) Sketch the graph of the cubic 


y=x3—x?—x + | and find the area of the region bounded 
by the curve and the line y=x+ 1. 


y= (x= 16+ 1) Le. two concident Sa 


roots are x = 1, 1 andother root is x =— 1. Equation of normal to the parabola is y= mx— 2am —am3 


dy y=-x+2+1 (sincea=1andm=-1) 
de oe AK LER DEK FD =0 y= 3—x. Solving it with y?=4x, 
=> x=l1, x=-12 (3-xp=4x => 94+x?-6x=4x 
Solving y=x+ 1 andx3—x?-x+1=x+l => x-10x+9=0 > x=1 o x=9 
x(x2—x—2)=0 The wae Ore nde : 5 
= AN Roe) Now, A= [ xdy = jlo y) FJa=F. 
“6 a 


Problem 6.| Prove that the area ofa sector of the 


ellipse of semi-axes a and b between the major axis and 
1 
a radius vector from the focus is % ab(8 — e sin 9), 


where 0 is the eccentric angle of the point to which the 
radius vector is drawn. 


Let the equation of the ellipse be 
0 . 2/e2+ y/b*= 1. Then, O is its centre and S(ae, 0) is the 
A= fice -x?-x+1)-(x+D]dx focus. Let 6 be the eccentric angle of any point 
- P(x, y) on the ellipse. Then x = acos 0, y= bsin 0. 
2 Now SP is the radius vector of P drawn through the 
a fic +1)-(x°-x?-x+l)]dx focus S and SA is the radius vector along the major 
0 axis. At the point A, x =a and 0=0. 


0 2 
= [oe —x’ —2x)dx + fex+x —x°*)dx 
aa 


0 


Draw PM perpendicular to the x-axis. The required area 
of the sector SAP 
= area of the ASMP + area PMA 


1 a 
ae SM.MP+ Rie for the ellipse 


1 ® dx 
=— = + —d0 
5 (OM-— OS). MP I, aT 


1 
= 5 (acos0—ae)bsin 8+ [sin 0. Casin 6) 0, 


[‘. x=acos 0 and y=bsin 0] 


1 1 
= 5 ab(cos 0—e)sinO+ [/ ab. 3 (1 —cos 20)d0 


_ sin 20 | 


1 1 
eye ~e) si = 0 
5 ab (cos o)sin 0+ Fab | 5 


0 


1 1 1 
= 5 ab(cos 8—e) sin0+ 5 ab O- 5:2sin Ocos8) 
= 5 ab[cos 6 sin 8 —e sin 8+ 8 — sin 0 cos 0] 


1 
= 5 ab (0—e sin 8). 


Problem 7.| Find the area enclosed by the 


parabola (y— 2)?=x — 1, the tangent to the parabola at 
(2, 3) and the x-axis. 

The given parabola is (y—2)?=x-1 ...(1) 
Its axis is y = 2 and vertex is (1, 2). Let P be the point 
(2, 3). 


d 
From (1), Yy-2)— =1 


dyed 
dx 2(y-2) 
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AREA UNDER THE CURVE 


At P(2, 3), 2=+ 
dx 2 


The equation of tangent at P(2, 3) is 
1 
yan | 
or, x—-2y+4=0 ...(2) 
Line (2) cuts the x-axis at (4, 0) and y-axis at (0, 2). 


3 
The required area, RQPAR = fo —Xy)dy 
0 


3 3 
=| [(y-2)* +1-(@y—4)]dy= (y? -6y + 9)dy 
0 0 


3 
|= - By? + | 


Problem 8.| Each line passing through the origin O 


(0, 0) and with slope A > 0 cuts the curve y = x, 
(x 20, n 4-1) at the point A(x,, y,) which projects the 
point B(x,, 0) on the x-axis. AOAB is divided into two 
regions by the curve y = x". Demonstrate that ratio of the 
areas of these two regions is independent of .. For which 
value of n are the areas of these two regions equal ? 


3 


(9-27+27)-0=9. 
0 


Since x} =y, = Ax,, the area of the triangle OAB 


_ i _ Ax 
SO ge aa and the area under the curve 
a eee 
= | x"dx = ——= , and therefore the other 
0 n+l n+l 
portion of the triangle has area 
Ax} Ax? _ Ax? (n —1) 
2 n+l 2n+2 ~ 


The ratio of both portions is therefore 


3.54 O 


ake 
2 
7 +1___ , independent of A. 
Axj(n-1) n-l 
2n+2 
If ae 1 then n = 3 and so the portions will have 


equal area for n=3. 


Let C, and C, be the graphs of the 
functions y = x? and y= 2x, 0 <x <1 respectively. Let 
C, be the graph of a function y = f(x) ;0 <x <1, 
f(0) = 0. For a point P on C,, let the lines through P 
parallel to the axes, meet C, and C, at Q and R 
respectively (see figure). If for every position of P on 
(C,), the areas of the shaded regions OPQ and ORP are 
equal, determine the function f(x). 


(1/2,1) 1,1) 


C R 


On the curve C,, i.e. y = x?, let P be 


(a, a2). Hence, ordinate of point Q on C, is also a2. 
Now on C,, i.e. y= 2x, the abscissae of Q is given by 


fe 
Qis [<. « 


And R on C, is (Q, f(@)). Now, Area OPQ 


a2 a2 
= b (x, — X,)dy = I [Yv-% a 


2 


Area ORP = fy On ~ y,)dx = [ee ~f(x))dx 
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233 at aa) 
Thus, 54 le (x? — f(x))dx 


Differentiating both sides with respect to @ we get 
202— 08 = a2— f(a) 

=> f(a)=c-ce 
f(x) =x3—x2, 


Problem 10.) Prove, without using a calculator, that 
9 2 
y ae + ae <9.5 
10 10 


k=1 


The inverse of the function 


f:[0,00) —> [0,0), f(x)=x? is: 
f1:[0,00) > [0,0), f1@)= yx 


aa eo 


tet 


<< << <<< << K 


HH,H,H,H,H,4,H, A, Xx 
In the diagram each rectangle V, has its lower left corner 
k k 1 
0, — ae isht — 
10 } base 10 and height 10° 


k 
Each rectangle H, has lower left corner at (=. 0| 5 


10 
The collective area of these rectangles is 


«((s) i (2) 2 (2) 3 (2) 2. 
+ + + + + tit + 

10| 40 10 (40 10 40 10 10 10 
Since these grey rectangles do not intersect with the 


black squares on the corners, their collective area is 
less than the area of the unit square minus these squares 


Le. 
' (4) (2) ;- 1. 4 95 
~ (10 10) — 100 100 100° 


We thus conclude that 


b 2 d height ky 
ase 77 and heig : 


ae fe 9° fo 
+ + + + Pent + 
10 10 lio) Vio 10) — V10 


95 
100 


l(a) I 
+ 
10| 10 10 
9 2 
k k 
—| +,/—|<9.5 
ad >((%) fe) 


k=1 


Problem 11.) For each positive integersn> 1, A, 


represents the area of the region restricted to the 


2 
following two inequalities : s+ y- <1 and 
n 


2 : 
x2 +0 « |. Find aaa ; 
n 


The intersecting points of the ellipses are : 


n 


(x. y)= 


n? +1 n?+1 


—n 
2 


n 
Jo241 Jn +1 
—n —n 
\n241 yn? +1 


Notice that the region is symmetric with respect to: 
x-axis, y-axis, y=x and y=-x. 

Hence, A,=8 .B,, 

where B, = area between the y-axis, y = x, and 


—n n 
‘ jn? 41 Jn? +1 


n 


non? +1] 


area of AAOB where O = (0, 0), A=(1, 0) and B= (1, 1). 


= 1 and B, approaches the 


lim Aa=8(51.1}=4, 


no 
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Problem 12.) Find the area of an ellipse given by 


the general equation ax? + 2hxy + by?+ 2g¢x + 2fy+c=0 
Here, solving for y, we easily find 


Same = Jn —ab)x? + 2(hf — bg)x + f° —be 


Also, the limiting values of x are the roots of the 
quadratic expression under the radical sign. 
Accordingly, denoting these roots by a and B, and 
observing that h? — ab is negative for an ellipse, the 
entire area is represented by 


2Vab—h? ¢B 
b i ( 


To find this, assume x — a = (6 — q@) sin?0 then 
B —x=(B —a) cos’0 and we get 


five —a)(B — x) dx = 2(B- a)? f° sin? Ocos” 6d0 


x —a)(B — x) dx. 


T ” 
=—_— _— Qa 7 
8 (B- a) 
2 2 2 
Asa. (hf — bg)” + (£7 — be)(ab — h?) 
(ab—h7)? 
Ab(af* + bg* + ch? — 2fgh — abc) 


(ab—h?)? 
Hence, the area of the ellipse 


n(af? + bg” + ch? —2fgh — abc) 


Problem 13.| Compute the area enclosed by the 


curve y? = (1 —x?)3. 
The curve is symmetric about x—axis as 


well as y-axis. When x =—1,1 > y=0, and 
when x=0>y=+1 


3.56 O 
1 
I= J ,d-x97ax 


I 
1=41,=4] ,d—x97dx 
Putx=sin 9 


m/2 
=4), cos? 9. cos 8. dO 


n n-2 42 2 
ifn is even 
sce gh = 2Gs 
Fg Ge Ge age 


Problem 14.) Prove that the areas S,, S,, S,... S; 


.... bounded by the x-axis and half—waves of the curve 
y=e-°xsin Bx x > 0 forma geometric progression with 
common ratio q = e-@7P, 


The curve intersects the positive x-axis 


nt 
at the points where sin bx = 0. Hence x, = B° new. 


The function y = e-** sin Bx is positive in the intervals 

(XX 4) the sign of the function in the interval 

(x, +X,,,) coincides with that of the number (—1)". 
(n+1)a (n+1)t 


$= Jax? lyldx=Cly ne? esi Bxdx 
p p 


INTEGRAL CaLcuLus For JEE Main AND ADVANCED 


But the indefinite integral is equal to 


e O% 
| e° sin Bxdx =— of? (asin Bx+ B cosBx)+e 
Consequently 


2 (n+1)x/B 


ro (asinBx +BcosBx) 


iat 
$= (I 2, 


nz/B 
(yn 
= 5 > Jfeam+) xB —])n+1— eanx/B —|)j 
a +f [ B (1) B-1)"] 
= 7459 edn7/B(] + ear/B 
a + pe ° (1 + +8) 
Hence, the ratio of area of two consecutive half waves 
-—a(n+l)an/B 
_ Sn _ = e-aniB 
S en m/B % 


n 
which is independent of n. Hence, the areas form a 
geometric progression. 


Problem 15.) Find out the ratio of areas in which 


x? X 


the function f(x) = s 5 


| divides the circle 


x2+ y2 —4x+2yt+1 
function). 


Circle : x?+ y?-4x +2y+ 1=0 


Yi 


0 ([.] denotes the greatest integer 


(x2 + (y+ 1)°=4 
a 


(4, 


x 


f(x) =0 forO<x<4 


or, (x-2)+(y+ 1)? =4=22 CL) 
Now for 0 <x <4, 


3 3 
O< as <l> sin ce =0 
100 35 100 35 
So, we have to find out the ratio in which x axis divides 
the circle (1). Now, at x-axis, y= 0. So, (x-2)?= 3, 
Hence, the circle cuts the x axis at the points (2 — ./3 , 0) 


and (2+ ./3,0) 
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2+y3 1 sina! aL 
Let A= | (V4 (x—2)? tax 45 V2 3n/2 
3 = f (V2 siny -a)dy+ f (a - v2 siny) dy 
2-V3 nl2 n—sin 7 @_ 
Beate st _4n-3v3 2 
e required ratio is 74 8n43y3° ces 
= V2 Pein te 
Problem 16.| For what value of 'a' doesthe areaof ~ — [v2 cosy]. —a J2 
the figure bounded by the straight lines, x=x,, x =x,, 2 
the graph of the function y= | sinx + cosx—a]| and Hae 
the abscissa axis where x, and x, are two successive Z [ay + af2 cosy |? ibs 
Tt m™ — sin = 
: = in| X+— v2 
extrema of the function, f(x)= /2 sin a} have 
This on simplification reduces to 
the least value . Also find the least value . e 


= ee in-l| — 
A=2/2-a4 2a sin 2 


F(9)= V3 ews (s+ 4)=0 


dA 1 (-—2a) 1 
= f +2a —— | 
TT Tt 3n da 24122" a =<f9. 
_a 
EE gee 1- ¥ 
T 51 ; a 
=> X= 7 and x= re + sin-! WB) .2 
5n/4 2a 2a pe OSG 
| +2 sin-! == 
Hence, A = | |V2 sin (x + )—a dx l= 22 aa 2 
m/4 
a 
Sn/4 = sin! — = 0=> a=Oand A,,, = 22. 
[ (evan : 
> = a-—~2 sin(4+x 
eda mae n/4 4 a Finally, the least value of area is 2/2 andthe value of 
ais 0. 
A= Aunin= V2 TWh =/2. ‘ F 
aM = nin v2 mwherea v2 Problem 17.) Consider the collection ofall curves 
Let as — V2, of the form y = a — bx? that pass through the point 
y 
5n/4 (2, 1) where a and b are positive real numbers. Ifthe 
RE J ( 2 Sin (3 nN x) a| Age eae minimum area of the region bounded by y= a — bx? and 
n/4 the x-axis is \/m , find the value of M. 
Hence A,,.. = V2 = whena=— V2 
Yi 
Let —J2 <a< J2 0, a) 
Sn/4 
= j TM) _ 
A= | |V2 sin (x + 3) a| dx 
m/4 
3n/2 > 
Let ey = } |W2 siny -a] ay —Valb 9 Valb  X 
4 n/2 We have y =a — bx? 
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Since the point (2, 1) lies on the curve, 
1=a-—4b => a=1+4b .(1) 


a/b 3 a/b 
A=2 [ (a—bx?)dx =2 os 
0 s 0 


-2| re ae 
Vb 3 bvb 


2\3aVa ava! 2) 2aVva 
Bale ~~ afb |= 3) Alb 
4 (1+4b)V1+4b 
rae an ; (2) 
12.3 fan: appsal2 bt 
Pn b 5 Vi+4b-4 (1+ 4b) me 
db 3 b-2Vb 


4| 12bv1+ 4b -(14 4b)” 
~ 3 23/2 = 
= 12b=1+4b 
= 8b=1and hence 


=> b=1/8 and hencea = 3/2 using (1). 
Putting these values in (2), we get 


4 CEN CEN DS 
Anin= 3°G/2)-V3/2-2N2 = 


Hence, Jim = 48 whichm 48. 


Problem 18.) Let'c' be the constant greater then 


1. Ifthe least area of the figure given by the line passing 
through the point (1, c) with gradient 'm' and the 
parabola y = x? is 36 sq. units find the value of (c? + m2). 
Equation of the line through (1, c) is 
y-—c=m(x-1) 
y=mx+(c—m) (1) 


= 4g. 
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A= f (x-+ (e—m)—x°)dx, 


xy 


where x, and x, are roots ofx?—mx + (m—c) = 0. 


> X,+x,=m,x,x,=m-—c 
2 2 
m(x; +X X] +X5 + XX 
a) ~ EY ie ees OB 2] 
2 De fhe | 
_ m? + A(c | +(C—m) a = 2] 


6 


«a e4e=mp] AE 


7 [m +4(c— m)})/? = [m —4m+ 4cp? 
6 6 
_ [an-2)? +4(c pp? 


6 
Ais least if m=2 


Afsea py - ea 4 


A 
least 6 6 3 


-(c—1)32 


£ .(-1)2=36 
5 = 1= 


=> (c—1)32=27 
=> (c-1=(G3)2=9 
=> c=10 
Hence, c= 10, m=2 
c?+ m?= 100+ 4= 104. 


Problem 19.) Let 0 <a <4. Prove that the area of 


the bounded region enclosed by the curves with 


1 
equations y= 1 —|x— 1| and y=|2x—a| cannot exceed 3° 


In the situation that 0 < a <1, the two 


curves intersect in the points (a/3, a/3) and (a, a), and 
the bounded region is the triangle with these two 
vertices and the vertex (a/2, 0). This triangle is 
contained in the triangle with vertices (0, 0), (1/2, 0) 
and (1, 1) with area 1/4. Hence, when 0 <a <1, the area 
of the bounded region cannot exceed 1/4. 

Let 1 <a <3. In this case, the bounded region is a 


quadrilateral with the four vertices (a/3, a/3), (a/2, 0), 
((a + 2)/3, (4 — a)/3) and (1, 1). Nothing that this 
quadrilateral is the result of removing two smaller 
triangle from a larger one, we find that its area is 


1 laa 1 (4~a) [, a 
2 3°22 3 2 
Z 


a 1 2 
1 4-a 
a 2” 
a>-4a+2 1 (a-2) 
6 3 6 


whence we find the area does not exceed 1/3 and is 
equal to 1/3 exactly when a= 2. 

The case 3 <a < 4 is the symmetric image of the case 
0 <a < 1 and we find that the area of the bounded 
region cannot exceed 1/4. 


Problem 20.| Find the area between the curve 


y= v4- x? and the locus of the point P which moves 
such that the sum ofits distances from the co-ordinate 


axes is equal to its distance from the curve y= /4— x? . 


Let the point P be (x, y) 


=> |x|+|y=PM=OM-OP 

=> Wit y=2- fx? ¢y? 

=> xetyt+4—4|x|—4 yl +2 [xyj=xty 
=> 2xy|—4x|-4)y+4=0 

=> |xy|—2 |x|—2ly/+2=0 


Case I: Ifx 20, y= 0, then locus of the point P is 
xy—2x—-2y+2=0 
2(x-1) 
-2 


> y(x-2)=2(x-l >y= 
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Case IT: Ifx <0, y 2 0, then locus of the point P is 
xy+2x—2y+2=0 
> yP-x)=-2%(«+1) 
—2(xt+]l  2(x+)) 


AREA UNDER THE CURVE 


> yr 


—(2x—x) x+2 
2(x-l) , ; 
The curve y= 5 is passing through the points 
2(x+]), : 
(1, 0) and (0, 1) and the curve y= xa2 'SPassing 


through (1, 0) and (0,1). 
Hence the required area = Area of circle — Area 
under the locus of the point P. 


An [22Dax [28D a 


2 x-2 +2 
0 


=> Area= 


=2n-2(1+ én 1- én 2)—2(1—- €n 2+ én 1) 
=2n-24+2¢n2 2+2(n2=2n-4+4 fn2 
Problem 21.) Let T be the triangle with vertices 


(0, 0), (0, c?) and (c, c?) and let R be the region between 
y=cx and y= x? where c > 0 then show that 


3 
Area (R) = © and lim Area) = 3. 
6 cyt Area(R) 


Solution 


2 3 
Area (T)= —<— = — 

2 2 

3 c 3 3 3 

Re ee ey er a he 
Area (R) 5 [x dx 6 
0 
3 

tim AAD ~ tim eee 
coor Area(R) — ¢_,9+ 2¢ 
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1-x if O<x<l 
Problem 22,| Let f(x)=| 0 if 1l<x<2 
QS5)~ ab eerss 


x 
and F(x) = ft (t) dt then find the area enclosed by the 
0 


curve y= F(x) and x-axis as x varies from 0 to 3. 


F(x)= [fcoat => F'(x)=f(x) 
0 


x 27 
For oust facie] 5] 
0 0 


F(x) = x dFy=+ 
(9)=x- > and FA)= 5 


1 x 
I 
For 1<x<2,F(x)= | (-tdt+/odt=—+0 
0 1 


=> F(x) is constant 


1 2 ¥ 
For 2<x <3, F(x)= ffcoat +] f(t)dt +] f(t)dt 
0 1 2 
x _ 93 
= £404 f-2Par=s4 So 
3 a: 
0 
i 2 
x if 0<x<il 
2 
1 
F(x)= e if l<x<2 
1 eaOY 
—+ 3 if 2<x<3 
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1 3 
Area = [Food + - +| F(x)dx 
0 2 


1 2 3 3 
=i x = dx+t+f Le) dx 
5 2 2 5 2 3 


41 3 
x x 1 |x (x- ra 
= +—=4+/—=+ 
2 6 Qo e |r2. 12 K 


1 1 7 64+4+7 #17 
+-+—= eee | 
2 3 12 12 12 
Problem 23.) Let f(x) bea differentiable function 


and satisfy f(0)=2, f'(0)=3 and f" (x)= f(x). Find the 
area enclosed by y = f (x) in the second quadrant. 


Given f" (x)=f(x) or 2 f(x) £" (x)=2 f(x) 


f' (x) [multiplying both sides by 2 f' (x)] 


0) (3)e 


Integrating, (f'(x))?=f2(x)+C (1) 
Put x=0, (f'(0))? =f200)+C 
9=4+C => C=5 


Hence equation (1) becomes 


oy j = 2+5 (wheref" (x)= © andf(x)= ) 
dx dx ° 


d 
Ny +5 (cannot be— \y7 +5 as f'(0)=3) 


d 
cae aes 


=> in(y+Vy?+5) =x+C, 


Put x=0, y(0)=2 
In(2+3)=0+C, 
=> C,=m5 


Integrating, : 


In vad #5 er 


5 


=> y? +5+y =S5e (2) 


5 
Rationalizing , —————_ = 5e* 
Vy +5-y 


=> fy245-y-e 3) 


Now (2) —(3), gives 2y = S5ex—e* 


y= =" 90) 


=> f isincreasing. 
The graph of y= f(x) is: 


_ 5e*+e * 


>OVxeER 


We have f(0) =2. 
Now f(x) =0, When 5ex—e*=0 


1 = 
2x = 2x = = 
=> S5e 1 => 26 5 > x 5 In 5. 
Area in the second quadrant = | [Fer —Fe™* Jax 
2, 2 
ahs 
2 
Bx, Bowel’ 51 5 
AO nth, ein = 3-5 
2 Ind a5/5 2 


Problem 24.| Let f(x) be a function which satisfy 


the equation f(xy) = f(x) + f(y) for all x > 0, y> 0 such 
that f'(1) = 2. Find the area of the region bounded by 
the curves y= f(x), y =|x3— 6x? + 11x —6| andx =0. 


Takex=y=1> f(1)=0 


1 1 1 
Now, put y= = >0= {x2 = roo r[ 2] 


= (ns 
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AREA UNDER THE CURVE 


(Sot ao 


. f(x+h)-f 
Now, f(x)= im es ° 2 


~hnooh \ x h>0 hy 
x 
fl) 2 
=> f(x) =2Inx+c >c=0 
are: 
(since f(1) = 0) 
=> f{x)=2Inx 


The required area 


1 0 
= [oe - 6x? +11x—6)dx + | dy ==. 
0 —o0 


(Using horizontal strip for the area below the x-axis) 


Problem 25.) Let f(x + y)= ffx) + fly)— xy Vx, 


. f(h 
y € Rand lim Lo 3. Find the area bounded by 
hoo hh 


the curves y = f(x) and y= x2. 


In f(x + y) = f{x) + fly) —xy 


Put x = y=0, so that f(0) =0. 


. f(xt+h)-fth 
Also, f(x)= im. is : 2 


an f(x) + f(h) —hx— f(x) _ lim f(h) 
h>0 h hoo hh 
=> f(x)=3-x 


Xx 


2 
=> fx) =3x—  teand f(0)=0 >c=0 


3.62 O 


2 
=> f(x)=3x- a 


2 
f(x) Sx?=> 3x— “2x? 0Sx<2 


The area is bounded before x = 0 and x =2. 


Area = 


oN 
1 


f(x) 
Problem 26. ui(? - f(y) V x,y € Rand f(1) 


exists, and area under the curve f(x) bounded by x-axis 


Ing( VT 
X= (ahieaiae then find lim Sie! "( } 
3° 107 n 
f(x) 


f(y) VxyeR 


is} 
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mn ft h)- FO) 

0 h 

f(1+h)-1 
h 


> f(l= 


> rer wl) Cerf)=1) 


f(x+h)-f(x) 


Now f'(x)= he 


>0 h 
+h 
(2 )-1 e(1+)-1 
= li = ec 
ap Oe 
X 
AE 
ae f'(1) [ from equation (1)] 
> ry, k where f(1)=k 
=> f=xe+e 
Forx=1,f(x)=1 > c=0 => f(x) =x* 
1 kt} 
1 |x 1 
= [f(dx === = 
Now, area | (x)dx 3 =] ; >k=2. 
0 0 
So, Ee 
vr ( rl 
dm ovtr = lim net 
Now, im (= n ges nn 


1 
=iher e*.x.dx = 1. (using integration by parts) 
0 


onl’ ing Sst, Rem CM eC lie 


1. Curve Sketching 
(a) Extent 
(b) Intercepts 
(c) Sign Scheme of f(x) 
(d) Symmetry 
(i) The graph of F(x, y) = 0 is symmetric 
about the y-axis if on replacing x by—x, 
the equation of the curve does not 
change. i.e. F(x, y)=0 implies Fx, y) =0. 
(ii) The graph of F(x, y) = 0 is symmetric 
about the x-axis if on replacing y by—y, 
the equation of the curve does not 
change. i.e. F(x, y) = 0 implies F(x,—y) = 
0 


(ii) The graph of F(x, y) = 0 is symmetric 
about the origin ifon replacing x by—x 
and y by — y, the equation of the curve 
does not change. 


i.e. F(x, y)=0 implies F-x, —-y) =0. 
(iv) The graph of F(x, y) =0 is symmetric about 
the line y= x ifon interchanging x and y, 
the equation of the curve does not 
change. i.e. F(x, y) =0 implies F(y, x)= 0. 
(v) The graph of F(x, y) = 0 is symmetric 
about the line y = —x if on replacing x 
by-—y and y by — x, the equation of the 
curve does not change. 
i.e. F(x, y)=0 implies F-y, — 
(e) Periodicity 
(f) Monotonicity 
(g) Local Maximum and Minimum Values 
(h) Concavity and Points of Inflection 
(i) Asymptotes 
(i) Ifeither lim f(x)=Lor lim f(x)=L, 
x70 x00 
then the line y = L is a horizontal 


x)=0. 


asymptote of the curve y = f(x). 
(ii) The line x=aisa vertical asymptote if at 
least one of the following statements is 


true: 
lim f(x)=00 lim f(x)=00 
x>a" x>a_ 
lim f(x)=-0% lim f(x)=-—00 
x>a" x>a_ 
(ii) Ifthere are limits 
lim toe m, and 
x0 X 


lim [f(x) — myx] = c,, 
x70 


then the straight line y= m,x + c, will be 
an asymptote (a right inclined asymptote 
or, when m, = 0, a right horizontal 


asymptote). 
Ifthere are limits 
f 
lim 1G) =m) and 
x>-0 X 


lim [f(x) — myx] =Cc)> 
X7>-0 
then the straight line y= m,x + c, is an 
asymptote (a left inclined asymptote or, 
when m, =0, a left horizontal asymptote). 
If f(x) = 0 for x € [a, b], then the area bounded 
by curve y = f(x), x-axis, x = a and x = b is 


b 
A= | f(x) dx, 


Let f(x), x € [a, b], be a continuous function on 
[a, b] whose graph intersects the interval [a, b] 
of the x-axis at a finite number of points. Then, the 
area of the plane figure bounded by the graph of 
the function f(x), the interval [a,b] of the x-axis, 
and line segments x = a and x = b is computed by 
the formula 


b 
Res i f(x) |dx 


Iffand g are continuous functions on the interval 
[a, b], and if f(x) = g(x) for all x in [a, b], then the 
area of the region bounded above by y = f(x), 


10. 
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below by y= g(x), on the left by the line x =a, and 
on the right by the line x = bis 


AREA UNDER THE CURVE 


b 
Aq | f00- g0o)dx 
a 
The area bounded by curves y= f(x) and y= g (x) 
between ordinates x =a and x = bis 
b 
Jlf)- 00 |dx. 
a 


Ifg (y) = 0 for y € [c, d] then the area bounded by 
the curve x = g(y), y-axis and the abscissa y = c 


d 

and y= dis | g(y)dy I 

y=c 
If y = f(x) is a strictly monotonic function in (a, b), 
with f '(x) # 0, then the area bounded by the 
ordinates x =a, x = b, y= f(x) and y= f(c) (where 
c € (a, b)) is minimum when c= a . 
Since area remains invariant even if the 
coordinates axes are shifted, hence shifting of 
origin in many cases proves to be convenient in 
computing the areas. 
The area of the curvilinear trapezoid bounded by 
a curve represented by x = o(t), y= w(t), where 
a<t<f and o(a)=a, y(B) =b. is 


B 
A= J y(oo(oa. 
a 


The area of the region is also given by the formula 


tg 
A= = [[oowO-vOow]at 
q 


If r = £(0) be the equation of a curve in polar 
coordinates where f(9) is a single valued 
continuous function of 0, then the area of the 
sector enclosed by the curve and the two radii 
vectors § = 0, and 0 = 9, (0, < 9,), is equal to 
1/% rd0. 
2 40) 
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Objective,Exercises 


= 


Ld 


2 


> 


yu 


a 


Pal 


a 


If f(x) = ne 


denotes fractional part of x), then the area bounded 
by f(x) and g(x) for x € [0, 10] is 


x€éI 
and g(x) = {x}2, (where {.} 
el 


(A) 5/3 (B) 5 

(C) 10/3 (D) none of these 

The area enclosed by the curve | y| = sin 2x, when 
x € [0, 27] is 

(A) 1 (B) 2 

(© 3 (D) 4 


Let f(x) = x, g(x) = cos x and a, B (a< B) be the 
roots of the equation 18x?— 97x + 12=0. Then the 
area bounded by the curves y = fog(x), the 
ordinates x = ot, x = B and the x-axis is 


a 
6) 4 
T T 
Og O) 5 
The area common to the region determined by 
y2 vx and x2+ y? < 2 has the value 


(A) 5(n-3) 


(A) 7 (B) 2x—1) 
(C ane (D) none of these 


The graph of y?+ 2xy+ 40 | x|=400 divides the plane 
into regions. The area of the bounded region is 
(A) 400 sq. units (B) 800 sq. units 

(C) 600 sq. units (D) none of these 


The area of the region defined by || x |—|y || <1 and 
x2+ y2< 1 in the X-Y plane is 


(A) % (B) 2n 

(©) 3n (D) 1 

The area defined by | <|x—2|+|y+ I] <2is 
(A) 2 (B) 4 

(C) 6 (D) none of these 


The area enclosed by the curve | y|=5 —(1 —| x |)*is 


(A) G +5v5) sq. units 


(B) $(7 + 5V5) sq. units 


© =(5V5-7) sq. units 


(D) none of these 

Asquare ABCD is inscribed in a circle of radius 4. 
A point P moves inside the circle such that d(P, 
AB) < min (d(P, BC), d(P, CD), d(P, DA)) where 
d(P, AB) is the distance of a point P from line AB. 
The area of region covered by tracing point P is 
(A) 41 (B) 87 

(C) 8n-16 (D) None of these 


. Theparabolas y*= 4x and x?= 4y divide the square 


region bounded by the lines x = 4, y = 4 and the 
coordinate axes. If S,, S,, S, are respectively the 
areas of these parts numbered from top to bottom, 
then S,:S,:S, is 

(B) 1:1:1 


(A) 2:1:2 
(C) 1:2:1 (D) 1:2:3 


. Consider the graph of continuous function 


y= f(x) forx € [a—b,a+b]a,b € Rt andb>a. If 
the origin is shifted to (a + b, 0) such that new 
axes are parallel to the old axes, then the area 
bounded by the given curve, the X—axis and the 
new ordinates X = —a, X =—b can be written as 
a+b 


2 
(A) [ |feojax 
b-a 
ay 


-b 
(B) i |f(x)|dx 


a+b 


: I 
© f\f@+b-xfax OF [ |feolax 


a-— 


. The area of the region bounded by two branches 


of the curve (y —x)*=x3 and the straight line x = | is 


2 
(A) 8) = 


On| BR On| vo 


© (D) 1 


. Ifthe tangent to the curve y= 1 —x?at x =a, where 


0<a< 1, meets the axes at Pand Q. Also a varies, 
the minimum value of the area of the triangle OPQ 
is k times the area bounded by the axes and the part 
of the curve for which 0 <x < 1, then k is equal to 


14. 


15. 


16. 


17. 


18. 


2 15 
(A) iB (B) 16 

25 2 
(©) 18 (D) 3 


Let f is a differentiable function such that 
f(x + y) = f(x? + y?), where x, y € R. If 4 points 
A, B, C, D, are selected on curve y = f(x), then 
area of (AABC + ABCD) can be equal to 

(A) 2 (B) 1 

(C) >2 (D) None 

Suppose y = f(x) and y = g(x) are two functions 
whose graphs intersect at the three points (0, 4), 
(2, 2) and (4, 0) with f (x) > g (x) for0<x <2 and 


4 
f(x) < g(x) for2<x<4. If [ [f(x)- g(x)]dx=10 
0 


4 
and [lgco - fo]dx =5, the area between two 


2 
curves for 0<x <2, is 
(A) 5 (B) 10 
(C) 15 (D) 20 


3 points O(0, 0), P(a, a2), Q(-b, b2) (a> 0, b> 0) are 
on the parabola y = x2. Let S, be the area bounded 
by the line PQ and the parabola and let S, be the 
area of the triangle OPQ, the minimum value of 


S,/S, is 
(A) 4/3 (B) 5/3 
(C) 2 (D) 7/3 


The area bounded by the curve f(x) = ||tan x + cot x| 


—|tan x — cot x|| between the lines x =0, x= - and 
the x-axis, 1s 

(A) In4 (B) InJ2 

(C) 2In2 (D) /2 In2 

The area bounded by the curves 

plse%—5 ang IL, Melty <2is 


(A) (7 +1n 4) sq. units 
(B) (7—I1n 2) sq. units 
(C) (14+ 2 In 2) sq. units 
(D) (14-2 In 2) sq. units 


19. 


20. 


21. 


22. 


23. 


24, 


25. 
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AREA UNDER THE CURVE 


A function y = f(x) satisfies the condition f'(x) sin x 
+ f(x) cos x = 1, f(x) being bounded when x > 0. 

n/2 
Ifl= } f (x)dx then 

0 
2 2 

Tl T Tv T™ 

=-<|< — << 
) 2 : 4 8) 4 : 2 

™ 

(© l<I<, (D) 0<I<1 


Area enclosed by the graph of the function 
y=/n2x— 1 lying in the 4% quadrant is 


2 4 
(A) S (B) zs 


1 1 
© afe+t) (D) i{e-t) 


The area bounded by the curve y = f(x), the 
co-ordinate axes & the line x = x, is given by 


X,- @*!. Therefore f(x) equals : 


(A) e (B) xe 
(C) xex—ex (D) xext+ ex 
The slope of the tangent to a curve y= f(x) at (x, f(x)) 


is 2x + 1. If the curve passes through the point (1, 2) 
then the area of the region bounded by the curve, 
the x-axis and the line x = | is 


6 
(A) 8) 5 


© (D) 1 
Area of the region enclosed between the curves 
x=y— landx =|y| ley is 


(A) 1 (B) 43 
(C) 2/3 (D) 2 

The area bounded by the curve y = x e*, xy = 0 
and x =c where c is the x-coordinate of the curve's 
inflection point, is 

(A) 1-3e2 (B) 1-2e2 

© l-e (D) 1 

Area enclosed by the curves y= /nx , y=/n|x|, 
y=|/nx| and y=|/n|x|| is equal to 

(A) 2 (B) 4 

(C) 8 (D) cannot be determined 


3.66 O 
26. 


27. 


28. 


29. 


30. 


If(a, 0); a> 0 is the point where the curve y = sin2x 
3 sinx cuts the x-axis first, A is the area 


bounded by this part of the curve , the origin and 
the positive x-axis, then 

(A) 4A + 8cosa=7 (B) 4A+8sina=7 

(C) 4A-8sina=7 (D) 4A-—8 cosa=7 


A function y = f (x) satisfies the differential 
d 

equation ae —y=cos x—sin x, with initial condition 

Xx 
that y is bounded when x — 0. The area enclosed 
byy=f(x), y=cos x and the y-axis in the 1 quadrant 
(A) J2-1 (B) /2 

ay. 

© 1 ©) 
Ifthe area bounded between x-axis and the graph 
of y = 6x — 3x? between the ordinates x = 1 and 
x = ais 19 square units then 'a' can take the value 
(A) 4or—2 
(B) two values are in (2, 3) and one in (—1, 0) 


(C) two values one in (3,4) and one in (—2,—1) 
(D) none of these 


Ifarea bounded by the line y =x, curve y= f(x) and 


3/2 
linesx=1,x=t, is We +14+t + ; Vt>l 


then f(x) = 
1/2 
(A) c+ oe +1+x “xl 
Ay) x? +1 
ae Tt ee ni 


3 2 
x4 x +14 
B) aye? +1 


1/2 
0 Maa he +14+x | 
x afa{x? +14+x + 9x24] 


(D) None of these 


The area bounded by the curve y = —_ 


yt |2—x|=2is 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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(A) (B) 2—In3 

(C) 2+1n3 (D) none of these 

The area bounded by y = x? + 2 and y = 2)x| 
— Cos 7x is equal to 

(A) 2/3 (B) 8/3 

(QC) 43 (D) 1/3 

The graphs of f(x) = x2 and g(x) =cx3 (c > 0) intersect 


4—1n27 
3 


1 1 
at the points (a, 0) & (4.5) . Ifthe region which 
c 


lies between these & over the interval [0, 1/c] has 
the area equal to 2/3 then the value of c is 

(A) 1 (B) 1/3 

(C) 1/2 (D) 2 

The area between curve y= 2x*— x2, x-axis and the 
ordinates of the two minima of the curve is 


11 
(A) =~ 120 8: units (B) = 120 8 units 
(C) Do - sq. units (D) None of these 
If A(n) represents the area bounded by the curve 


y = n/nx, where n € Nand n> 1, the x-axis and 

the lines x = | and x =e, then the value of A(n) 

+nA(n-1) is equal to: 
n2 

(A) e+1 

(C) v2 (D) e.n? 

If y = mx, equally divides the area bounded by 

y= cos"! (cos x) (x € [0, 7]) and y=0, then m is equal 

to 

(A) 12 (B) 1- J2 

(C) 13 (D) None of these 

Area enclosed by the curve y = (x? + 2x)e~ and the 

positive x-axis is 

(A) 1 (B) 2 

(©) 4 (D) 6 

Let S(t) be the area of the AOAB with O (0, 0, 0), 

A (2, 2, 1) and B (t, 1, t+ 1). The value of the 


e 
definite integral fs@? In t dt, is equal to 
1 


38. 


39. 


40. 


41. 


42. 


43. 


207 +5 ee +5 
A 
(A) 5 (B) , 
3 3 
2e° +15 e +15 
C pe Sa, 
(C) - (D) - 


The length of sub-normal at any point P(x, y) on 
the curve, which is passing through M(0, 1) is 
unity. The area bounded by the curves satisfying 
this condition is equal to 


(A) (B) 


wl BR Wle 
co wl 


© ©) 5 
A triangle has one vertex at (0, 0) and the other 
two on the graph of y = —2x? + 54 at (x, y) and 


(—x, y) where 0 <x< V27 . The value of x so that 
the corresponding triangle has maximum area is 


ee ®) 3 
(C) 23 (D) None of these 


The area of the region of the xy plane defined by 
the inequality |x|+|y|+|x+y|<1is 


1 3 
(A) 5 ®) 7 
(C) 1 (D) None of these 


The value of ‘a’ (a> 0) for which the area bounded 


x 1 
by the curve y= eo) ,y=0, x=a and x =2a has 


the least value, is 

(A) 2 (B) y2 

© 218 (D) 1 

The area included between the curve xy? = a2(a—x) 
and its asymptote is 


(y= (B) 2a? 
(C) ma? (D) none 


The area bounded by the curves y = x (1 — nx), 
x = e7! and a positive x-axis between x = e~! and 
x=eis 


e” —4e? er = 5e" 
5 8) 4 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


AREA UNDER THE CURVE 


O 3.67 
dees Se? -e 
© 5 (D) 4 


If the area 


f(x) = min. (cos“!(cos x), cot '(cot x) and 


enclosed between 


2 
ee eT 
x-axis in x € (7, 27) is .s where k € N, then 


k is equal to 

(A) 4 (B) 6 

© 8 (D) 12 

Area enclosed by the curve, |x + y—I|+|2x+y+ ]| 
=lis 

(A) 2 sq. units (B) 1 sq. units 

(C) 4sq. units (D) none of these 

The area of the region consisting of all points 
(x, y) so that x?+y?<1<|x|+]y|, is 

(A) 7 (B) t- 1 

(C) m-2 (D) x-3 


The area enclosed between the curves 


1 
y=log, (x+e),x= 1 | and the x-axis is 


(A) 2 (B) 1 
(C) 4 (D) None of these 


The area of the region bounded in first quadrant 


byy =x!4, y=—-x?+2x +3, y=2x-—1 and the axis 
of ordinates is 

(A) 12/55 (B) 55/12 

(C) 32/55 (D) None of these 

Let C be a curve passing through M (2, 2) such 


that the slope of the tangent at any point to the 
curve is reciprocal of the ordinate of the point. If 
the area bounded by curve C and line x = 2 is 


. P ‘ 
expressed as a rational — (where p and q are in 


their lowest form), then (p + q) is equal to 

(A) 19 (B) 18 

© 9 (D) 6 

Let C be the curve passing through the point 
(1, 1) has the property that the perpendicular 
distance of the origin from the normal at any point 
P of the curve is equal to the distance of P from 
the x—axis. If the area bounded by the curve C and 


x-axis in the first quadrant is * square units, 
then find the value of k. 
(A) 2 
© 4 


®B) 2/2 
(D) 1 
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51. 


52. 


53. 


54. 
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MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


Ifarea bounded by the curve y= cos[x], x-axis and 
the lines given by x?—3x + 2= 0 is A, then (where 
[x] represents integer function) 


n/2 2 

(A) A= [ costxldx + J costxldx 
1 m/2 

(B) A=2cos1 
m/2 2 

(© A= | cos[x]dx| + | cos[x]dx 
1 m/2 

(D) A<sinl 


Let f(x) = x?— 5x + 6 bea function V x € R. C, and 
C, are two curves given by |y| = |f(|x|)| and x2 + y? 


25 : 
uk respectively. Then 


(A) graph of C, and C, intersects each other at 8 
distinct points 

(B) area enclosed by C,, C, and lying on left of 
the line x — 2 = 0 in 1* quadrant is less than 
5 sq. units 

(C) graph of C, and C, intersects each other at 12 
distinct points 

(D) both (B) and (C) 

The area bounded by a curve, the axis of co- 

ordinates and the ordinate of some point of the 

curve is equal to the length of the corresponding 

arc of the curve. If the curve passes through 

the point P(0, 1) then the equation of this curve 

can be 


1 
(A) y= 5(@ 0-8 +2) 


I 
(B) y= Z(e+e*) 
© y=l 


The area enclosed by the currves x = a sin3t 
and y =a cos?t is equal to 


55. 


56. 


57. 


m/2 
(A) 12a | cos‘t sin2t dt 
0 


n/2 


(B) 12a | cos*t sin*t dt 
0 


a 
© 2 | (a23— x23)32dx 


—a 


a 
(D) 4 | (a23— x23)32dx 
0 
If A; is the area bounded by |x —a,|+|y|=b, 1 € N, 


3 b; 
where a;,, = a; + 7 and b,,, =a 0, 
b, = 32, then 
(A) A,= 128 
(B) A,=256 


n 
; 8 2 
lim A; =—(32 
©; a Ag) 


n 
: 4 2 
lim A; =—(16 
(D) aye i= 30) 


Suppose f is defined from R — [-1, 1] 
2 


X 

as f(x)=—5 

xX + 

Then the statement which does not hold is 

(A) fis many one onto 

(B) fincreases for x > 0 and decrease for x <0 

(C) minimum value is not attained even though f 
is bounded 

(D) the area included by the curve y = f (x) and 
the line y = | is 7 sq. units. 


i where R is the set of real number. 


The curve x°—x?+y?=0 

(A) is symmetric about both axes 
(B) meets the x-axis at three points. 
(C) issymmetric about y=—x 


(D) bounds an area > 


58. Consider the functions f(x) and g (x), both defined 


59. 


60. 


61. 


from R — R and are defined as f(x) = 2x — x? and 
g(x) =x" wheren EN. Ifthe area between f(x) and 
g (x) is 1/2 then nis a divisor of 


(A) 12 (B) 15 
(© 20 (D) 30 


Which of the following statement(s) is/are true 
for the function f(x) =(x— 1)?(x—2) + 1 defined on 
[0,2]? 


2 fea 
(A) Range of fis a7 |: 
(B) The coordinates of the turning point of the 


5 23 
graph of y= f(x) occur at (1, 1) and (;. =| ; 


(C) The value ofp for which the equation f(x) =p 
has 3 distinct solutions lies in interval 


23 | 
2). oy" 
(D) The area enclosed by y= f(x), the lines x =0 


and y= | as x varies from 0 to | is 


12 a 
cOSX O0<x< ie 
Consider f(x) = = 2 ve such that 
(z- x] —<x<0 
2 2 


fis periodic with period 7, then 


1 
(A) The range of fis fo] 


(B) f is continuous for all real x, but not 
differentiable for some real x 

(C) fis continuous for all real x 

(D) The area bounded by y = f (x) and the x-axis 


3 
from x =— nt tox =n san 1+] fora 


given neN 
Two circles have centres that are d units apart 


and each has diameter /q.LetA(D) be the 


area of the smallest circle that contains both these 
circles, then 


62. 


63. 


64. 


65. 


66. 


O 3.69 


AREA UNDER THE CURVE 


2 
sonia) 
2 


(A) A(D)= { 


2 
(B) A(D)= (24 


ace 
© da q?2 4 
_ Ad) x 
o jn AQ 


co oe) 
2 2 
Let | e * dx=./q andf(t)= | e '* dx, (t>0) 


—0o0 —oO 


(A) f(x) is equal to ve 
Xx 
(B) f(x) is monotonic decreasing 
(C) ifarea bounded by y= f(x), x =2, x = 16 and 


st ait T 
y= cis minimum then c= TE 


(D) equation ofnormal to curve y= f(x) at x = 7 is 
y—1=2n(x-7) 

Let f(x) =x —x? & g(x) =ax . Ifthe region above the 

graph of g and below the graph of f has an area 

equal to 9/2 then 'a' is equal to 


(A) 2 (B) 4 
© -2 (D) 3 
The equation (y—x —2)?= 9x represents a curve 


(A) which is an ellipse 

(B) which cuts the x -axis at two distinct points 

(C) which touches the y-axis 

(D) which encloses an area equal to unity with 
the co-ordinate axes . 


The area of the figure bounded by the curve 
y= 3x3+ 2x and the straight lines x= a and y= 0 is 
unity . Then value of 'a' is : 


(A) 4 (B) V3 


© -~ () iB 


Let f(x) be differentiable function on the interval 
(— 00, 00) such that f(1) =5 


3.70 O 


and Lim 220071 Oe) 
ax a-xX 

of the following alternative(s) is/are correct? 

(A) f(x) has an inflection point. 

(B) f'(x%)=3 VxeR. 


=2,Vx ER. Then which 


2 
© [feodx= 10. 


(D) eo bounded by f (x) with co-ordinate axes 
2 
is 3. 
67. The parabola x = y?+ ay + b intersect the parabola 

x?=y at(1, 1) atright angle. 

Which of the following is/are correct? 

(A) a=4,b=-4 

(B) a=2,b=-2 

(C) Equation of the director circle for the parabola 
x=y+ay+b is4x+1=0. 

(D) Area enclosed by the parabola x = y2+ ay+b 


and its latus rectum is je 


68. If [A] denotes the integral part of A, and 
f(x) = sec" [- sin? (x)] then 
(A) domain is x € R— {nz} where n € I and 
range is 7 
(B) thefunction has removable discontinuities at 


x=n7t,nel 
Ann 
3 


(C) area bounded by y = x2and y= f(x) is 
(D) none of these 


69. Which of the statement(s) are true ? 

(A) The area bounded by the curve y = x | x |, 
x —axis and the ordinates x = 1, x =— 1, is 2/3 

(B) The area bounded by y= x2, y=[x+1],x<1 
and the y-axis where [.] denotes the greatest 
integer function is 2/3 

(C) The slope of the tangent to curve y = f(x) at 
(x, f(x) ) is 2x + 1. Ifthe curve passes through 
the point (1, 2), then the area of the region 
bounded by the curve, the x-axis and the line 
x= 1, is5/6. 

(D) None of these 


70. Which of the statement(s) are true ? 


(A) The area bounded by the curve 
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y=max, {2 = 2, 2, 1+ x} and the ordinates 
x=-—l andx=1,is9/2 

Thearea bounded bythe curve y=max, {x+ |x|, 
x — [x]}, whee [.] denotes greatest integer 
function, and ordinates x =—2 and x =2, is 1 
(C) The area bounded by the cureve y = |x} — 3x? 

+ 2x| and ordinates x = 0 and x =3, is 11/4 

(D) None of these 


71. Which of the statement(s) are true ? 
(A) Thearea bounded by [x] =[y], 0<x, y<10is 10 
(B) The area bounded by max (|x|, ly|) < 1 is 4 
(C) The area bounded by |y + x| <1, Jy—x| <1, 


B 


Nut 


2x? + 2y?= lis 2— - 

(D) None of these 
Comprehension - 1 
Consider two curves C, = [f(y)]?3 + [f(x)]!3= 0 and C,= 
[f(y)]?3 + [f(x)]?3 = 12, satisfying the relation 
f(x— y) f(x + y)— (x+y) f(x —y) = 4xy (x? y?). 
72. The area bounded by C, and C, is 

(A) 2% —./3 sq. units 

(B) 27 +./3 sq. units 

(C) 7+/6 sq. units 

(D) 2./3 —7 sq. units 
73. Thearea bounded bythe curve C, and |x| +|y/=./12 is 

(A) 12n—2-/12 sq. units 

(B) 6-12 sq. units 

(C) 2V12 — 6sq. units 

(D) None of these 


74. The area bounded by C, andx + y+ 2=0Ois 
(A) 5/2 sq. units (B) 7/2 sq. units 
(C) 9/2 sq. units (D) None of these 


Comprehension - 2 
Consider the function defined implicitly by the 


equation y2—2 ye" * +x2—1+4 [x] + e2si0 x = 9 

(where [x] denotes the greatest integer function). 

75. The area of the region bounded by the curve and 
the lines x =— | is 


(A 2+ 1 sq. units (B) a — 1 sq. units 


(C) - + 1 sq. units (D) i — 1 sq. units 


76. Line x = 0 divides the region mentioned above in 
two parts. The ratio of area of left hand side of line 
to that of right hand side of line is 
(A) 2+7:7 (B) 2-1: 7 
(C) 1:1 (D) t+2:7 


77. The area of the region bounded by the curve and 
lines x = 0 andx = 1/2 is 


(A) wae sq. units (B) 8 


(C Bix sq. units (D) fs 


a sq. units 


See got units 


Comprehension - 3 
Consider the polynomial f(x) = x°— 2a2x4 + a*x? + ax. The 
graph of the function is tangent to a straight line at 
three point A,, A, A, where A, lies between A, and A,. 
78. The equation of the straight line is 
(A) y=x+a (B) 2y=ax 
(C) y=ax (D) None of these 
79. The ratio of length of segments A,A, and A,A, is 
(A) 1:2 (B) 1:9 
(C) 2:3 (D) None of these 
80. The ratio of areas of the figures bounded by line 
segments A,A,, A,A, and the graph of the 


polynomial is 
(A) 1:4 (B) 1:9 
(C) 1:1 (D) None of these 


Comprehension - 4 
Consider f, g and h be three real valued functions 
-1,x<0 

0,x=0 

1,x>0 
g (x) =x (1 —x?) and h(x) is such that h"(x) = 6x —4. 
Also h(x) has local minimum value 5 at x = 1. 


defined on R. Let f(x) = 


81. The equation of tangent at M(2, 7) to the curve 
y=h@), is 
(A) 5x+y=17 (B) x+5y=37 
(C) x—S5y+33=0 (D) 5x-y=3 

82. The area bounded by y = h(x), y =g(f(x)) 


between x = 0 and x = 2 equals 


(a) = 6) > 
40 
© = OF 
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83. Range of the function sin" |/(fog(x)) , 18 


Tl 
(A) (0 
Tl Tl Tl 
of so5} (5 


Comprehension - 5 

A variable line y = /(x) intersects the parabola 
y = x? at points P and Q whose x-coordinates 
are a and B respectively with a < B. The area of the 
figure enclosed by the segment PQ and the parabola is 


4 
always equal to a The variable segment PQ has its 


middle point as M. 
84. The value of (B — a) is equal to 
(A) 1 (B) 2 
© 4 (D) 8 
85. Equation of the locus of the mid-point of PQ, is 
(A) y=1+x? (B) y=1+4x? 
(C) 4y=1+x? (D) 2y=1+x? 


86. Area of the region enclosed between the locus of 
Mand the pair of tangents on it from the origin, is 


(A) (B) 2 


wl] BR woo 


2 
© ) 5 


Assertion (A) and Reason (R) 


(A) Both A and R are true and R is the correct 
explanation of A. 

(B) Both A and R are true but R is not the correct 
explanation of A. 

(C) Aistrue, R is false. 

(D) Ais false, R is true. 


87. f(x) is a polynomial of degree 3 passing through 
origin having local extrema at x = +2. 
Assertion (A) : Ratio of areas in which f(x) cuts 
the circle x? + y?= 36is 1:1. 
Reason (R) : Both y= f(x) and the circle are 
symmetric about origin. 


88. Assertion (A) : The area enclosed between 
the parabolasy—2y+4x+5 =Oandx? +2x—y+2 =Ois 
same as that ofbounded bycurves y2=—4x and x?=y. 


3.72 0 


89. 


90. 


91. 


92. 


93. 


Reason (R) : Shifting of origin to point (h, k) does 

not change the bounded area. 

Assertion (A) : The area of the region bounded 

by the curve 2y = log.x, y = e® and the pair of 

lines (x + y—1) x (x + y—3)=0 is 2k sq. units. 

Reason (R) : The area of the region bounded by 

the curves y= e**, y= x and the pair of lines x?+ y? 

+ 2xy— 4x —4y+ 3 =0is k units. 

Consider two regions 

R, : Point P is nearer to (1, 0) than tox =— 1 

R, : Point P is nearer to (0,0) than to (8,0). 

Assertion (A) : Area of the region common to R, 

and R, is oe Sq. units. 

Reason (R) : Area bounded by x = 4 Jy and y=4 

is 32 
3 

Assertion (A) : (A): Let A, be the area outside a 

regular n-gon of side length 1 but inside its 

circumcircle and B, be the area inside the n-gon 


sq. units. 


. A 
but outside its inscribed circle. Then lim —* =2 
no n 


2 
Reason (R): A, =7 : cosec™ 7 cot = and 
2 n 4 n 


2 
n =. 1 T : 
B. =—cot T™| —sec Ne) 
n ( 2 *) 


a4 


Assertion (A) : A convex quadrilateral is such 
that each of its vertices satisfies the equation 
x2 + y? = 73 and xy = 24. The area of this 
quadrilateral is 110. 

Reason (R) : The quadrilateral is a rectangle whose 


side lengths are 5S /y and 11/2. 
Assertion (A) : Let f(x) = x3 +2x?+ 2x + 1 and g(x) 


be its inverse. The area bounded by g(x), 
x-axis, xX =—3 and x = 6 is given by 


94. 


95. 


96. 
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le (5—x3—2x2—2x) dx+ fe: (x3+ 2x2+2x+4) dx 
Reason (R) : ik f(x) dx = bf(b) —affa) 


f(b) 
Jrca) £10 Ay 
Assertion (A) : The area of the region represented 
by the expression /2 < x+y|+|x—y|/s 2V2 is 
equal to 6. 
Reason (R) : This inequation gives a squared strip 
having inner side./> unit and outer side 7,/> 
unit. 
Assertion (A) : Area enclosed by curve 
(y—-sin-!x)? = x — x? is equal to 

1 

J (sin X+Vx—x° dx 

0 
Reason (R) : Ify = f(x) and y= g(x) are two curves 
such that f(x) = g(x) for V x é€ [a, b], where 
f(x) = g(x) > x =a, b then area enclosed by these 


b 
two curves is given by [ t€e0 — g(x) }dx 
a 
Assertion (A) : Area enclosed by the curve 


2 1 
—V1ex? 2 
[ys i }=0--is equal 02] 1—x°dx 
-1 


Reason (R) : If a, o,, 
continuous functions f(x) and /g(x), are the 


roots of equation g(x) =0 and a, < Q....<,, then 
area enclosed by curve (y— f(x))? = g(x) equals to 


im 


An- 


has , &, € domain of 


2 + Fee + 


a2 
i} Je(xdx 
ay 


a3 
f Jgodx 
a2 


a g(x)dx 
1 


MATCH THE COLUMNS FOR JEE ADVANCED 


97. 


Column-I 
(A) Area enclosed by y= [x] and y= {x}, 
where [-] and {.} represent greatest integer 
and fractional part functions. 
The area bounded by the curves 
y?= x3and ly| = 2x. 


(B) 


Column-II 
(P) 16/5 sq. units 


(Q) 1 sq. units 
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(C) The smaller area included between the curves (R) 4 sq. units 


vx + Jly| = 1 and|x|+|y=1. 


Xx 
(D) Area bounded by the curves y = E 2 | (S) 2/3 sq. units 


(where [-] denotes the greatest integer function), 
y=x-— 1 andx=Oabove the x-axis. 


98. Column! Column — II 
(A) Adifferentiable function satisfies f(x) = f(x) + 2e* (P) 3 
with the condition f(x) = 0, then the area bounded 
by y = f(x) and the x-axis is 


(B) C,:y=e%,C,:y=e*, where a> 0. IfA is the area (Q) 2 
bounded by y-axis, C, and C,, then lim ss 
a0 a2 
is equal to 
(C) Let y= f(x) and y= g(x) are two continuous function (R) 15 


intersecting at (0,4), (2,2) and (4,0) with f(x) > g(x) 


4 4 
Wx € (2.4). If J C0) ~ 809)dx =10, [ (g(x) - F(x) dx = 5 
0 


2 
then the area between the two curves for 0 < x < 2 is 
(D) Ifthe area bounded by the curves y = x(1 — Inx), (S) 5 


a —a 
. | e —be 
x=e'landx=eis [se , then roots of 


x2—(a+b)x + 2b=0 is/are 


99. ColumnI Column — IT 
(A) Area bounded by the curves y = [cosA + cosB + cosC], (P) 0 


y= [7 sin - sin 5 sin c| , (where [.] denotes the greatest 


integer function and A, B, C are the angles of a triangle) 
and curve |x —4] + |y| =2 is 


(B) The area bounded by |x| + ly| = 1 and |x — 1] + |y|= 1 is (Q) 
(C) The area bounded by y= f(x), y-axis and line 2y = m(x + 1) where (R) A 
f(x) = Rs sin! x+tan x +cos!x + tan! is A, then [A?] 
6 x : 
is (where [.] is greatest integer function and—1 <x <1) 
(D) Area bounded by the curve y = Jil and y = |x| is (S) 3 


100. Let consider the region max {|x|, |y|} <2 represented by f(x, y). Now, ifthe region f(x, y) undergoes the 
following transformations successively, then match the region obtained in column —II by transformations 
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101. 


done in column-I after each step. 
Column I 
(A) Theregion f(x, y) isa 


(B) The region given by f,(x,y) = (vx? Wy") ,isa 


(C) Theregion given by f,(x,y) = f(y, x), isa 


(D) The region given by f,(x, y) =f, (x + 3y, y), isa 


Column - I 


(A) The positive value of a such that the parabola y= x?+ 1 
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Column — IT 
(P) square of area 16 sq. unit 


(Q) rectangle ofarea 12 sq. unit 


(R) parallelogram 


(S) rhombus ofarea 12 sq. unit 
(T) square of area 4 sq. unit 


Column - IT 


(P) 2+ V2 


bisects the area of the rectangle with vertices (0, 0), (a, 0), 


(a, a2+ 1) and (a, a?+ 1) is 


(B) The graph of x?—(y—1)?= | has one tangent at (a,b) 


Q 36 


with positive slope which pases through origin. Then a + b is 


(C) Thearea of the largest rectangle that can be drawn inside 


®) V3 


a 3-4-5 right triangle with one of the rectangles sides 


along one of the legs of the triangle, is 


(D) A ballon in the shape of a cube is blown up at a rate such that , 


(S) 3 


at time t its surface area is 6t. The rate of pumping of air when 


the surface area is 144, equals 
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1. 


Find the area of the closed figure bounded by the 
following curves. 


3(x — 1) 2(y +1) 
(i) Say x= y-1 ,X=3,x=5 
(ii) y=8sin*x + 4cos*x , x € [0, t] andy=0 
Ss | x? | 

a ; =] 
(ii) y= i 
; 4 6 7 
(iv) y +x]? 2 —x| 

x-1 

Find the area bounded by the curve y = are and 


its asymptote from x = | tox =2. 


Find the area bounded by the curve y = | + 8/x? 
and x—axis from x = 2 tox =4. Ifthe ordinate x =a 
divide the area into two equal parts, find ‘a’. 


Compute the area of the figure bounded by 
straight lines x = 0, x = 2 and the curves y = 2* and 
y=2x-x?, 

The line 3x + 2y = 13 divides the area enclosed by 
the curve, 9x?+ 4y2— 18x— 16y—11=0 into two parts. 


Find the ratio of the longer area to the smaller 
area. 


Find the area of the closed figure bounded by the 
following curves. 


1 
it =—- x?-— 2x + 2, tangents to the parabola 
x5 g p 


at (13 and (4, 2) 


(ii) y=25*+ 16, y=b.5*+ 4 whose tangent at 
x = Lhas slope 40 @n 5. 
(iil) y=x*-2x?+ 5, y=1,x=0,x=1 


Find the area of the region bounded by the curves, 
y= log. x, y= sin*tx and x =0. 
Find the area bounded by the curves y=,/; _ ,2 


and y = x3— x. Also find the ratio in which the 
y-axis divided this area. 


Ifthe area enclosed by the parabolas y = a — x? and 
y= x? is 18 4/2 sq. units. Find the value of ‘a’. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Through the point (x9, y,) of the graph of the 


function y =./1+cos2x draw a normal to the 
graph, if it is known that the straight line x = x, 
divides the area bounded by the given curve, the 
x-axis, and the straight lines x = 0 and x = 3/4 7 into 
equal parts. 

Find all the values of the parameter a (a > 0) for 


each of which the area of the figure bounded by 
2 


oe (av — ax) 
the straight line y= rer ae and the parabola 
+a 
(x? + 2ax+ 3a7) : 
= 7 is the greatest. 


l+a 
Find the area of the smaller portion enclosed by 
the curves x2+ y?=9, y?= 8x. 
Compute the area of the figure bounded by the 
curve y= /n x and y= /n?x. 
Find the area of the figure bounded by the 
pareabolas, x =—2y?, x = 1-3 y* and y-axis. 
A normal to the curve, x2 + @x—y+2=0 at the 
point whose abscissa is 1, is parallel to the line 
y =x. Find the area in the first quadrant bounded 
by the curve, this normal and the axis of ’x’. 


Indicate the region bounded by the curves y= x In 
x and y= 2x — 2x? and obtain the area enclosed by 
them. 

Let us designate as S(k) the area contained 
between the parabola y, = x2+ 2x—3 and the straight 
line y,=kx+ 1. Find S(-1) and calculate the least 
value of S(k). 


Find the area enclosed by the curve y? (x + 1) =x? 
(1—x). 

1 
A rectangle of length am and height 4 is bisected 


by the x-axis and is in the first and fourth quadrants. 
The graph of y= sin x + C divides the area of the 
square in half. What is C ? 


Calculate the area bounded by the curves 
y= cos"! (cos x) and y= 12+ x?— 27x. 


The area from 0 to x under a certain graph is given 


tobe A= V1+3x-1,x2>0; 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 
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(i) Find the average rate of change of A w.r.t. x as 
x increases from | to 8. 

(i) Find the instantaneous rate of change of A 
wrt.x atx=5. 

(iii) Find the ordinate (height) y of the graph as a 
function of x. 

(iv) Find the average value of the ordinate 
(height) y, w.r.t. x as x increases from | to 8 


AREA UNDER THE CURVE 


Find the area included between the curve x?+ y? =a? 


and \| x| of viyl = Ja(a>0). 


A figure is bounded by y = x2 + 1, y= 0, x = 0, 
x = 1. At what point of the curve y = x? + 1, musta 
tangent be drawn for it to cut offa trapezoid of the 
greatest area from the figure ? 


Find the area of the region 

{(x, y): OS ySx?4+ 1,0Sy<x+1,0<x<2}. 
Find the value of c for which the area of the figure 
bounded by the curves y= sin 2x, the straight lines 
x = 71/6, x =cand the abscissa axis is equal to 1/2. 


5) 


A figure is bounded by the curves y= V2 sin = 


y=0,x=2 and x=4. At what angles to the positive 
x-axis straight lines must be drawn through (4, 0) 
so that these lines partition the figure into three 
parts of the same size. 


Find the value of p (p < 0) for which the area of a 
figure bounded by the parabola y= (1 + p*)?x2+p 
and the line y= 0 attains its greatest value. 


A figure is bounded by the curves y= (x + 3)*, y=0, 
x = 0. At what angles to the x-axis must straight 
lines be drawn through the point (0, 9) for them to 
partition the figure into three parts of the same size? 
Let C be the curve passing through the point 
(1, 1) has the property that the perpendicular 
distance of the origin from the normal at any point 
P of the curve is equal to the distance of P from 
the x—axis. If the area bounded by the curve C and 


2 _ kx ; 
x-axis in the first quadrant is > Square units, then 


find the value of k. 


Let C be a curve passing through M (2, 2) such 
that the slope of the tangent at any point to the 
curve is reciprocal of the ordinate of the point. If 
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the area bounded by curve C and line x = 2 is 


31. 


32. 


expressed as a rational - (where p and q are in 


their lowest form), then find (p + q). 


The functions y= 1 + cos x and y= 1 + cos(x —Q), 
where 0 <a < 71/2, are given on the interval [0, 77]. 


At what value of @ is the figure bounded by the 


curves y= | + cos x, y= 1 + cos(x — @), x = 0, 


equivalent to the figure bounded by the curves 


y=1+cos(x-Q), y=1,x=7? 
Given two curves y= |x— 1| and 4(y—b)?= x2, b<1. 


33. 


34. 


35. 
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Find b so that the area included between the two 
curves in maximum. 

What part of the area of a semi circle is cut off by 
the parabola passing through the end points of 
the diameter of the semicircle and touching the 
circumference at a point which is equidistant from 
the ends of the diameter? 

Compute the area of the figure contained between 
the curve, xy? = 8 —4x and its asymptote 

Find the area bounded by the curve xy? = 4a? (2a—x) 
and its asymptote. 
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1. 


The tangent to the graph of the function 


y= U2 is such that the abscissa x, of the point 
of tangency belongs to the interval [1/2, 1]. For 
what value of x, is the area S(x,) of the triangle 
bounded by the tangent, the x-axis, and the 
straight line x =2 the least and what is it equal to? 


For what value of a (a € [0,1]) does the area of 
the figure bounded by the graph of the function 
y= f(x) and the straight line x = 0, x = 1, y= fa), 
have the greatest value and for which value does 
it have the least value if f(x) =x*+ 3x,a,B ER 
with a>1B>1? 


Find the total area enclosed by the curve 
a2y? = x2(a2— x2), 
Find the value of'a' (a > 2) for which the reciprocal 


1 
of the area enclosed between y = x? 


1 
y= A(x —1) X= 2 and x=ais ‘a’ itself and for 


what values of b € (1, 2), the area of the figure 
bounded by the lines x = b and x = 2 is | —1/6. 
Consider the curve C : y= sin 2x — /3 |sin x|, C 
cuts the x—axis at (a, 0), a © (1, 7). 

A, : The area bounded by the curve C and the 
positive x—axis between the origin & the ordinate 
atx =a. 

A, : The area bounded by the curve C and the 
negative x—axis between the ordinate x = a and 
the origin. Prove that A,+A,+8A,A,=4. 


6. 


10. 


11. 


Find the area bounded by the curve y = xe~, 
xy=0 and x =c where c is the x—coordinate of the 
curve’s inflection point. 


2 
Find the area bounded by the curve y=xe* , 


the x—axis, and the x = c where y(c) is maximum. 


A polynomial function f(x) satisfies the condition 
f(x + 1) = f(x) + 2x + 1. Find f(x) if f(0) = 1. Find also 
the equations of the pair of tangents from the 
origin on the curve y= f(x) and compute the area 
enclosed by the curve and the pair of tangents. 
Find the equation of the line passing through the 
origin and dividing the curvilinear triangle with 
vertex at the origin , bounded by the curves 
y=2x—x?, y=0 and x = | into two parts of equal 
area. 


Find 


the ratio in which the curve 


29° 1 

x=| 7 SiNY— 5682 |, y © [0, 2] divides the 
area bounded by the curves y = x3 — x? and y= x, 
where [.] denotes greatest integer function. 
Consider the two curves C, : y=1+cosxandC,: 
y=1+cos(x— a) for a € 07 ,x €[0, 7]. Find 
the value of a, for which the area of the figure 
bounded by the curves C,, C, and x = 0 is same as 
that of the figure bounded by C,, y= 1 and x = 7. 
For this value of @ , find the ratio in which the 
line y = | divides the area of the figure by the 
curves C,,C,andx=7. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Find the area bounded by the curve a’y? 
= x3 (2a—x). 

At what values of a is the area of the figure 
bounded by the curves y = 1/x, y = 1/(2x — 1), 


4 
x=2 and x=a equal to (n 75? 


Consider the collection of all curve of the form 
y = a — bx? that pass through the point (2, 1), 
where a and b are positive constants. Determine 
the value ofa and b that will minimise the area of 
the region bounded by y = a — bx? and x-axis. 
Also find the minimum area. 


Show that the area bounded by the curve 
Inx-—c 


y= , the x—axis and the vertical line 


through the maximum point of the curve is 
independent of the constant c. 


Compute the area of the loop of the curve 
y=x [(+x/—-x)]. 

Find the area bounded byy? =4(x+1),yv=—4(x-1) 
and y= |x| above axis of x. 


A differentiable function g(x) satisfies g(x + y) = 
-¥ g(x) + e* g(y) for all x & y and g’(0) = 2. Find g(x) 
and determine the area bounded by the graph of 
the function, ordinate of its minima and the 
coordinate axes. 

Let two curves y? = 4a (x + 2),a>Oandx?+y=4 
on each other at points A and B. Find the values 
of ‘a’ such that the area of the region bounded by 
the parabola and the chord is maximum. 

Let S be the area included between the parabola 
y=x?2+ 2x—3 and the line y=Ax + 1. Find the least 
value of S where A is a parameter. 


Let f be a function satisfying the condition 


x f(x) 


{| Fy)? Vv xy ER, y#0 and f(1)=2. Find 


the area enclosed by y 2 f(x), the x axis and the 
portion of x?+ y? < 2 in the first quadrant. 

Find the area of the region represented by : 

(a) |yjt+2|x|<x?+1, |x| <2 


y-1+|x-l| 
(b) 


<0,-1l<x< 
yx +2x oie ea 


23. 


24, 
25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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Let f be a real valued function satisfying 


AREA UNDER THE CURVE 


x . f(1+x) : 
f a f(x) — f(y) and pe ee = 3. Find the 


area bounded by the curve y = f(x), the y-axis and 
the line y =3, where, x, y € R*. 

Find the area of loop formed by x = 3t?, y = 3t-t3 
Let f(t) = |t— 1|—|t| + |t+ 1] Vt eR and g(x)=max 
{f(t): x+1<t<x+2} Vx eR. Find g(x) and the 
area bounded by the curve y = g(x), the x-axis and 
the lines x =—3/2 andx=5. 

Find the area enclosed between the smaller arc of 
the circle x? +? — 2 x+4y—11 =O and the parabola 
y=—-x?+2x+1-23 ; 

Draw a neat and clean graph of the function 
f(x) = cos~! (4x3 — 3x), x € [—1, 1] and find the area 
enclosed between the graph of the function and 
the x—axis as x varies from 0 to 1. 

Let f(x) = min. {e*, 3/2, 1 +e*},0<x <1. Findthe 
area bounded by y= f(x), x-axis, y-axis and the line 
x=1., 


Find the area bounded by y = f(x) and the curve 


y= cee > Where f is a continuous function 
+X 


satisfying the conditions f(x) . f(y) = f(xy) 
Vx,y, €Randf(1)=2, f(1)=1. 


Find the area of region enclosed by |x + y|+ |x —y| 


<4. \x|<1,y> yx? —2x 41. 


Find the area enclosed by the curve [x]+ [y] =4 in 
the first quadrant (where[.] denotes greatest 
integer function). 


Sketch the region and find the area bounded by 
the curves |y+ x| < 1, ly—x|< 1 and 2x?+ 2y?= 1. 


Let C, and C, be two curves passing through the 
origin as indicated in the figure. A curve C is said 
to "bisect in area" the region between C, and C, if 
for each point P of C, the two shaded regions A 
and B shown in the figure have equal areas. 
Determine the upper curve C, given that the 
bisecting curve C has the equation y = x? and that 
the lower curve C, has the equation y= 1/2x2. 
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34. Find the area of the region bounded by the curves, 


35. 
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2k! ly| + 2's-! <1, within the square formed by the 
lines |x| < 1/2, ly 1/2. 

Consider two curves C, : y? = 4 Jy] x and 
C,: X= Atvx ly, where [.] denotes the greatest 
integer function. Find the area of region enlosed 


by these two curves within the square formed by 
the lines; x= 1, y=1,x=4, y=4. 


— Prewious Years. Questions, (JEE Advanced)... 


A. Multiple Choice Question with ONE 


corect answer: 


The area bounded by the curves y = f(x), the x-axis 
and the ordintes x = 1 and x =bis (b— 1) sin 3b+4). 
Then f(x) is [IIT - 1982] 
(A) (x- 1) cos (3x + 4) 

(B) sin(x+4) 

(C) sin(3x+4)+(x-1)cos(3x+4) 

(D) none of these 


The area bounded by the curves y = |x| — 1 and 
y=—|x|+ Lis [IIT - 2002] 
(A) 1 ® 2 © 2v2 O4 


The area bounded by the curves y = vx ,2yt+3= 
x and x-axis in the 1s quadrant is [IIT - 2003] 
(A) 9 (B) 27/4 (©) 36 (D) 18 
The area bounded by the the parabolas y= (x + 1)? 
and y =(x — 1)? and the line y= 1/4 is 

[IIT - 2005] 
(A) 4 sq. units (B) 1/6 sq. units 
(C) 4/3 sq. units (D) 1/3 sq. units 


The area enclosed between the curve y= ax? and 
x = ay?(a > 0) is sq. units then the value ofa is 
[IIT - 2004] 


(A) 1/\3. @) 12 © 1 (D) 13 


The area of the region between the curves y 


1+sinx 1—sinx 
= and y = bounded by the 
COS X COS X 


lines x = 0 and x =7 is [IIT - 2008] 
V2-1 


t 
() J (1+t?)V1-t? . 


V2-1 


®) eee ee (+t = 1247 


m 


10. 


J241 
C) — dt 
( 6 CE Wis 
241 


t 
ee Saas! 
) J (+t?)v1-t? 
Let f: [—1, 2] — [0, ©) be a continuous function 


such that f(x) = f(1 — x) for all x € [--1, 2]. 
Let R, =p xf(x)dx , and R, be the area of the 


region bounded by y= f(x), x =—1, x = 2, and the 
x-axis. Then [IIT - 2011] 
(A) R,=2R, (B) R,=3R, 
(C) 2R,=R, (D) 3R,=R, 


Let the straight line x = b divide the area enclosed 
by y = (1 — x)’, y = 0, and x = 0 into two parts 
R,(0<x <b) and R,(b <x <1) such that R, -R, 


1 
mig: Then b equals : (IIT - 2011] 


3 1 1 1 
(A) 4 (B) 5 © 3 (D) ri 
Multiple Choice Question with ONE or 
MORE THAN ONE correct answer: 


For which of the following values of'm, is the area 
of the region bounded by the curve y= x — x? and 
the line y= mx equals 9/2? [IIT - 1999] 
(A) 4 ®) -2 © 2 (D) 4 

Let S be the area of the region enclosed by y= e*’, 
y=0,x=0andx= 1. Then [IIT - 2012] 


(A) s2l (B) S21-4 
e€ e 


© s(t (D) S< 5 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Subjective Problems: 
Find the area bounded by the curve x? = 4y and 


the straight line x =4y—2. [IIT - 1981] 
e'+e! e'-e!. : 
For any real t, x= >” y= 5 1s a point 


on the hyperbola x? — y? = 1. Show that the area 
bounded by this hyperbola and the lines joining 
its centre to the points correspoinding to t, 
and +t, is t,. [IIT - 1982] 


Find the area bounded by the x-axis, part of the 


8 
curve y = [ ay 4 and the ordinates at x = 2 and 
Xx 


x =4. Ifthe ordinate at x = a divideds the area into 
two equal parts, find the a. [IIT - 1983] 
Find the area of the region bounded by the x-axis 
and the curves defined by 

30 


re ae 
3 3 


Me 
y = tan x, — >y=cotx, Pee 5 
[IIT - 1984] 


Sketch the region bounded by the curves 
y= 5-x? any y= |x— l| and find its area. 
[IIT - 1985] 
Find the area bounded by the curves x? + y* = 4, 
x2=—/2 yandx=y. [IIT - 1986] 


Find the area bounded by the curves, x? + y?= 25, 
4y= |4—x?| and x = 0 above the x-axis 
[IIT - 1988] 


Find the area of the region bounded by the curve 


C:y=tan x, tangent drawn to C atx = ; and the 
[IIT - 1988] 
Compute the area of the region bounded by the 


X-axis. 


1 
curves y= ex In x and y= a [IIT - 1990] 


Sketch the curves and identify the region bounded 
byx=1/2,x =2, y=In x and y= 2* Find the area of 
this region [IIT - 1991] 


Sketch the region bounded by the curves y = x? 


and y= 7: Find the area. [IIT - 1992] 
1+x 


22. 


23. 


24, 


25. 


26. 


27. 


28. 
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In what ratio does the x-axis divide the are 
a of the region bounded by the parabola 
y=4x-x? andy=x?-x. [IIT - 1994] 
Consider a square with vertices at (1, 1), 1, 1), 
(—1, —1) and (1, —-1). Let S be the region consisting 
ofall points inside the square which are nearer to 
the origin than to any edge. Sketch the region S 
and find its area. [IIT - 1995] 


Let A, be the area bounded by the curve y= (tan x)" 
and the lines x = 0, y= 0 and x = 7/4. Prove the for 


AREA UNDER THE CURVE 


1 1 
+ = —< 
n>2,A,+A,.> ay and deduce oan) A, 
1 
< IIT-1 
rer) [ 996] 
Find all possible values of b > 0, so that the area 


of the bounded region enclosed between the 
parabola y = (x - bx?)/b and y = x2/b is maximum. 
[IIT - 1997] 


1 
Let O (0, 0), A(2, 0) andB (1, B ) be the vertices 
ofa triangle. Let R be the region consisting of all 
those points P inside A OAB which satisfy 
d(P, OA) 2 min {d (P, OB), d(P, AB)}, where d 
denotes the distance from the point to the 
corresponding line. Sketch the region R and find 
its area. [IIT - 1997] 
Let f(x) =maximum {x?, (1 —x)?, 2x(1 —x)} where 
0 <x <1. Determine the area of the region bounded 
by the curves y = f (x), x-axis, x =O andx=1. 

[IIT - 1997] 

Let C, and C, be the graphs of the functions y = x? 
and y= 2x, 0 <x <1 respestively. 


3 
Let C, be the graph ofa function y= f(x), OS x <1, 
f(0) = 0. For a point P on C,, let the lines through P, 
parallel to the axes meet C, and C, at Q and R 
respectivley (see in figure). If for every position 
of P (on C,), the areas of the shaded regions OPQ 
and ORP are equal, determine the function f(x). 
[IIT - 1998] 
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29. 


30. 


31. 


32. 


33. 


Let f(x) be a continuous function given by 


2 <1 
f(x) = | a le . Find the area of the 


x +ax+b, |x Pl 
region in the third quadrant bounded by the 
curves x =— 2y?and y= f(x) lying on the left of the 
line 8x + 1=0. [IIT - 1999] 
Let b40 and for j=0, 1, 2......... n, let S; be the area 
of the region bounded by the y-axis and the curve 


j+1 
G b am . Show that S,, S,, 


xe*”= sin by, a sys 
Seiusia oe S, are in geometric progression. Also, 
find their sum fora =— 1 andb=7. [IIT - 2001] 
Find the curve passing through (2, 0) and having 
slope of tangent at any point P(x, y) as 
(x+1)? +y-3 


xt] 
the curve and x-axis in the IV quadrant. [IIT - 2004] 


Find the are a bounded by the curves x?= y, x2=—y 
and y2=4x —3. [IIT - 2005] 


. Find also the area enclosed by 


4a” 4a 1lreay] | 3a? +3a 
If} 4b> 4b 1/| £0) | =|3b7+3b] f(x) is a 
4c> 4c 1] | FQ) 3c? +3c 


quadratic function and its maximum value occurs 
at a point V. Ais a point of intersection of y= f(x) 
with x-axis and point B is such that chord AB 
subtends a right angle at V. Find the area enclosed 
by f(x) and chord AB. [IIT - 2005] 


Comperehension (Q. No. 33-35) [IIT -2008] 


Consider the functions defined implicitly by the equation 
y?—3y+x=0 on various intervals in the real line. 
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Ifx € (0, -2) U (2, ©), the equation implicitly defines 
a unique real valued differentiable function y = f(x). 


Ifx € 2, 2), the equation implicity defines a unique 
real valued differentiable function y = g(x) satisfying 


g(0)=0. 
34. Iff(-10V2 )=2 V2 , then f(-10 V2 )= 
4/2 4/2 
A) F7 “e 
4/2 4/2 
© 735, “Se 


35. 


36. 


The area of the region bounded by the curve 
y = f(x), the x-axis, and the lines x= a and x = b, 
where —% <a<b<-—2, is 

b 


Xx 

(A) RE dx + bf(b)—a f(a) 
Xx 

(B) Sram dx +b f(b)—a f(a) 


b 
x 
© rea dx —b f(b) +a f(a) 


b 
x 
(D) A fey dx —b f(b) +a f(a) 


1 

J e'@ax = 

-1 

(A) 2g(-1) (B) 0 
(© ~22(1) (D) 2g(1) 


PRACTICE PROBLEMS—A 


(i (i) ay K wy) 


1. 


- @ 


. @ 


- @ 


AREA UNDER THECURVe (© 3.81 


(ii) 


(ii) 


(itt) 


(ii) 
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Concept PRoBLemMs—A 

1. 3 

2. f(x) 2 0 for all x € [a, b], ifa<b; f(x) <0 for all 
x € [b, a] ifa>b. 

3. (i), (aii), (iv), (vi) 


4. (i) (es + Idx (ii) [fe + 2)dx 
8. 
6. 10- 
1 i 
7. (i) 6 (ii) 1 
1 5 
8. 5 9 20 rn 


PRACTICE PROBLEMS—B 


(ii) P 
e2 5 
10. 5 11. 3V2 : 
3 
12. 4 14. 5 (4) 


PRACTICE PROBLEMS—C 


= al 
see 3 : 
(ill) 3. 9-8In2 4. [€og,3, 0) 
5. 23 6. 125/2 
7. 35-12tnt 8. 5-2 InG+ V8) 
10. 1.18 
ane ha 
11. (a) 1800ft )) 
@) 6) SB 
13. 9 re We ees 
(iv) a ae 


Concept ProsLEMs—B 


1. (a) the integral gives the net signed area (a) the 
integral gives the area bounded between the 
curves. 

25 
12 


3 @ 1215 
(iii) 7/4 


4. 1123 
6. Vv2+4 


PRAcTICE PRoBLEMS—D 


; 6-7 
tr ae 


(ii) 1.5—¢n2 


4—31n3 
2 


10. 2 


12. 2(1-¢n2) 
14. 32/27 


Z 
16S k= 
T 


PRACTICE PROBLEMS—E 


ine 
ee 


10 
3. e-(l/e)+ — 
3 
5. 10/3 
- 
2 


8. (i) 


uo 
uo 
an 


9. (a) 


(c) a 


(ii) 9 
(iv) ae 


5, V2-1 


33 
ii) —-8fn2 
Gi) =~ on 


re 
(iv) 9 
; 3 —2In2 —21n*2 
° 16 
8 
11. 2n- = 


5 
13. 0<m<1;m—m-1 


15. 2~sin7'(2/V5) 


- e"+1 
* 2(e*=1) 
2. 1/5 
4. 9 
T 
6. in(3+ SO ear 


(ii) 2In 1.6-sin“0.6. 


10 
) > 


2(3n — 2) 


11. 
3 


AREA UNDER THE Curv 


PRACTICE PROBLEMS—F 
1 av 2a? sin”! ah 
V3 


a £2 inf +3) 


r) 


ie) 
nN 


x _ V2 3 + | 
[6 8 


o) 


a’ a + V2 8 + | 
| 3 4 
28 (5 
3 3 4. 5) 


OF HT, 


5, tan os, tan 6. 3/4 


E 


O 3.83 


8. The parabola partitions the square into two parts 


whose areas are related as | : 2. 


9. S=b fora /8/3b-1; the problem has a solution 


for b € (0, 8/3). 


14.8,=S,=7 2 In 3 2 sin! [2 = 0.46 : 


S,=2(n-S)). 
15, ¢= sor — 
. An Bs 4 


Practice PROBLEMS—G 


1. — 7/6, 1/3 
2 @ 48 Gi) m=27/4 
3. {-1, ¥8-V17} 4. {1/4,49/4}. 
5. {-n/18, n/9 6 = x 
. {-1/18, 77/9} ‘ 30°6 
( -z5) 
7. 4 Ja 
4 16 
ee a ea 3 104 
aa <( a : 9a” 
20V5 
9. 3/4 10. k=0, A= zo 
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32 OBJECTIVE EXERCISES 
n. = 12. a=1 


3 
13. For a= 1/2 the area has the least value and for 


a= 0 it has its greatest value. -C 2. D 3. D 
142-8=0 4. C 5. B 6. A 
2c 8. A 9 A 
PRACTICE PROBLEMS—H 10. B Cc 2. C 
16 13. A 14. D 15. C 
lL | 2. 31/2 —3 16. A 17. A 18. C 
8 19. A 20. B 21. D 
4. 15 3:5 22. A 23. D 24. A 
25. B 26. A 27. A 
1 
6. nv2 7 7B 28. C 29. C 30. A 
8. 1 (the figure consists of two equal portions). ee alien Seems 
: 34. C 35. C 36. C 
i> Bi je 37. B 38. C 39. B 
8 40. B 41. D 42. C 
p) sf 2 43. B 44. A 45. A 
ee ee ree 
I. ft +583 — tan” 25) 46. C 47. A 48. B 
49. A 50. D 51. ACD 
12. me 13. 4x 52. AB 53. BC 54. A.C.D 
ee igcais 55. A 56. AC.D 57. ABD 
ee ie ee 58. BCD 59, BCD 60. AD 
61. BC 62. BCD 63. BC 
Practice PRroBLEMS—I 64. BCD 65. CD 66. BCD 
3a? i 67. CD 68. ABC 69. ABC 
1. ae er 70. ABC 1. ABC 72. B 
73. A 74. C 75. A 
5 ma? ho os 9/3 1 76. D 77. A 78. C 
4 oa 79. A 80. C 81. D 
$2. C $3. B 84. B 
PRACTICE PROBLEMS—J 85. A 86. D 87. A 
1. 3/2. 2. 3-4ln2 88. A 89. A 90. D 
32-8 a 91. C 92. A 93. B 
3. 6. |® 4.5 94. A 95. D 96. A 
5. 2(4—m) ey 97. AD Q.BOP.C5S.D5R. 
eas 3 98. A-(Q); B-(Q); C—(R); D-(Q), (S) 
SGtv5) 8 5 99. A-(S); B—(R); C—(P); D-(Q) 
12 100. A-P;B-(T); C—(T);D-(R) 
9. 2-7/3 10. 4(7—3 n2) 


101. A>RB>OPC>S,D>Q 


REVIEW EXERCISES for JEE ADVANCED 


1. 


10. 


11. 


12. 


13. 


15. 


17. 


18. 


20. 


21. 


(i) 4-£n3 (ii) 37 
(iti) 16 (iv) 11-6 n3 
In 9/4 3. 4 sq. units, a=2 V2 
3 = 3n+2 
log,2 3 m2 
2 re e’ 
(i) 8 (ii) 4 log. 7 
58 Bhs ae 
(iti) 15 ra sq. units 
nm nm—l 
a 9, a=9 
y= x—sin! 1-22 + 
4 }| J2(4-V2) 
v2 ela, 
4 
a= 


4 
3- 14. —= -1 
3-e) ae Oe) 
Z 16. 7/12 
6 : 
S(-1) = 125/6, min. S(k) = S(2) = 32/3. 
1 242-4 
—(4—2) 19. 2V2-4 
2 Tt 
2 2 3. 3 
s + an(m— oO) sa : 
3 
2nt+1+v4n+1 
2 
3 a) 
@ 5 i) 5 
ie ge ee 
yee 


34. 


O 3.85 


AREA UNDER THE CURVE 


23/6 25. c=—1/6 or 1/3 
2V2 4/2 
T™— tan! ;m—tan! 27.p=-1 
3n 3n 
tan’ —, tan! a 29. 1 
° 4 . 
. 19 31. {7/3} 
. b=1 
. 5S, _ 32-8, where S is the area cut off by the 
S 3n 
parabola from the semicircle. 
4n 35. 47a? 


TARGET EXERCISES for JEE ADVANCED 


19. 


i 4 5 48 
xgell/2.1 SX) =S (2) = 3 rer 


For a= | the area assumes the greatest value and 
for a = 1/2 it assumes its least value. 


4a7/3 4. Le? 

1-3e? 

1 1/2 

7 (l-e ) 

2 

f(x) =x?+ 1; y=+2x;A 3 

y=2x/3 10. 5:11 
. a= 7/3 12. Ta 
. ((2-2V21)/5, 8} 14. b= 1/8 A, = 43 
me: 16. 2— (1/2) 


=-5 (3-2V2 )?-(2V2 -2) 


x 4 
. y=2xe, 2-— 
e 


B88 ast eat a= = 
9 16 
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0, 2 noel PREVIOUS YEAR'S QUESTIONS 
* 3 “4 6 
; (JEE ADVANCED) 
22. (a) = (b) 6 
3 B 1 °e 2. B 
: 72N3 
23. 3e sq. units 24. 3. D 4. D 
5 5 A 6. B 
-x-l, x <-5/2 7, ¢ 8. B 
4+x, -5/2<x<-2 9, BD 10. ABD 
101 ‘ . 
25. g(x) =) 2 -2<xS-l and area =—— ; 7 
ix Seed 4 11. 9/8 sq. units 13. a=2V2 
= 5n—2 
. fh Se 14. log 2 units 15. 7 sq. units 
sq. units 
32 8 16. + 1/3 sq. units. 17. 4+ 25 sin | 4/5 
BOs ing Oa 18. 1/2 [log 2— 1/2] sq. units 
2 
27, 3(V3-1) sq, units 19, © = 2 
e 
4 1 
Pina 4-V2_ 5 3 
28. (=) | sq. units 20. ~219¢24 
log2 2 2 
2 2 
29. | 7~ 3 } sq. units 21. (2-3) sq. units 22. 4:121 
30. 2 sq. units. 
16V2 —20 
31. 5. sq. units 23. a = 25. b= 1 
32. (2-3) satanite 26. 2- V2 27. 17/27 sq. units 
257 
33. y= 16x7/9 28. f{x)=-x+x° 29. J97 Sa units 
4 7 
34, | Sa-2 1] sq. units (e+1)n(e™! —1) 
In2 30. —z._ $q. units 
(n° + 1)(e-1) 
11 31. 4/3 sq. units 32. 1/3 sq. units 
35. > Sq. units. 33. 125/3 sq. units. 34. B 


35. A 36. D 


For example, the differential equation : 


Eg | 
— =n 2x+cosxis of order |, 


dx 


3 


dy 


d | 
ree +y=es of order 3, 
x dk 


4.1 INTRODUCTION 


An equation involving independent and dependent 
variables and the derivatives of one or more 
dependent variables with respect to one or more 
independent variables is called a differential equation. 
The following relations are some of the examples of 
differential equations: 


a) See 
(i) ~~ =sin2x+cosx 


dx 
d 2 3/2 
y y 
-|14) 2 
(ii) ka (2) 
dy dz _ 
(it) d vax yee 


There are two main classes of differential equations 


(i) Ordinary differential equations 


A differential equation which involves derivatives 
with respect to a single independent variable is known 
as an ordinary differential equation. 


d 
For example, = + xy=sin x, 


d’y _,dy 
bi oer 
dx? Ft i 


CHAPTER 


DIFFERENTIAL 
EQUATIONS 


(ii) Partial differential equations 


A differential equation which contains two or more 
independent variables and partial derivatives with 
respect to them is called a partial differential equation. 


Oz Oz 
For example, y* 5 y y ay? ~% 
2 2: 
es a Z=0 
Ox Oy 


Classification of differential equations 
Differential equations are classified into order and degree. 
Order of a differential equation 


The order of the highest order derivative involved in 
a differential equation is called the order of a 
differential equation. 

For example, the differential equation : 


d 
ae sin 2x + cos x is of order 1, 


dx 
d d 
aaa + y = eis of order 3. 


Degree of a Differential Equation 


The degree of differential equation is the degree of the 
highest order derivative present in the equation, after the 
differential equation has been made free from the radicals 
and fractions as far as the derivatives are concerned. 

To get the degree of the differential equation, we 


42 0 


first try to convert it into the following form : 
d"y ba dy m2 
f, (x, 0 =| + fy (x, »f Fosse 


dy |" _ 
wee t ACK, Y) rs =0, 


where m, nj, 5, ..., N, are positive integers. 

The degree of the differential equation is n,. Futher, 
the equation is of order m. 

For example, the differential equation 


dy or i+( ov a 
eae *| a, | | is of degree 2. 


Note that in the differential equation 
elt y/ax’ yoy Sey +y=0 
dx? 
order is three but degree does not apply. 
Find the order and degree of the 
following differential equations 


() (y") +2(y’)° +3x2-y =0 
(ii) (y")° +In(y"=xy’)=0 


a dy <. f dy 
—=sin| — 
cu) dx? (=) 


fo 

d d 

(iv) ae =3°7 43 
dx dx 


(i) Clearly, the order and degree of the given 
differential equation are 2 and 5 respectively. 

(ii) The order of the given differential equation is 3 
and degree is not defined as it cannot be written 
as a polynomial in derivatives. 

(iii) The order of the given differential equation is 2 
and degree is not defined as it cannot be written 
as a polynomial equation in derivatives. 

(iv) The order of the differential equation is 2 and for 
degree we rewrite the given differential equation as 


3 
2 2 
d’y — dy 3 
dx2 dx 


Hence the degree of the given differential equation is 3. 


Find the order and degree of 


following differential equations. 


: sab 4 [seee) 
() fy |,4(2) | i) yew 


dx? 
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den a |e a - d°y dy 
(ii) sin| gx Ge? my (iv) cos FeP KYA 


d2 6 
oe rte 


order = 2, degree = 4 
2 


fic, A Ady, 

(ii) wee ény 
order = 2, degree = | 
dy 

(iil) oo ae =sinly 


order = 2, degree = | 


(iv) os xy= i 

dx2 dx 
This equation cannot be expressed as a polynomial 
in differential coefficients, so degree is not 


applicable but order is 3. 


Find the degree of the differential 


a a d’y dy 

y 

i 3 + 5 + 4 = 0 
equation 1 ; 1 . 


dx? 


It is a differential equation of degree 2. 


Linear and Non linear Differential Equations 


A differential equation in which the dependent 
variables and all its derivatives present occur in the 
first degree only and no products of dependent 
variables and/or derivatives occur, is known as a linear 
differential equation. A differential equation which is 
not linear is called a non linear differential equation. 
For example, the differential equation 


d? d 

a + i + y =0 is linear, while 
d? d 

e + i +x=0 is non linear. 


Oo 43 


DIFFERENTIAL EQUATIONS 


Concept.Problems AL a 


1. Find the order and degree of the following 
differential equations : 


i arene 
@ jo Hlraty 


d’y dy a2 
erat em oeie ce 
(ii) dx? E (= | 


2. Find the order and degree of the following 
differential equations : 
dy 


(i) ae +xy=cot x. 


4.2 FORMATION OFA 


DIFFERENTIAL 
EQUATION 


Differential equations are used to represent a family 
of curves. Suppose that a family of curves is 
represented using a set of n arbitrary constants, then 
the differential equation corresponding to that family 
is a relation between x, y and derivatives of y upto 
order n, not containing any of the n arbitrary constants. 
Given a relation between the variables x, y and n 
arbitrary constants C,, C,, .... C,, if we differentiate n 
times in succession with respect to x, we have 
altogether n + 1 equations between which the n 
arbitrary constants can be eliminated. The result is a 
differential equation of the nth order. From this point 
of view the original equation is called the primitive. 

For example, from the primitive y? = 4ax + C, where C is 
an arbitrary constant, and a is a given constant, on 


d 
differentiation, we deduce that ye = 2a, 


The equations obtained by varying the arbitrary 
constants in the primitive represent a certain system 
or family of curves ; the differential equation (in which 
these constants do not appear) expresses some 
property common to all these curves. 


3. Find the order and degree of the following 
differential equations : 


3 
ea. ey dy \’ 
IV nd ae ry =) COS SX. 
WY) eee ag) ee 


In the above example, the primitive represents a system 
of equal parabolas having their axes coincident with 
the axis of x, but their vertices at different points of it. 
The differential equation expresses a property common 
to all these curves, i.e. the subnormal has a given 
constant value 2a. 


en, Note: If arbitrary constants appear in 
addition, subtraction, multiplication or division, 
then we can club them to reduce into one new 
arbitrary constant. Hence, the differential equation 
corresponding to a family of curves will have order 
exactly same as number of essential arbitrary 
constants in the equation of curve. 

On the other hand, it is evident that a differential equation 
of the nth order cannot have more than n arbitrary 
constants in its solution; for, if it had, say n + 1, on 
eliminating them there would appear, not an equation of 
the nth order, but one of the (n + 1)th order. 

Finally, the differential equation corresponding to a 
family of curves is obtained by using the following 
steps: 

(a) Identify the number of essential arbitrary 
constants (say n) in the equation of the curve. 

(b) Differentiate the equation n times. 

(c) Eliminate the arbitrary constants from the 
equation of curve and n additional equations 
obtained in step (b) above. 
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We now work out in detail some examples to illustrate 
the method of forming differential equations. 


Ifthe primitive bex cos a+ y sin a=a, 


where a is arbitrary, find the differential equation. 


xcosa+ysina=a 


dy . 
cosa+ —sina=0. 


dx 
These give 
y--2). 
y qx | Sina=a, (1) 
dy dy 
x cosa =—a 
[y dx ie ...(2) 


Squaring and adding (1) and (2), we get 


2 2 
(y- x2 =a’ 1+(2) 
dx dx/ |° 
Find the differential equation of the 


family of curves y = c,e2x + c,e2%, where c, and c, are 
arbitrary constants. 


Given y= c,e2x + c,e2* (1) 


Differentiating (1) twice with respect to x, we get 


oy 2c, e?*— 2¢,e2x ...(2) 
dx 
d’y 
ae? 4c,e2* + 4c,e-2x = 4(c,e2* + c,e 2x) ...(3) 
From (1) and (3), we obtain 
2 
rs —4y=0 (A) 


Thus, the two arbitrary constants c, and c, have been 
eliminated from (1) and (2). Hence, (4) is the required 
equation of the family of curves given by (1). 


Obtain the differential equation of 


the family of curves represented by y= Ae*+ Be*+ x2, 
where A and B are parameters. 


y=Aevt Best 


Differentiating with respect to x, 


ae Ae* —- Be * +2x 
dx 

Again differentiating with respect to x, 
a 


<2 = Ae* +Be *+2 
dx 
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~F uy? +y42 


2 
d 
Thus, aa -y+x?-2=0 , isthe required differential 
xX 


equation of the family of curves. 


Example 4.| Find the differential equation 


corresponding to the family of curves y = c (x —c)*, 
where c is an arbitrary constant. 


Given y= c(x—c)? (1) 


Differentiating both sides with respect to x, we get 


dy _ 
re = 2c(x—c) ...(2) 
2: 
d 
> ( ) = 4c%(—c)? me)) 


Dividing (3) by (1), we obtain 


2 2: 
lar) *#=9 aoa 
y\ dx =a 4y \ dx 


Substituting this value of c in (2), we get 


2 2 
dy L{ dy 1{ dy 
—- =92 x 
dx * 4y\ dx 4y \ dx 

2 
ae ee AG MY. 
=> 29> ax 4y \ dx 


aC 

dx \dx 

which is the required differential equation for the 
family of curves (1). 


By the elimination of the parameters 
h and k, find the differential equation of which 
(x—h)? + (y—k)? = a2, is a solution. 


Three relations are necessary to 


eliminate two constants . Thus, besides the given 
relation, we require two more and they will be obtained 
by differentiating the given relation twice successively. 


=> $8y=4xy 


d 
Thus, we have (x—h) + (y Wy =0 5) 


dy (dy) 
1+(y-k) = {2) =0 (2) 


From (1) and (2), we obtain 


which is the required differential equation. 


Example 6.| Form the differential equation that 


represent all parabolas each of which has a latus 
rectum 4a and whose axes are parallel to x-axis. 


Equation of the family of such parabolas is 
(y—k)? =4a(x —h), (1) 
where h and k are arbitrary constant. 


d 
Differentiating, (y—k) a = 2a. (2) 


dy 

=0 ..3 
*\-0 6) 
Putting value of y—k from (2) in (3), we get 


: Pore ‘ d’y 
Differentiating again, (y — k) re + 
x 


which is the required differential equation. 


Example 7.| Find the differential equation of the 


of 2 
system of hyperbolas x = i =1. 
a 
Differentiating this equation with 
respect to x we get 2x 2yy’ =0 or x = yy’. 
a a 


We multiply both sides by x, then x?2/a? = xyy’. 
Substituting into the equation of the family we find 
that xyy’—y?=1. 
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Forming differential equation in 
geometrical problems 


DIFFERENTIAL EQUATIONS 


When forming differential equations in geometrical 
problems, we can frequently make use of the 
geometrical meaning of the derivative as the tangent of 
an angle formed by the tangent line to the curve in the 
positive x-direction. In many cases this makes it possible 
straightway to establish a relationship between the 
ordinate y of the desired curve, its abscissa x, and the 
tangent of the angle of the tangent line y’. In other 
instances, use is made of the geometrical significance 
of the definite integral as the area of a curvilinear 
trapezoid. In this case, by hypothesis we have a simple 
integral equation (since the desired function is under 
the sign of the integral); however, we can readily pass 
toa differential equation by differentiating both sides. 


Example 8.| Set up the differential equation of 


the family of straight lines lying at a distance equal to 
unity away from the origin of coordinates. 


We start from the normal equation of 


the straight line x cos a+ ysina—1=0, (1) 
where © is a parameter. 

Differentiating (1) with respect to x we find that 
cosaty’ sina =0, 

=> y =-cota, consequently, 


’ 


1 y: 


age Jia 


On substituting sin a and cos o into (1) we get 


sin a= 


, 


aXy y 
lay? “ey pane 


=> y=xy'+ Jity? F 

Form a differential equation of 

family of circles touching x-axis at the origin ? 

Equation of family of circles touching 

x-axis at the origin is x2 + y2+Ay=0 .(1), 
where A is parameter 


2x+2 oy. + 2 =0 2 
x+2ya re (2) 
Eliminating ‘A’ from (1) and (2) 

dy _ 2xy 


dx x’-y’ 
which is required differential equation. 
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Example 10.) Form the differential equation 


representing all tangents to the parabola y? = 2 x. 
State the order and degree of this differential 
equation. Also indicate whether the equation is 
linear or not. 


The equation of a tangent is , 


1 1 dy oa 
=x+-— t? -=— (ii) 
ty=x 7 t where ~ as 
y x 1 
—~=— 4+ — 
™ % vt 2 
d 


2 
eat A BR ee eae 

> 2x{ dx 2y : 1=0 

The order is one and degree is two. The differential 

equation is nonlinear. 


Physical origins of differential equations 


In the above discussions we have seen how differential 

equations arise through geometrical considerations 

and, now with the help of some examples, we shall 

look for the physical origins of differential equations. 

For example : 

(i) We know that freely falling objects, close to the 
surface of the earth, accelerate at a constant rate 


g. Thus, if we assume that the upward direction is 


d 
positive, the equation a =—8 is the differential 


equation governing the vertical distance that the 
falling body travels. The negative sign is used 
since the weight of the body is a force directed 
opposite to the positive direction. 

The rate at which a population P expands is 
proportional to the population which is present 
at any time t. Roughly speaking, the more people 
there are, the greater will be the increase in 
population. Thus, one model for population 
growth is given by the differential equation 
dP <p 
dt 
ality. Since we also expect the population to expand, 


we must have dP/dt > 0, and thus k > 0. 


where k is the constant of proportion- 


(iii) Newton's law of cooling states that the time rate at 


which a body cools in proportional to the difference 
between the temperature of the body and the 
temperature of the surrounding medium. If T(t) 
denotes the temperature of the body at any time t, 


and T, is the constant temperature of the outside 


medium, then = = k(T-To) where kis the usual 


constant of proportionality. However, in this case 
T(t) is decreasing and so we require k < 0. 


Concept, Proble MS: B 


1. Find the differential equations of the family of 
curves 
@) cy? +4y=2x? 5. 
(ii) xy=c,eX—c,e*+ x? 
(ii) r=c(1 +cos0) 

2. Find the differential equations of the following 
families of curves : 
(i) y=ex(ax +b). 6. 
(ii) ax? + by? = 1 
(iil) y=c,x+c,x? 
(iv) xy=ae*+ be*+ x? 

3. Obtain a differential equation of the family of 
curves y = a sin (bx + c) where a and c being 
arbitrary constant. 


4. Show that the primitive Y = ™x + a where m is 


bi lead: (2) - —+a=0 
arbitrary, leads to ce y ay =U, 


Show the differential equation of the system of 
parabolas y* = 4a(x — b) is given by 


d’y dy ; 
—- 4+) — = 
y dx? ( oy) : 


A conical tank loses water out ofan orifice at its 
bottom. Ifthe cross-sectional area of the orifice is 
1/4 ft?, obtain the differential equation 
representing the height h of water to any time. 


Practice,Problems 


7. Find the differential equations of the following 
families of curves : 


C 
(i) y=Cas— +C; 


(ii) y=C,e3+ C, e2*+ C, ex 
(ii) y= (sin! x)?+Asin!x+B 

8. Obtain a differential equation of all straight lines 
which are at a fixed distance ‘p’ from the origin. 

9. Find a differential equation of circles passing 
through the points of intersection of unit circle 
with centre at origin and the line bisecting the 
first quadrant. 

10. Prove that the differential equation of all 
hyperbolas which pass through the origin, and 
have their asymptotes parallel to the coordinate 


axes, 1S 
d'y *) dy 
x 2x +2 =0 
: x? (2 ee 


4.3 SOLUTION OFA 
DIFFERENTIAL 
EQUATION 


The process of passing from a given differential equation 
to the general relation between the variables which it 
implies, is called solving, or integrating the equation. 
The solution or the integral ofa differential equation 
is, therefore, a relation between dependent and 
independent variables (free from derivatives) such 
that it satisfies the given differential equation. 

For example, y = ce2* is a solution of the differential 
equation dy/dx — 2y = 0, because dy/dx = 2ce?* and y 
= ce?* satisfy the given differential equation. 


&.|Note: The solution of the differential 


equation is also called its primitive, because the 
differential equation can be regarded as a relation 
derived from it. 

There can be three types of solution of a differential 
equation: 
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11. Form a differential equation of family of 
parabolas with focus origin and axis of 
symmetry along the x-axis. 

12. Aseries circuit contains an inductor, resistor and 
capacitor. Determine the differential equation for 
the charge q(t). 


L 
wii 
C 


13. Light strikes a plane curve C such that all beams 
parallel to the y axis are reflected to a single point 
O, obtain the differential equation for the function 
y= f(x) describing the shape of the curve. 


DIFFERENTIAL EQUATIONS 


y. Cc 


x 


14. Obtain the differential equation for the velocity v of 
a body of mass m falling vertically downward 
through a medium offering a resistance propor- 
tional to the square of the instantaneous velocity. 


(i) General solution (or complete integral or 
complete primitive) : A relation in x and y 
satisfying a given differential equation and 
involving exactly the same number of arbitrary 
constants as the order of the differential 
equation. 

(ii) Particular Solution : A solution obtained by 
assigning values to one or more of the arbitrary 
constants found in the general solution. 

For example, y = c,e2* + c,e2* is a general 
solution and if we take c, = 4 and c, = 0, we get 
y = 4e2* as the particular solution. 

(iii) Singular Solution : A solution which cannot be 
obtained from the general solution but still is a 
solution of the given differential equation is 
called a singular solution. Geometrically, singular 
solution acts as an envelope to the general 
solution. 

For example, x? + y? = a? is the singular solution 


of 
a wy a 1+ oy 
ye dx dx 
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and is such that it cannot be obtained from the general 
solution y=cx +aJ1+c’ by assigning values to the 
arbitrary constant. 


Show that the function 2x2y + a 
=0 isa solution of the differential equation xy’ + 2(1 +x?) 
y=0. 


We have 2x2y+e™ =0 (1) 


Differentiating equation (1) w.r.t. x, we have 
4xy+ 2x2y’ —2x e* = 0 

=> 2yt+xy'- e* =0 

=> 2y+xy'+ 2x*y=0 


=> xy’ +2(1+x2)y=0 
which is the desired result. 


Show that y= ae*+ be2*+ ce3*isa 
dey _d 

solution of the equation — -7*+6y=0, 
dx dx 


We have y = ae*+ be2x+ ce3*, (1) 


[from (1)] 


=> y, =ae*+ 2be2*x— 3ce3x ...(2) 
(2)-(1) => y, -— y = be?* — 4ce3x ...(3) 
=> y,—-y, = 2be2* + 12ce3* (A) 
(4)—2(3)=> yo- y1 — 2(y, — y) = 20 ce 
=> y,- 3y, + 2y = 20ce3x (5) 


> y;—3y, + 2y, =— 60ce3* mal 
(6) + 3x(5) => y3— 3y, + 2y, + 3 (y.- 3y, + 2y) = 0 
= Vea Tis OS 9 


dy 
—+6y=0. 
dx “ 


(6) 


3 
=> ty_, 
dx? 
Thus, y = ae* + be2x + ce-3* is a solution of the given 
differential equation. 


General solution 


Let us consider a differential equation concerning the 
reproduction of bacteria. The experiments on bacteria 
have ascertained that the rate of their reproduction is 
proportional to their quantity. 

If we denote by x(t) the mass of all bacteria at time t, 


dx. ; 
then will be the rate of reproduction of these 
bacteria. Since the rate of reproduction of bacteria is 
proportional to their quantity, there exists a constant 
k such that 

dx 

= = kx AL) 


dt 
By hypothesis, x(t) and x'(t) are nonnegative, therefore 
the coefficient k is also nonnegative. It is obvious 
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that only the case k > 0 is of interest, since for k = 0 
there takes place no reproduction. 
Equation (1) is a simplest example of differential 
equation. The sought for unknown of (1) is the 
function x = x(t) which enters into the equation together 
with its derivative x'(t). 
It is easy to verify that any function of the form 

x = Cekt, 
where C is a certain constant, is a solution of (1). Indeed 


dx _d kt d_vkt 
at = at (Ce™)=C ae © = Ckekt= k(Cek) = kx. 

All the solutions of equation (1) are given by the above 
formula. The above function, where C is an arbitrary 
constant, is called the general solution of equation (1) 
The general type ofa differential equation of the first 
order may be written in the form: 

y'= f(x, y) ah) 
Such equations are said to be resolved with respect to 
the derivative. The function F(x), x € (a, b), is called a 
solution of differential equation (1) ifit has a derivative 
F'(x) on (a, b) and if for any x € (a, b) the following 
equality holds true: 

F(x)= f{x, F(X) 
In other words, the function F(x), x € (a, b) is called a 
solution of differential equation (1) ifthe latter, when 
substituted instead of y, turns into an identity with 
respect to x on the interval (a, b). 
The definition of an equation of form (1) is equivalent 
to that of a function f(x, y) of the variables x, y. 
Geometrically, the function f of the variables x, yis a 
function defined on a certain set D of points of the 
plane with the coordinates x, y. 
Any curve specified by the equation y = F(x), x € (a, b), 
where F(x) is a certain solution of equation (1), is called 
the integral curve of differential equation (1). 
It follows from this definition that the integral curve of 
equation (1) lies entirely in the domain D in which the 
function f is defined, and that the integral curve, at 
each of its points P(x, y), has a tangent whose slope is 
equal to the value of the function f at this point P. 
The problem of determining the particular solution of 
equation (1) satisfying the condition 

¥(Xo) = Yo (2) 
where Xo, Yo are given numbers, is referred to as 
Cauchy's initial value problem. Condition (2) is called 
the initial condition. The solution of equation (1), 
satisfying the initial condition (2), is called the solution 
of Cauchy's problem (1)-(2). 
The solution of Cauchy's problem has a simple 
geometrical meaning. Indeed, according to the given 
definitions, to solve Cauchy's problem means to find 
the integral curve of equation (1) which passes through 
the given point Py (Xp, Yo). 


Now consider a second order differential equation 


d’y 

aha WB 

72 (3) 
and the function defined by 

y=Asinx+Bcosx (4) 


where A and B are constants. It can be easily verified 
that (4) is a solution of equation (3) regardless of the 
values assigned to A and B. 

As before these constants are referred to as arbitrary 
constants. Thus the second order differential equation (3) 
has a solution which involves two arbitrary constants 
and these constants cannot be replaced by a smaller 
number of constants. Such constants are called essential 
arbitrary constants. Whenever arbitrary constants will be 
referred, it will mean essential arbitrary constants. 

In order to be more clear about the concept of essential 
arbitrary constants consider the functions 


y=Cyex+ C,e* ...(5) 
y=(C, +C,)e* ...(6) 
y=Cyex*2 (7) 


(5) contains two arbitrary constants C, and C, which 
are essential since C,, C, cannot be replaced by a 
single arbitrary constant. 

In (6), C, + C, can be replaced by another constant C; 
(say) and giving certain values to C,, C, amounts to 
the same thing as giving one certain value to C,. Thus 
the two constants in (4) are not essential. 

In (7), y=Cy ee? = (Ce? )er=Cer 

So again the constants C,, C, are not essential. 

With the concept of essential arbitrary constants in 
mind, the solution (4) is called the general solution of 
equation (3). 


'Z.|\Note: 


1. The general solution ofa differential equation 
of the n™ order contains ‘n’ and only ‘n’ 
essential arbitrary constants. 

2. In counting the arbitrary constants in the general 
solution, it must be seen that they are essential and 
are not equivalent to a lesser number of constants. 
Thearbitrary constants in thesolution ofa differential 
equation aresaid tobe essential, when itis impossible 
to deduce from the solution an equivalent relation 
containing fewer arbitrary constants. 

Thus, the solution y =c, cos x +c, sin (x + c;) appears 

to have three constants but they are actually 

equivalent to two, because 

Cc, COS xX + C, Sin (x + C3) 
=c, cosx + c, sin x Cos C; + C, COS X SiN C, 
=(c, +c, sin c;) cos x + c, cos C3 Sin X 
=Acosx+Bsinx 


Oo 49 


Hence, three constants c,, c, and c, are equivalent to 
two constants A and B. Thus, constants c,, c, and c, 
are not independent. 

3. The general solution ofa differential equation 
can have more than one form, but arbitrary 
constants in one form will be related to 
arbitrary constants in another form. 

Thus, y =c, cos (x + c,) andy=c, snx +c, 
cos x are both solutions of the differential equation 
d2y/dx2 + y = 0. Each is a general solution 
containing two arbitrary constants. Expanding the 
first equation and comparing it with the second, 
we get, 

C, COS Cy) = Cy, 


Bo 5 8 £3 
C)= 4fcz +Cq » aan ee 


which shows the relationship between the constants 
appearing in two solutions. 


Find the order of the differential 


equation whose general solution is given by 


DIFFERENTIAL EQUATIONS 


—C, sinc, =¢, 


y= (c; +c) cos (x +¢,)-c,e*" 5 


where C,, C>, C3, C, and c, are arbitrary constants. 


The given equation can be rewritten as 


y=A cos (x + B) —Ce*, 
where A= c, + ¢,, B=c3, C =cye&s 


As the minimum number of parameters is 3, order of 
the differential equation = 3. 


Example 4.| Find the coinciding solutions of the 


two equations : 
(a) y'=y? + 2x—x4s (b) y’'=—-y’-y+2x +x? + x4, 


If y(x) is a solution of a differential 


equation, then it turns the equation into an identity. 
Therefore, if equations (a) and (b) have coinciding 
solutions, then their left and right hand sides are 
identically equal: 

vy? + 2x—xt+=-y2-yt2x+x24+x?4, 
Hence we find that y= x? or y=— x?— 1/2. 
The second function does not satisfy equation (a) 
and so must be discarded. We get y = x2. 


Singular Solution 


In order to see the existence of the singular solution, 
consider the relation, 


y=(x+c)?, (c is constant) (1) 
which is the general solution of the equation 
2 
dy 
(= —4y=0 ...(2) 


Evidently, y=0 ...(3) 
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is also a solution of equation (2) and cannot be 
obtained from (1) by any choice of c. Thus, (3) is a 
singular solution of equation (2). 

Consider another example. A family of nonparallel 
straight lines is shown in the figure. These are 
integral curves of the differential equation 


(A) 


and a one parameter family of solutions is given by 

y=Cx-4C 8) 
This family is one which possesses an envelope, that 
is, a curve having the property that at each of its 
points it is tangent to one of the members of the family. 
The envelope here is y= x2 and its graph is indicated 
by the dotted curve in the figure. The envelope of a 
family of integral curves is itself an integral curve 
because the slope and coordinates at a point of the 
envelope are the same as those of one of the integral 
curves ofthe family. In thisexample, it is each to verify 
directly that y = x? is a solution of (4). Note that this 
particular solution is not amember ofthe family in (5). 
Further solutions, not members of the family, may 
be obtained by piecing together members of the 
family with portions of the envelope. An example is 
shown in the figure below, which provides a 
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solution of the equation (4) that is not a member of 
the family in equation (5). 


The tangent line at A comes from taking C = —2 in 


(5) and the tangent at B comes from C = me The 


resulting solution, y = f(x), is given as follows : 


—-2x-1 if x<-l 
f(x) = x? if -1sxs7 

Be if vom 

2 16 4 


This function has a derivative and satisfies the 
differential equation (4) for every real x. It is clear 
that an infinite number of similar examples could 
be constructed in the same way. This example shows 
that it may not be easy to exhibit all possible 
solutions of a differential equation. 

We should note that there are differential equations 
which donot have solutions at all and others which 
donot have a general solution. 

For example, 


2 
d 
the equation (=| + 1 =0 has no solution, and 


dy 
a = \y| =0 does not have a general 
solution; the only solution is y = 0. 


the equation 


Concept, ProbleMScc Ch 


1. In the following problems show that the given 
functions are solution of the indicated differential 
equations : 


: _ sinx 
W) Ir 


, xy’ +y=cosx. 
(ii) y=Ce2x+ pesy tyme 
(ii) y=2+C V1-x”, (1—x2)y +xy=2x. 


2. Are the following functions solutions of the 


7 1. 
equation y' + ycos x = 7 sin 2x? 


(a) y=sinx-1 
(c) y=sinx 
3. Show that V = (A/r) + B is a solution of the 


diecenaicumion = 
irerentiai equation dr2 ts aie 


(b) y= eosin x 


4. Show that 
y= COS X, y= SiN X, Y=C, COSX, y=C, sin x are all 
solutions of the differential equation 
y,+y=0. 


5. 


For what value of the exponent a is the function 
y= x*a solution to the differential equation 
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ay, 


=-y?? 
dx ss 


Practice|Probléi tn B 


6. 


10. 


11. 


12. 


Find the values of a for which the given function 
is a solution of the indicated equation : 


(a) y=en+ Fersy t2y=er 
3 


; x+y? 

(OS Py ae 

(Cc) y=x%; xy" + 2xy'-6y=0 

Show that y=x—x"1 is a solution of the differential 

equation xy’ + y= 2x. 

A function of x is a solution of a differential 

equation if it and its derivatives make the equation 

true. For what value (or values) of m is y=e™a 
_ dy dy 

solution of ae 3 a 

Verify that y = sin xcos x — cos x is a solution of 

the initial value problem y' + (tan x)y = cos’x, 

y(0) =—1, on the interval —1/2 <x < 1/2 

(a) For what nonzero values of k does the 
function y = sin kt satisfy the differential 
equation y" + 9y= 0? 

(b) For those values of k, verify that every 
member of the family of functions y=A sin kt 
+b cos kt is also a solution. 

A function y(t) satisfies the differential 


+2y=0? 


equation ~ = y' — 6y? + Sy’. 

(a) What are the constant solutions of the 
equation? 

(b) For what values of y is y decreasing ? 

Explain why the functions with the given graphs 

cannot be solutions of the differential equation 


dy t 2 
—-=e(y-l 
a (y-1) 


(a) 


13. 


14. 


15. 


Y 
1 
(b) 
1 t 
The function with the given graph is a solution of 


one of the following differential equations. Decide 
which is the correct equation and justify your 
answer. 


Y 

x 
(a) y=l+xy (b) y'=—2xy 
(c) y=1—2xy 


Find functions continuous on the whole real axis, 
which satisfy the given conditions : 


(a) g(x)=2+ J to dt, 


(b) g(x) +[e’@)P=1, 
note that : g(x) =—1 is one solution. 
2 
er 
x dx 
+a dy 
dx 
that y,+ y, is also a solution of 


d 
Ify, is a solution of + by =0 andy, 


isa solution of z 


+ by = h(x), show 


d’y dy 
+a + by = h(x 
ae ao (x), 
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4.4 FIRST ORDER AND FIRST 
DEGREE DIFFERENTIAL 
EQUATIONS 


An ordinary differential equation of the first order 
and first degree is of the form 


ee f( 1 

ax bY) (1) 
which is sometimes conveniently written as 

Mdx + Ndy =0 (2) 


where M and N are functions of x and y, or constants. 
If f(x, y) be real and single-valued for all values of x 
and y, then corresponding to any point in the plane xy 
we have a definite direction, assigned by the equation 
(1). If we imagine a point, starting from any position in 
the plane, to move always in the direction thus 
indicated, it will trace out a curve, which constitutes a 
particular solution, or primitive, of the proposed 
equation. It appears moreover, that in the present case 
no two curves of the system will intersect. 

Note that equation (1) cannot be solved in every case. 
However, the solution exists ifthese equations belong 
to any of the standard form discussed here. 


One variable absent 


d 
The form = f(x), where y does not appear explicitly, 
requires merely an ordinary integration. Thus, 


y= fffx)dx+C 


where C is an arbitrary constant. 


7 _ dy ; 
(ii) The equation — = f(y) in which x does not 


dx 
appear explicitly, may be written 
dy 
—— = dx 
f(y) , 


dy _ 


To find the curves whose 


subtangent has a given constant value a. We have 


Hence, In y = ae C or, y = be*/*, where b = e°, is 
arbitrary. 2 
Variables separable differential equations 


Ifthe coefficient of dx is only a function of x and that 
of dy is only a function of y in the given differential 
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equation, then the equation can be solved using 
variable separable method. Such a differential 
equation can be expressed as 
g(y)dy = f(x)dx. 
To find the general solution ofa differential equation 
with variables separable : 
(i) separate the variables, i.e. transform the given 
equation to the form 
g(y)dy = f(x) dx (1) 
(ii) integrate both sides of the obtained equation with 
respect to x and y, respectively, i.e. find a certain 
primitive G(y) of the function g(y) and a certain 
primitive F(x) of the function f(x), 


} e(y)dy = } f(x)dx +C. 
Write the equation as 
Gly) = F(x) +C, (2) 
where C is an arbitrary constant. 

(iii) Solving equation (2) with respect to y, we obtain 
the general solution of differential equation (1) 
y= (x, C). 


Solve SZ =(ex+ 1) (1+ 
dx i 
The equation can be written as 


HOY =(e* +1)dx 

l+y 

Integrating both sides, we get tan“! y=e*+x+c. 
=> y=tan(e*+x+c). 


Solve the differential equation 
(1 +x) ydx= (y—1)xdy 


The equation can be written as 
1+x y-l 
( x Ja-[ y Jy 
1 1 
=+1 = || 1-= 
i(2 Jax i Say 


> 
=> én|x|\+x=y-fnly|+c 
=> flyt+fmi[xj=y-xte 
=> |xyj=er*te. 
=> xy=aer-*, 


Example 4.) Solve 


Jitx? +y? 4x2y? ey eG 
dx 


Vite? ty? 4329? y=0 
X 
V1+x? 4. ydy 


xX 


= 2 
l+y 


Integrating, we get 
2 
25 -j 1+x dx={ ydy 
| 2 
=> -|Vi+x? +4 etl = l+y? +C. 
- 14x? +1 
This is the solution to the given differential equation. 
dy 2, dy 

— ee ae + eee 
Sovey—x 2 =a[y?+ 
The equation can be written as 


dy 
—ay2=(x +a) — 
y—ay? =(x +a) re 


atheist ay is, se 
X+a  y—ay* x+a y(—ay) 
dx 1 a 
=|=+ 
Xt+a y l- ) dy 
Integrating both sides, 
én |x +a = én ly|— ¢n |1 — ay| + én |e| 
cy 
én |x +al= én I 


ley = (x +a) (1 —ay)| 
=> ky=(x+a)(1~ay) 
where'k' is an arbitrary constant. 


Example 6.) Solve = ERED 
>< 


siny +ycosy 
The given equation may be written as 
(sin y+ y cos y) dy=x(2 log x + 1) dx 
Integrating, we have 


J sin ydy+ | ycosy dy=2 | xlogxdx+ f x dx or, 

2. 
—cosy+ysiny+4 cos y= 2{ bx? togx 1x?) + 
+ cor, y sin y= x? log x +c, which is the required 
solution. 


A CAUTION 


Consider a variable separable differentiable equation 
of the form @,(x) yi (y) dx = (x) wo(y) dy 
in which the coefficients of the differentials are factors 
depending on x alone and on y alone. 
Dividing by the product w,(y) @,(x) reduces it to an 
equation with separated variables : 

M1) 4, — W2) ay, 


(x) wily) 
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The general integral of this equation is of the form 


Q(x) ae jw2W) dy=C. 

Po (x) wily) 
Note that, dividing by w,(y) @,(x) may lead to the loss of 
particular solutions making the product y ,(y) @,(x) zero. 
For instance, let y,(yp) vanish for y= yp i.e. w,(y¥o) = 0. 
Then, the constant function y = yy is a solution of the 
equation. Indeed, we have dy = 0, and hence the 
substitution of y= y, into equation leads to an identity. 
Ifx and y are regarded as playing equivalent roles in 
the equation, analogous argument shows that if 
(>(Xp), then x = Xp is also a particular solution of the 
equation. 


Example 7.| Solve the equation y'= aoa 


x 
particular, find the solution that satisfies the initial 
conditions y(1) = 2. 


poe mi 


d 
Equation (1) may be written in the form - ae = i 
Xx 


DIFFERENTIAL EQUATIONS 


: : dy dx 
Separating the variables, we have ae ee: 
and, consequently, Inly| =— In|x| +InC, 
where the arbitrary constant In C, is taken in 
logarithmic form. After taking antilogarithms we get 


Cc 
the general solution y = x where C=+C, ...(2) 


When dividing by y we could lose the solution y= 0, 
but the latter is contained in the formula (2) for C =0. 
Utilizing the given initial conditions, we get C = 2 ; 


: : ed 2 
and, hence, the desired particular solution is Y =~. 


Xx 
Example 8.| Solve the equation 


3e* tan y dx + (2 —e*) sec? ydy =0 
We divide both sides of the equation 


3e*dx , sec” ydy _ 9 
J=e* tan y 
This is an equation with separated variables. 
Integrating it, we find that 

—3 In |2—e%|+In |tan y|=C,. 
On taking the exponent of both sides we have 


bythe product tan y x (2 —e*): 


|tany| _ G tany |_ oc, 
|2-e* P (2-e*y > 
tany C, 
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Denoting + e =Cwe get, 


tany 

(2—e*)° 
This is the general solution of the given equation. 
It was assumed in dividing by the product 
tan y x (2 — e*) that neither of the factors vanishes. 
Equating each factor to zero gives respectively 
y=kn,k €I,andx=In2. 
Direct substitution in the original equation shows that 
y=kaand x= In 2 are solutions of this equation. They 
can be obtained formally from the general solution 
when C = 0 and C =. This means that the constant C 
is replaced by 1/C,, which makes the general solution 
assume the form 


=C=> tan y—C(2-e*)3=0. 


1 u: 
tan y— —(2-e*)?}=0 
yi c, ) 


=> C,tany—(2-e*)3=0. 

Putting in the last equation C, = 0, which corresponds 
to C =, we have (2 — e*)3 =0. 

From here, we obtain the solution x = In 2 of the original 
equation. So the functions y = kz, k € [and x= In 2 are 
particular solutions of the given equation. 
Therefore, the final answer is tan y— C (2 —e*)3 =0. 


Example 9.) Find all solutions of the equation 
y= 2Jy 
This is an equation with variables 


separable. Obviously, the function y= 0 is its solution. 
Let now y> 0. The differential equation has the form 


dy= 2,/y dx 
d 
Separating the variables in this equation: SY = dx 
2Jy 


and integrating, we get Jy = x+C, where C is an 

arbitrary constant. Hence it follows that 
y=(x+C), wherex+C20. 

Thus, for each fixed value of the constant C the 

function 
y=(x+C)?,x2-C 

is a solution. The equation has no other solutions in 

the half-plane y > 0. 

The arrangement of the integral curves of the equation 

is shown in the figure. 
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Y, 


0 


In the half plane y> 0 each integral curve is obtained 
from the parabola branch y = x2, x > 0, by translating it 
either to the left or to the right along the x-axis. The 
straight line y = 0 is also an integral curve. 


Example 10.| Solve the equationy'=xy __...(1) 
This equation is an equation with 


variables separable. Separating the variables. 


dy 
oe ae 
y X 
’ : 1.2 
and integrating, we get (nly| aie +C, 


where C, is an arbitrary constant. Hence it follows 
1,2 1? 
that |y|= e“.e2 ,or, y= Ce? (2) 
Cc 

whereC=+€ | 
The right member of equation (1) vanishes for y = 0, 
therefore it has a solution y = 0. This solution is 
obtained from (2) for C= 0. Thus, formula (2), where C 
is an arbitrary constant, gives all the solutions of 
equation (1). 


XyCOSX 


Solve the equation y'= ~] ay 
The constant function y = 0 is, 


obviously, one of its solutions. 
Let now y + 0. First of all we separate the variables: 


1 
[+ ay =x cos x dx. 


Integrating the left member of this equation with 
respect to y, and the right member with respect to x, 
we get the equation y + In |y|=x sinx + cosx+C, 
where C is an arbitrary constant. 

To find y is forms of x we have to solve the above 
equation for y. Unfortunately, it is impossible. But the 
problem of finding the general solution ofa differential 


equation has been reduced to solving an equation 
which does not contain derivatives. In this case we 
say that the general solution is defined by this formula. 


dy 
Solve the equation y = 3x2 dx and 
find its solution satisfying the condition | 0 = 2) 


On integrating and writing the arbitrary 


constant in the form n|C| (C # 0), which is convenient 
for taking antilogarithms, we obtain 
3 
nly =x3+ fn |C|, y=Ce* 
If we took the arbitrary constant in the form @n |C| the 


3i 
general solution would be written as y = + Ce” 
because in this case we must have C > 0. 
Substituting the given initial values into the general 
solution we determine C : 

2=C : 

Thus, the function y=2e” isthe sought for particular 
solution of the given equation. We could also have 
used definite integrals, which would lead to 


ae 
[= f3x7ax 
2Y 0 


xX 
that is, @n y|5 =x? or fn y—’n2=x3. 


Now, taking antilogarithms we arrive at the same 


} 
particular solution: y=2e” . 


Solve the initial value problem 


y’ = y!3, y(0) = 0 for x 20. (1) 


This problem is easily solved since the 


differential equation is separable. Thus, we have 


3/2 
x+candy= [2e+0| : 


The initial condition is satisfied ifc =0 so 


3/2 
y= (2x) ,x20 


This satisfies both of equations (1). On the other hand, 
the function 


3/2 
=— (2x) ,x20 


is also a solution of the initial value problem. Moreover, 
the function y=0, x =0 

is yet another solution. Indeed it is not hard to show 
that, for an arbitrary positive xo, the functions 


y-3 dy = dx, so ; y23 
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7 0, if OS x<x, 
Y™ )412/3x—x,)P?, if x>x, 


are continuous, differentiable (in particular at x = x), 
and are solutions of the initial value problem (1). 
Hence this problem has an infinite family of solutions. 


Example 14.| Solve the initial value problem 


y’ =y?’, y(0) = 1, and determine the interval in which 

the solution exists. 

y2 dy= dx 

Then —-y!=x+candy=-— : 
x+c 

To satisfy the initial condition we must choose c =— 1, 


soy= LL is the solution of the initial value problem. 
1-x 


Clearly, the solution becomes unbounded as x > 1. 
Therefore, the solution exists only in the interval 
—o<x<l. 


Find a particular solution of the 


equation (1 + e*) yy’ = e* satisfying the initial condition 


y(0)= 1. 
dy 
We have (1 + e*) eae ex. Separating 


. “d : 
the variables we get ydy = Te, Integrating we find 


2 
the general integral = =In(1+ex)+C. (1) 


Putting in (1) x=0 and y= 1 we have 
1/2=In2+C>C=12-In?2. 

Substituting the obtained value of C in (1) we get the 

particular solution 


2 2 
l+e* 1+e* 

2=]4+ =+,/l+In} —~|. 

y=l1 nf 5 ) >y ( > 


It follows from the initial condition that y > 0, therefore 
we use the positive sign before the radical. So, the 
sought-for particular solution is 


2 
l+e* 
= ,/1+ In} —~— 
. [ 2 . 


Example 16.| Find particular solutions of the 


equation y’ sin x = y In y satisfying the initial conditions: 
(a) y(m/2)=e (b) y(7/2)= 1 


Weise dns =yi 
ehave sinx=ylny. 


d 
We separate the variables y= dx 
yIny sinx 


4.16 O 


Integrating, we find the general integral 

In [In y| = In [tan x/2| + In C. 

On taking the exponent of both sides 
CtanX 

we getIny=Ctanx/2>y=e 7” 


which is the general solution of the original equation. 


Ctan* 
(a) Putx=7n/2,y=e,thene=e +*=>C#=1. 
tanX 
The required particular solution is y= e 
(b) Putting x =7/2, y=1, inthe general solution 


tan* 
wehavel=e 4 —=>C=0. 
The required particular solution is y= 1. 
Notice that in the process of obtaining the general 
solution the constant C was under the logarithm sign 
and hence C = 0 should be regarded as the limiting 
value. This particular solution y= | is contained among 
the zeros of the product y In y sin x by which we 
divided both sides of the given equation. 


Example 17.| Find the solution of the equation 
x3 sin y: y’=2, satisfying the condition y > 1/2 
as Xo, 


Separating the variables and integrating 


we find the suet integral of the equation as 
cos y= —>+ C. 
x? 


The condition gives cos 5 =C, i.e. C= 0, so that the 


particular integral will be of the form cos y = 1/x?. 
There are an infinite number of particular solutions of 


tg 2nmn,n el (1) 
«2 

corresponding to it. Among these solutions there is 
only one satisfying the condition. This solution will be 
found proceeding to the limit as x + 00 in equation (1): 


the form y =+ cos“! 
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5 =+cos!0+2nn 
R_ 2h 
> 4 + + 2m 
Jislion 
> 4075 . ...(2) 


It can easily be seen that equation (2) has two 
solutions, namely, n = 0 and n = 1/2, the solution 
n= 1/2, corresponding to the negative sign before 


cos"! +. being unsuitable (n must be an integer or 
x 


zero). Thus, the required particular solution is 


hte it 
y= cos ta 


d 
Example 18.) Given y(0)=2000and =32000-20y?, 


then find the value of lim y(X) , 


d 
We have 5 =20(1600-y2) 


dy 
—#1_ — = 20 | dx 
> 
jo mf 
1, 40+y 


—ln ~ 4c 
> 20 40 —y 20x +C 


40-y 
40+y 1600x 
> 40-y = aa where k = e€ (say) 
2y _ @!600x _ 
> 80 ~ @l600K 4 1 if (using componendo & 
dividendo) 
rn i cs: 


Practice,Problems Ch 


Solve the following differential equations : 


1. ydx—xdy=xydx 
2. (1—x?)(1-y)dx=xy(1 + y)dy 
3. xydx+(1+x’)dy=0 
4. (e% +1)cosxdx +e” sinxdy =0 
5. (x2y+x?2)dx + (yx — y”) dy=0 
__ dy . t 
—=y.l 7 = 
6. sinx re y-fny ify =e, when x > 


7.  e(dy/dx) =x + 1 given that when x =0, y=3 


10 ae +1)(yrl 
» Yay (x+1)(y+1) 


nu. =e ¢yery 
dx 


én(sec x + tan x) au én(sec y + tan y) ay 
COS X cosy 


12. 


13, xy? Ya +y?-22y? 
dx 


4.5 REDUCIBLE TO 
VARIABLE SEPARABLE 


Type1: A differential equation of the form 


Sy +by+ 1 
dx ax t by+o), (1) 


where a, b and c are constants, is converted into an 

equation with variables separable by the replacement 

of the variables v= ax + by+c. It is called reducible to 

variable separable differential equation. 
v=axtbytc. 


a, 
Lae a or. dy _ dx 
dx dx ” dx b 
dv 
A Sehr dv 
=f(v) > —=bDf(v)+a 
= (v) re (v) 
dv 


In the differential equation (2), the variables x and v 
are separated. Integrating (2), we get 


lorries 


d 
j= +e, where v=ax + by+c 
bf(v)+a 
This represents the general solution of the differential 
equation (1). 


Solve (x+y) =a" 
y dx : 
Putx+y=v, ie. y=v—x 


The equation reduces to 


O 4.17 


DIFFERENTIAL EQUATIONS 
14. x Jl-y? dx+y J1_x?2 dy=0, y(0)=1. 
15. e* sin3y+ (1 + e2%) cos y- y’ =0 
16. (a2+ y’) dx + 2x Vax — x” dy=0, y(a)=0. 


17. xy’ cosy+1=0,y> IG Ke: 


3 
7 
18. (1 +x?) y’— 1/2 cos? 2y=0, y > 7X0, 
o{ dv 2 aa’ ty? 
= =1+ - 
v(t lj=a Or 2 re 
2 2 
=> dx= = 7 dv = dx=|1- i dv 
avt+y ae aye 


Integrating both sides, 
dv 
dx = | dv — a’ : 
J J J atv" 


1 V 
C=v-a?. —tan! 
a 


=> x 


ty 


Xx 
=> x+C=x+ty-atan! 


ste 


x 
y=atan! + C is the required solution. 


Solve the differential equation 


a) = sin(x + y)+cos(x + y) 
dx 


d F 
[Solution] Wehave-=sin(x+y) + cos(x + y) (1) 
xX 


Let z=x+y 
a dz _ 1,9 ee dy dz 
d dx dx dx 


From (1 Ce otis tas 
(1) a 


dz 


——_———— = dx (variables are separated) 
sinz+cosz+1 


Integrating both sides, we get 


{= fiaeve 
sinz+cosz+1 

dz 

1-tan? z/2 


14+ tan? z/2 


=x+C 


=> 
J 2tanz/2 
14 tan? z/2 


+1 


sec” z / 2dz 
JS exe 
2tanz/2+2 


4.18 O 


dt Z 
—=x+C, = — 
=> lea where t = tan 5 


=> In{tt+1=x+C 


tan +1J=x+C. 


=> In 


x+y 
2 


This is the required general solution. 


Solve the differential equation 


b 
Gy AE OES where St Mh Sh 
dx agx+boy+Cy a by Cy 
Consider the differential equation 
b b 
co eee where a es (1) 
dx ajx+boytCy a by Cy 
ay _ by 
—=— =i (sa 
Let ay by (say) 
> ay =hay, b; = hb» 
dy Aagx+Aboytcy 
(1) becomes dx = agX + boy tcp 
dy 7 A(ayx + boy) + Cy 
dx agX + boy +C9 (2) 
Let z= a,x + by 
dz a 
Syed a 
(2) becomes 2X" = hat ey 
b> Z+C9 
by (Aztec 
det Se) 5, 
dx Z+C9 
dz Abgz+bycy +a9Z+ayCy 
=> dx Z+C9 
+ 
eee dz = dx ...(3) 


(Ab> +ag )z ae bocy +a9C9 


In the differential equation (3), the variables x and z 

are separated. 

Integrating (3), we get 
Z+ Co 


J (Aby +a )z + boc} +a9C9 


dz=[ldx+C 


Z+C9 


> Fecy +ay)z+b ce +a9Co ea, 


where z=a,x+byy. 
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This represents the general solution of the differential 
equation (1) 


Example 4.| Solve the differential equation 


dy  2x-—y+2 
dx 2y—-4x+l 
2x-yt2 
Solution) We have je 2y-—4x+4+1 
dy 2x-y+2 
= dx —4x+2y+4l AD 
ay = 2 = b, = 1 
Here ao. 4 and b> 
a _ by 
a9 by 
dy | (2x-y)+2 
=> dx. 2Ox=y)+1 +) 
Let z=2x-y 
dz d d dz 
ae a vs a are 
dz z+2 
Cee Tee 
2z-1 : 
=> dz = dx (variables are separate) 


Integrating both sides, we get iS t dz= [ax 


= I} 


2 1 
=> my Se x+C 
=> 2z-In|z|=5x+5C 
=> 2(2x—y)-In |2x—y|=5x+C, where C, =5C 
=> x+ 2y+In |[2x-y|+C, =0 
Type 2 : Sometimes transformation to the polar co— 
ordinates facilitates separation of variables. In this 
connection, it is convenient to remember the 
following differentials : 
Ifx=rcos8;y=rsin@ then, 

G) xdx+ydy=rdr 

(ii) dx? + dy? = dr? + r2d62 

(iil) x dy—y dx = r?d0 
Ifx =r sec and y=r tan @ then, 

(Gj) xdx-—ydy=rdr 

(ii) x dy—ydx=r?sec0 dO. 


zy }ee=xte 


Solve the differential equation 


xdx + ydy =x (xdy— ydx) 


Taking 


x=rcos0, y=rsinO 


x+y=72 
2x dx + 2ydy= 2rdr 
xdx + ydy =rdr (1) 
ae tanO 
x 
dy 
dey dé 
_dx_" = se029 . — 
2 dx 
x 
xdy — ydx = x? sec?0 . dO 
xdy— ydx =r? d0 ...(2) 


Using (1) and (2) in the given differential equation 
then it becomes r dr =r cos@. r? dO 


dr Hse 
=) C08 dO a =sin0 +2 
r 


1 2 uy 
x+y" 


+i > ———— _ =e 


x2 + y- 
where—A’=c 
(y+ 1)?=c(x? + y’) 


Example 6.) Solve 


xdx + ydy _ an aK? Sy" 
xdy — ydx x+y 
Here we change to polar coordinates 


by putting x =rcos0, y=rsinO, 
+ y=r=>xdxt+ydy=rdr. 


y = tan0 > 
x 


xdy — ydx 
z = = sec? 0 dO 


=> xdy-ydx=r?dé. 


The equation b oe 
e equation ecomes 1 do 2 7 


F : d 
Separating the variables, —_4 _-=49. 


(are t:) 
Integrating, sin~! (r/a) =@8+C 
=> r=asin(0+CQ), 


=> Jo +y’) =asin [tan(y/x)+C. 
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DIFFERENTIAL EQUATIONS 


d 
Example 7.) Solve i. ~y=xy@ +y’), 
The equation can be put as 


x dy—ydx=x ek y° dx 

Changing to polar coordinates, the equation becomes 
x2 sec? 8 dO = xr dx 

or, x sec? 0 d@=rdx or cos 9 sec? 8 dO =r dx 

or, sec 8 d0 = dx, variables separated. 

Integrating, In(sec 9+ tan8)=x + Inc. 
secO + tanO = cex 


or, (1+ y?/x?) +y/x=ce% 


Type 3 : In an equation of the form 
yf, (xy) dx + xf, (xy) dy = 0, the variables can be 
separated by the substitution xy = v. 


Vv 
Proof xy=v> and 


xdv—vdx 
os ae ae 


Vv 
dy=dv— — dx. 
= edy=dyo > dk 


‘; Vv 
— f(v) dx + £(v) {av- “ax|=0 
Xx x 


f,(v)dv i" dx 
v{fi(v) -f,(v)} x 
Thus, the variables are separated. 


Example 8.| Solve 


(x3y3+ x2y2+xytl)y dx + (x3y3— x2y2— xy+ 1)x dy=0. 
Here we put xy =v 
V 


> Tee 


xdv—vdx 
dy = —_,.— 
x 


=> xdy=dv- ~ dx. 


2 
Vv =2vtl ay = 


The equation reduces to J 2/ dx 
Xx 


1 
=> xy-2Iny- moe 
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Geometrical details of a curve 


Y 
P(x, y) 


Q N G 


d 
(i) Slope of tangent at any point P(x, y) = = ‘ 


(ii) Equation of tangent PQ at (x, y) is 


dy 
Y-y=G, &®*) 
(iii) Equation of normal PG at (x, y) is 


dx 
oe) 


(iv) Length of tangent PQ at 


dx) 
=ly,/l+}—] . 
(x,y) = |y| =) 
(v) Length ofnormal PG at 


asy=bifi+(2) 


dx 
(vi) Subtangent QN at (x, y) = b : dy F 
dy 
(vii) Subnormal NG at (x, y) = |¥ - a 


Example 9.| Find the equation of the curve, slope 


2 
of whose tangent at any point (x, y) is ae Vx y>0 
Xx 


and which passes through the point (1, 1). 


dy 2 
We have, “* ==" = oY _9 dx 
dx x y x 
Integrating both sides, 
In y=2Inx+Inc=> Iny=Incx?, 


=> y=cx? 


The curve passes through the point (1, 1), hence c=1. 


So, the curve is y= x2. 


Accurve ‘C’ has the property that if 
the tangent at any point ‘P’ on ‘C’ meets the 
coordinate axis at A and B, then P is the mid point of 
AB. If the curve passes through the point (1, 1), then 


find the equation of curve. 


Equation of tangent at P (x, y) is 


y_y- 
“Y= a, Kx) 
It meets the coordinate axis in Aand B 
dx dy 
_(x-y9, 0) i (0. -x2) 
A ( dy andB y ae 
Since P is the mid point of AB, 


ee ee ee 

X=X—Yqy and 2y=y—x7 
dy + dx =0 

y x 
Integrating both sides, 
In yt+Inx=Inc> In(xy)=Inc> xy=c 
As curve passes through (1, 1), c= 1 
So equation of curve is xy = 1 

Let C be acurve such that the normal 

at any point P on it meets x-axis and y-axis at A and B 
respectively. IfBP: PA= 1 : 2 (internally) and the curve 
passes through the point (0, 4), then show that the 


curve is a hyperbola and it passes through (Vi0 = 6) . 


=> 


The equation of normal at P(x, y) is 
Seles 
(Y—y) dy (X—x) 


dx 
dy 
A| x+y—,0 xX 
( va ) anaw OY ay 
dx 
[x+y }420 
N dx =x mo xt Wee 
roe 142 a 


dy 
— =2x 
A dx 
> ly dy = fox dx 
2 
> ee =x*+C 
Also (0, 4) satisfy it, soC = 8. 
y? = 2x? + 16 is the equation of the curve which 
represents a hyperbola. 
Aconic C passes through the point 


(2, 4) and is such that the segment of any of its 
tangents at any point contained between the co- 
ordinate axes is bisected at the point of tangency . 
Find the equation of a circle described on the latus 
rectum of the conic C as diameter . 


¥-y=m(X-x) 


if, Y =O then X=x-~ and 
iff X=Othen Y=y-—mx 


d 
Hence, x -— py mee 
m dx x 


jel ~ =c=>xy=c 


Since it passes through (2, 4) the equation of conic is 


xy=8. Itisa rectangular hyperbola with e= V2 


Hence, the two focii are (4, 4) and (—4, 4). 

Equation to the latus rectum is x +y=8. 

Solving it with x y= 8 we get x2- 8x + 8=0. 

Similarly y2-8y+8=0. 

Hence the equation of circle is, 
x2+y2-8(x+y)+16=0. 

A normal is drawn at a point P(x, y) 


ofa curve, it meets the x-axis and the y-axis in point A 


1 1 
: eae he N a! 
and B, respectively, such that OA’ OB 1, where O 


is the origin, find the equation of such a curve passing 
through (5, 4). 
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The equation of the normal at(x, y) is 


we 
(X-x)+(Y—-y) a =O 


or Y 4 
re dy | (x+y dy/dx) 
dx dy/dx 
Gar 
oa=x+y *% op= ax 
= nD a dy 
dx 
dee, Haig 
mo) OR OB. — 
pay i dy 
ax ax 


> (y- no +(x-1)=0 


Integrating, we get (y— 1)?+(x-1)?=c 
Since the curve passes through (5, 4), c= 25. 
Hence, the curve is (x— 1)? + (y—1)?=25. 


Example 14.) Through any point (x, y) ofa curve 


which passes through the origin, lines are drawn 
parallel to the coordinate axes. Find the curve given 
that it divides the rectangle formed by the two lines 
and the axes into two areas, one of which is three 
times the other. 


There are two cases illustrated in the figure 


¥! y 


(i) (ii) 
(i) Area OPB=3 (area OAP) 


wy fh yes [3 


or xy= aye ydx 


Differentiating w.r.t. x 


dy 
+x —=4 
y aK 
or & _3.dx 
y x 


This on integrating yields y = cx3. 
Similarly (i1) yields x = cy?. 
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(Concept PiOble MSc D 


1. 


Solve the following differential equations : 


() cos(x+y)dy=dx Gi) dy | _oxty 
dx 


il eee 
(iil) qe 


i Sait tyt+ 
(iv) AY dg ee Oe. 


Solve the es differential equations : 


(i) y- x2 Y aly 242%) 
. dy _xyty 
(ii) oan ai) =(x+y) 


(wv) $ ~ tan y=sin(x+y)+sin (x—y) 
Sotvet the following differential equations : 


: dy _xty+tl 
() dx x+y-l 
7 xty—l|\dy_ x+ytl 
(i) Xty-2)dx x+y+2 


Gi) (2x ty +1)dy+ (4x + 2y—1)dx=0 
(iv) (x+y) (dx—dy) = dx + dy 


d 
Show that the equation = subject to the 


initial condition y(0) = 0 has an infinite number of 
solutions of the form y= Cx. The same equation 
subject to the initial condition y(0) =a # 0 has no 
solution. 


d 
Show that the problem = =y™, y(0) = 0 has at 


least two solutions for 0 < a < 1 and one solution 
for a=1. 


d 
Find the solution of the equation pe =y |ln yl, 


o> 0 satisfying the initial condition y(0) = 0. For 
what values of a has the problem a unique 
solution? 

Prove that a curve possessing the property that 
all its normals pass through a fixed point is a circle. 
Find the equation of the curve which passes 
through the point (a, 1) and has a subtangent 
with a constant length c. 


Practice,Problems Ds» 


9. 


10. 


11. 
12. 


Solve the following differential equations : 


@ 2a (4x+y+1)?.y(0)=1 ci 


xt+ty—a|dy_ ({xtyta 
a dx \x+y+b 
X+y . x-y 
+sin =sin 
ai) < 5 5 


(iv) “ —xtan(y—x)=1 

Xx 
Solve the differential equation 
xdx+ydy ydx-—xdy 


= 2 
rea i x 
Solve y'}Jl+x+y=x+y-l. 


A certain amount of substance containing 3 kg of 
moisture was placed into a room with a capacity 
of 100 cu. mand an initial air humidity of 25%. At 
the same temperature the saturated air contains 
0.12 kg of moisture per | cu. m. Ifin twenty four 


hours the substance lost half of its moisture, how 
much moisture would remain in it at the end of 
another twenty four hours ? 


-.|Note: Moisture contained in a porous 


substance evaporates into the environment at a 
rate proportional to the amount of moisture in the 
substance as well as to the difference between 
the humidity of the ambient air and that of the 
saturated air. 


. Abrick wall is 30 cm thick. Find the dependence 


of temperature on the distance ofa point from the 
outer edge of the wall if the temperature is 20°C at 
the inner surface of the wall and 0°C at its outer 
surface. Find also the amount of heat the wall 
gives of (per 1 sq. cm) in twenty-four hours. 


ee. |\Note: By virtue of Newton's law the 
velocity Q with which heat spreads over an 
area element A perpendicular to the Ox axis is 


Q=-ks a where k is the thermal conductivity 


coefficient of the substance (k = 0.0015), T is the 
temperature, t is the time, and S is the area of A. 

14. Show that the tangents to all integral curves of 
the differential equation y' + ytanx =x tanx+ | at 
the points of intersection with the y-axis are 
parallel. Determine the angle at which the integral 
curves cut the y-axis. 

15. A curve y = f(x) passes through the origin. Lines 
drawn parallel to the coordinate axes through an 
arbitrary point of the curve form a rectangle with 
two sides on the axes. The curve divides every such 
rectangle into two region A and B, one of which has 
an area equal ton times the other. Find the function f- 

16. Anormal at P(x, y) on a curve meets the x-axis at Q 
and N is the foot of the ordinate at P. If 


14x) find the equation of the curve, 
given that it passes through the point (3, 1). 

17. A particle moves on the parabola y = x’, and its 
horizontal component of velocity is given by 


1 
XO= 4 pe tS 


At time t= 0 the particle is at the origin. 

(a) What are the x and y coordinates of the 
particle when t= 1 ? When t= 3 ? 

(b) Ast increases without bound what happens 
to the particle ? 


4.6 HOMOGENEOUS 
DIFFERENTIAL 
EQUATIONS 


A function f(x, y) is said to be a homogeneous function 
of its variables of degree n if the identity f(tx, ty) 
= tf(x,y) is valid. 
For instance, the function f(x, y) = x2 + y2—xyisa 
homogeneous function of the second degree, since 
f(tx, ty) = (tx)? + (ty)? — (tx) (ty) 
= (2(x2+ y2—xy) = tf (x,y). 
Also, f(x, y) = ax?3 + hx!8 y!8 + by?3 is a 
homogeneous function of degree 2/3 . 
For n = 0 we have the function of zero degree. For 


x 
instance, f(x,y) = Pe, is a function of zero degree 


(tx)? —(ty)? _ t?(x?-y*) 


me Grey Clee) 
2 2 
xX Ty 
= = f(x,y). 
ag f(x,y) 
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18. Find the equation of a curve for which the area 
contained between the x-axis, the curve and two 
ordinates, one of which is a constant and the other 
a variable, is equal to the ratio of the cube of the 
variable ordinate to the appropriate abscissa. 

19. Discontinuous Coefficients : Linear differential 
equations sometimes occur in which one or both 
of the functions P(x) and Q(x) have jump 
discontinuities. If x, is such a point of 
discontinuity, then it is necessary to solve the 
equation separately for x < x, and for x > Xp. 
Afterwards the two solutions are matched so that 
y is continuous at x); this is accomplished by a 
proper choice of the arbitrary constants. The 
following two problems illustrate this situation. 


We. Note: In each case that it is impossible also 


to make y’ continuous at Xp. 
(a) Solve the initial value problem 


y' + 2y=Q(x), y(0) =0 


1, O<x<l, 
where Q(x) = 
0, x>l1. 


(b) Solve the initial value problem 
y' + P(x) y= 0, y(0) = 1 


2, O<x<l, 
P(x)= 
1, x>l1. 


DIFFERENTIAL EQUATIONS 


A differential equation of the form es f(x , y) is 


homogeneous if f(x , y) isa homogeneous function 
of degree zero Le. f(tx , ty) = t® f(x, y) = f(x, y). The 
function f does not depend on x and y separately, 
but only on their ratio y/x or x/y. 

In other words, an equation of the form dy/dx = @(y/x) 
is said to be homogeneous. 

Examples of homogeneous differential equations 
are the following : 


dy x+y? 3 dy ae x+y? 

dx xy -dx oy xy 
Consider the following examples : 

dy y?+2x - 
Op: ee 2 -(2| re 

dx x x x 

dy x+y Lely hs) 
(b) a Se as =In y/x 1—(y/x)’ 


2 
dy y+2xy_ (y y 
= = +2. 
(c) dx x2 a x x 
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Equation (a) and (b) are homogeneous, since the right 
side of each can be expressed as a function of y/x; 
since (c) cannot be so written, it is not homogeneous. 
Such an equation can be solved by the substitution 
y= vx. We first represent the homogeneous equation 


d 
de =@Q a (1) 
dx x 
ae dy _ Sica 
a dx Ee: dx 


dv | 
a re = (Vv) 
dv _ dx 


@(v)-Vv . x 
The variables have now been separated and the 
solution is 


dv 
lear =Inx+c (2) 


After the integration v should be replaced by y/x to 
get the required solution. 


(Z~.|Note: 


1. When solving homogeneous equations it is not 
obligatory to reduce them to the form (1). It is 
possible to make a direct substitution y = vx. 

2. In most cases it is impossible to find an explicity 
expression for v. Then, after the integration, we 


or 


should replace v in the left-hand side by 2 , which 


leads to the solution of the equation in implicit form. 
3. It is of course ies that f(v) — v # 0. If 


f(v) =v thent{ 2 = 7 and no substitution is 


needed since the given equation es is one 
with the variables separable. 
As has been already pointed out, if the 
denominator f(v) — v turns into zero only for an 
isolated value vp, the function v = vy is a solution 
of the transformed equation and the function 
y = Vx (a straight line through the origin of 
coordinates), satisfies the original equation. 

4. Itis unnecessary to learn by heart the formula (2) 
since it is simpler to carry out all the calculations 
in every case. 


Solve the equation 
xy’ = Ix? aye +y. 
Write the equation in the form 
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Put v= y/x or y= vx. Then y’ = xv’ =v. Substituting the 
expressions for y and y’ in the equation, we obtain 


ae l-v 
ax 
dv dx 
We separate the variables : =e =a 


Hence, we find by integration 

sin-! v= In |x|+ In C, (C, > 0) or 

sin“! v= In C, |x|. 
Since C, |x|=+C,x, 
then denoting + C, = C, we have sin“! v=In Cx, 
where |In Cx|<7a/2_ or, e-"2 < Cx <e*?, 
Replacing v by y/x we obtain the general solution 


sin-! _ InCx. 
Hence, fic sented solution is y =x sin In Cx. 
When separating the variables we divided both sides 
of the equation by the product x./j—y?, we might 
therefore lose the solutions making this product zero. 
Now put x =O and ./j-y? =0. 
From the given differention equation x # 0. and from 


y 
v1—v2 . Wwe find that 1—- ~; =0, 
xX 
> yr=x. 
A direct check shows that the functions y = — x and 
y=xare also solution of the given equation. 


Consider a family of integral curves 
C, of the homogeneous equation 
y= Q(y/x) (1) 
Show that the tangents to the curves determined by 
(1) are parallel at corresponding points (those points 
on curves C, which lie on one ray issuing from the 
origin of coordinates). 


By the definition of corresponding 
Paee 
KX xX 


points we have , So that by virtue of equation 


(1) itselfy’= y|, where y’ and y ‘ are the slopes of the 


tangents to the integral curves C, and Cy, at the 
points M and M, respectively. 


In the geometrical interpretation, the general solution 
of a homogeneous differential equation must represent 
a system of similar and similarly situated curves, the 
origin being a centre of similitude. For the equation 
dy/dx = @(y/x) shows that where the curves cross any 
arbitrary straight line (y/x = m) through the origin, dy/ 
dx has the same value for each, that is, the tangents 
are parallel. 


Solve (x2— y?) dx + 2xydy=0. 
The given equation can be written as 
dy y’-x? 
aes = (1) 
dx 2xy 


which is a homogeneous differential equation. 
Putting y = vx in (1), we get 


2xy 2v 
Separating the variables, we have 
2V_qy=- 9% 
vi +l Xx 
Integrating, we obtain In (v2+ 1)=—Inx+Inc 
=> In(v?+1)+Inx=Inc 
=> In[(v2+1)x]=Inc 
> (v+1)x=c 
=> (y?+x?2)=cx 
which is the required solution. 


Example 4.) Solve 


d 7 
(x = y fen 2 =x, given y(1)=0. 


Xx 


l+v 
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DIFFERENTIAL EQUATIONS 


=> v.tan!v— 5 In(1+v2) =Inx+C 


wherex =1,y=0>v=0>C=0 


2 
=> Y tan?» =In i? + Inx 
x x Vx 


Solve xdy—ydx =,/x? +y* dx. 
The given equation can be written as 


Substituting y = vx in this equation and separating 
dv dx 


the variables, we get = 
Vl+w xX 
Integrating, we obtain 


In[vt+ Vv? +1]=Inx+tInc 


: y 
fy 4x? =c¢x2 since Vv = 
ytafy +x =Cx ( s) 


This is the required solution. 


Example 6.) A line is drawn from a point P(x, y) 


on curve y= f(x), making an angle with the x-axis which 
is supplementary to the one made by the tangent to 
the curve at P(x, y). The line meets the x-axis at A. 
Another lien perpendicular to the first, is drawn from 
P(x, y) meeting the y-axis at B. I[OA = OB, where O is 
the origin, find the curve which passes through (1, 1). 


The equation of the line through P(x, y) 


making an angle with the x-axis which is suplementary 
to the angle made by the tangent at P(x, y) is 


y-y=-2 «-x) (1) 
ioe x 2 
At the point where it meets the x-axis 
Y=0,X=x+— >O0A=x+—. 2 
x dy ay (2) 
dx dx 


The line through P(x, y) and perpendicular to (1) is 


Y _oy x 
=¥ 4 aK): 
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At the point where it meets the y-axis 


X=0,Y=y-~ > OB=y—. 
y Yay 


dy 
dx dx 
Since OA = OB, 
y x yt+x dy y+x 
x+—=y-—D>(y-x)= >= 
dy dy (yx) ae a 
dx dx dx 
Writing y = vx this equation becomes 
dv __l+v dv _1+2v-w’ 
+ =a x 
Mg eel 7 Nx vel 
1-v)d 
zy ( v)dv_, dx ai 


14+2v-v x 
=> n(12v—v2)+n x?=constant 

=> x?+2xy-y=c. 

Since the curve passes through (1, 1), c = 2. 
Hence, the required curve is x?— y?+ 2xy = 2. 


Example 7.| The tangent anda normal toa curve 


at any point P meet the x and y axis at A, B, C and D 
respectively. Find the equation of the curve passing 
through (1, 0) ifthe centre of circle through O, C, P and 
B lies on the line y = x (where O is origin). 


Let P(x, y) be a point on the curve. 


dy *) 
=|x+y—,0 =| 0,y-x— 
C= ( vx ) B= ( y Gz 


Circle passing through O, C, P and B has its centre at 
mid-point of BC. 

Let the centre of the circle be (a, B) 

dy 

dx 

EE A ek A 
dx ~~ dx dx yt+x 


Deaeey 
=> 2a=xtya and2B =y-x 


and since B = a, y—x 


Let y=vx 
dv (l+v’) 
= = 
dx l+v 
l+v d dx 
Seo eed ae x 
Integrating both sides we get, 
je qo dx 
vi +l x 


lr 2v dv dx 
dv + =- 
~ Seen lag Is 
1 
> 5 In |v? + ]|+tan-!v=-In xtc 
=> In {(J/y? 41)x} +tan!v=c 
leg ae y 
] 2 2 +tan-! -— = 
=> Mx +y an = Cc 


Given that ifx = 1, y=0, we have 
=> Inlt+tan!0=c>c=0 
The required curve is 


ba 
InJx?+y? + tan! (2) =0. 
Example 8. |Find a curve for which the product 


of the abscissa of any point P and the intercept 
made by a normal at P on the y-axis plus twice the 
product of the square of the distance of the point P 
from the origin and gradient of the normal is equal 
to zero. 


m 
2 2 
Hence, x {y +] 2 (x i ee, 


x’ +2y* dy 
>m= 7. => 
xy dx 

We solve using y = vx, to get x?+ y2=cx’. 


Example 9.| Show that the curve for which the 


ratio between the length of a segment intercepted 
by a tangent on the y—axis and the length of the 
radius vector is constant k, is given by 

1 o1¢k 
Paamee:2 
2c 
where c is an arbitrary constant. 


Cc 
y= 2 xltk — 


dy _ yik x+y 


or Put y=vx 


=> In lv 1+? | =tk.Jnxt+ec 


=+k/nx+c=I/nc.x* 


yt yx +y> =c.xl+k 


=> 
> x2 + y? = (c. x!#k—y)? 
=> x2+y? = c? x204W +y? —2cyx!+k 
c 1 4k 
= = — xltk — 
v3 2e 


Example 10.| The light rays emanating from a 


point source situated at origin when reflected from 
the mirror of a search light are reflected as beam 
parallel to the x-axis . Show that the surface is 
parabolic, by first forming the differential equation 
and then solving it . 


(x + my), 0 


Equation of normal at P 


1 
Y-y=-— (x- 
y me X) 


Put Y=0 
=> X=x+my 
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DIFFERENTIAL EQUATIONS 


Now, (OP)? = (ON)? 
we+y = (x + my) 


X+ AE es a, dy 


y dx 
Put y=vx to get 


> m 


Now we proceed to get y2 = c?+2 cx. 


Solve(1 +2e*¥)dx+2e*¥(1 —x/y)dy=0. 
The appearance of x/y in the equation 


suggests the substitution x = vy or dx = v dy+ y dv. 
‘. The given equation is 
(1 + 2e’) (vdy+ydv) + 2ev (1 —v) dy=0 
Le. y(1 + 2e")dv+ (v+ 2e%)dy=0 
1+2e" dy 
IV 
vt+2e” y 


1+2e” dy 
Integrating, J < dv Ie =0 


vt+2e" 
In |v + 2e%|+ In |y| = In [c| 


xX 
=> (vt2e)y=c {y=4} 
x x/y 
> —+2e =~ 
E : 
=> (x+2ye)=c. 


Solve the differential equation 
dy___ (x+y) 
dx (x+2)(y-2)° 


On putting X=x+2 and Y=y-—2, the 
given differential eqution reduces to 


dy _(X-2+Y+2) (X+Y/Y 


dx XY XY 
Put Y=VX = #¥ =v+ x dv 
dx dx 
2 
v+ xv (1+ V) V_ gy —4dX 
dX Vv 2V4+1 x? 


(1 1 Jav = 20x 
14+2V x 
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Integrating, ie rl ay ev = i) = 


= V= 5 In(1+2V)=2InX+C 


where X=x+2, and Y=y-2. 


Differential Equations Reducible to 
Homogeneous Form 
Ifthe differential equation is of the form 

dy ax+by+c 

dx a’x+b'y+c’ (1) 
it can be reduced to a homogeneous differential 
equation as follows : 

Put x=X+h, y=Y+k (2) 
where X and Y are new variables and h and k are 
constants yet to be chosen. From (2) 

dx = dX, dy=dY 
Equation (1), thus reduces to 

dy _ aX+bY+(ah+be+c) 

dX a'X4+bY4(ah+b'k+0) --(3) 
In order to have equation (3) as a homogeneous 


differential equation, choose h and k such that the 
following equations are satisfied : 


ah+ bk +c=0 
ah+b/k+e'=0 A) 
Now, (3) becomes 
dY _ aX+bY (5) 
dX a'X+b'Y 5 


which is a homogeneous differential equation and 
can be solved by putting Y = vX. 


&e.|Note: Solving equations (4), we obtain 


h k 1 


be’'—b’c a’c—ac’ ab’—a'b 
If ab’ — a’b = 0, the above method does not apply. In 
such cases, we have & ; =b =1 
a b’ t 


Equation (1) now becomes 
dy ax+by+tc 
dx t(ax+by)+c’ (6) 
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which can be solved by putting ax + by = v so that 


d 
Pea ay _ dv 
dx dx’ 


Hence, Eq. (6) takes the form 


Now separate the variables and integrate to get the 
required solution. 


Solve (2x + y—3) dy=(x+2y—3) dx. 
The given differential equation is 

dy x+2y—-3 

dx 2x+ y-3 
Putting x = X+h, y= Y +k, we get 

dy _ X+2Y+(h+2k-—3) 


dX 2X+Y+4(2h+k—3) (1) 
Choose h and k such that 
h+ 2k—3=0, 2h+k-—3=0 
Solving these equations, we get h = k = 1. Equation 
d¥ XaoY 


(1) can now be written as dX 2X+Y ...(2) 


where X=x—landY=y-1. 
Putting Y = vX in (2) and simplifying, we get 
2+v 24+V gy = dX 
l-v x 
Resolving into partial fraction and integrating, we get 


reared ele 


> sIn(1+y) > In(l v)=InX+Inc 


=> In ae = 2 In Xc= In (cX)? 


l+v ; 
> d—vy 7 (cX) 
Now substituting v = Y/X = (y 


(x ty—2)=c? (x—y) 
which is the required solution. 
x-yt+3 


dy 
Nae Ge 
Example 14.) Solve dx 2x—2y+5 


Here, the coefficients of x and y, in the 


numerator and denominator of the right-hand side 
are proportional. Therefore, we put 

x-yt+t3=v (1) 
dy _,_dv 


Diff tiat 1 ta 
ifferentiating (1), we ge 7 re 


1)/(x— 1), we get 


Substituting these values in the given differential 


: 2v-1 
equation, we get v 1 dv = dx 


= 


=> (2+ L ) av=ds 

v-l 
Integration yields 2v+ In (v—1l)=x+c 
=> 2(x-yt+3)t+In(x-y+3-1)=xte 
=> (x-2y)+In(x—-yt2)=c,, (c, =c—6) 


Substitution 


Sometimes an equation can be reduced to a 
homogeneous one by substituting z* for y. This is the 
case when all the terms in the equation are of the same 
degree once the variable x is assigned degree 1, the 
variable y degree a, and the derivative 


dy 
rs degree a— 1. 
Solve the equation 

(x2y2— 1) dy + 2xy3 dx =0 (1) 
We replace y by z%, dy by az! dz, where 
o is as yet an arbitrary number to be chosen later on. 
Substituting in the equation the expressions for y and 
dy we get 

(x2z24— 1) azo“! dz+2xz34dx =0 
or (x2z3o-1-z lq dz + 2xz34dx=0. 
Notice that x2z3¢-! is of degree 2+ 3a—1=3a+1, 
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z°| is of degree a — 1, and xz3“ is of degree 1 + 3a. 

The equation obtained will be homogeneous if all the 

terms are of the same degree, i.e. ifthe condition 
3at+1l=a-1 

or, o=— 1 is fulfilled. 

Putting y= 1/z, the original equation will take the form 


2 

(5-5) dz +275 dx=0 

or, (z?—x2)dz+2zx dx =0 

Now put z = ux, dz=udx + x du. 

Then this equation will assume the form 
(u2—1) (udx +x du) + 2u dx =0, 
u(u2+ 1) dx +x (u2—-1) du=0. 

We separate the variables in the equation : 


dx, w-1 


DIFFERENTIAL EQUATIONS 


= +—=—du=0. 
xX u+uU 
Integrating we find, 
In [x| + In (u2+ 1)—In Jul = In C 
2 
1 
ee SUE 


u 
Replacing u by 1/xy we obtain the general integral of 
the given equation : 1 + x2y2= Cy. 

Equation (1) has another obvious solution y = 0 which 
is obtained from the general integral when C > , if 
we write the integral as y = (1 + x2y2)/C and then 
proceed to the limit when C > ©. Thus, the function 
y= 0 is aparticular solution of the original equation. 


Practice,Problems Es 


1. Show that the equation y’ = f(x,y) is homogeneous 
if f(x,y) is such that f(x, tx) = fC, t), where t is a real 
parameter. Use this fact to determine whether each 
of the following equation is homogeneous. 


(i ,_ x +xyt+y° 
y 2; 2 
xX yt xy 
(ii) y'=Inx—Iny+ *7 
x-y 
any OC +3xy +4y?)!? 
(iii) y’ X+2y 
; ,_ sin(xy) 
Ql 
+y 


2. Solve the following differential equations : 
Q@) Gxy+y)dx + (x'+xy)dy=0 


oy, 2 GY ¥ 
—-=y-xt sia 
(ii) x ax YX tan S 


dy 6x” + 2y? 
Gi) ax x? 4 4xy 
2 dy dy 


iv) y +x°—=xy— 
aoe dx 2 dx 
3. Solve the following differential equations : 
; dy Zs 6x-—2y—-7 
y dx 3y+2x-6 
(ii) dy _ x+y+l 
dx 2x +2y+3 
(iii) (x+ y)dx + 3x+ 3y—4)dy =0 
(iv) (x—y)dy=(x+y+ I)dx. 
4. Solve (x’—y’)dx + 2 xydy=0, y(1) =2 


5. Solve [re Janse’ [1-2 ay =0 
y 


6. Findacurve for which the product of the abscissa 
of some point and the length of the segment 
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intercepted by a normal on the y-axis is twice the 
square of the distance from that point to the origin. 
7. Show that the differential equation 
y’dy + (x + y’) dx = 0 can be reduced to a 
homogeneous equation. Hence, solve it. 
8. Find the curve such that the initial ordinate of any 
tangent is equal to the corresponding subnormal. 
9. Solve the following differential equations : 


@ 2xy' (k-y’)t+y3=0 
(ii) 4y°+x3= 6xyy’ 
(iii) y (1+ Jx?y4 +1) dx + 2x dy=0 
(iv) (x+y’) dx +3 (y’—x) y’dy=0 

10. Assume that a snowball melts so that its volume 
decreases at a rate proportional to its surface area. 
Ifit takes three hourse for the snowball to decrease 


to half its original volume, how much longer will 
it take for the snowball to melt completely ? 


11. Show that the half-life H of a radioactive 
substance can be obtained from two 
measurements y, = y(t,) and y, = y(t,) of the 
amount present at times t, and t, by the formula 
H=[(t,—t,) In2]/ In(y,/y,). 


12. Suppose that a moth ball loses volume by 
evaporation at a rate proportional to its 
instantaneous area. If the diameter of the ball 
decreases from 2 to 1 cm in 3 months, how long 
will it take until the ball has practically gone (say 
until its diameter is 1 mm)? 


4.7 LINEAR DIFFERENTIAL 
EQUATIONS 


The linear differential equations are those in which 
the dependent variable and its derivative appear only 
in their first degree and are not multiplied together. 
The coefficients may be constants or functions of x 
alone. The general linear differential equation of order 
nis of the form y™ + P(x)y@-) + P(x)y@4 + + 

P.(X)y= Q&) (1) 
where P,,, P.,, ..., P,,, Q are either constants or functions 
ofx alone. Here P,, P,, ..., Pare called the coefficients 
of the differential equation. 


Ce| Note: That a linear differential equation is 
always of the first degree but every differental 
equation of the first degree need not be linear. 
For example, the differential equation 
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13. A body in aroom at 60° cools from 200° to 120° in 
halfan hour. 

(a) Show that its tmperature after t minutes is 
60+ 140e™, where k= (In 7 —In 3)/30. 

(b) Show that the time t required to reach a 
temperature of T degrees is given by the 
formula t = [In 140 — In (T —-60)]/k, where 
60<T<200. 

(c) Find the time at which the temperature is 90°. 

(d) Finda formula for the temperature of the body 
at time t if the room temperature is not kept 
constant but falls at a rate of 1° each ten 
minutes. Assume the room temperature is 60° 
when the body temperature is 200°. 


14. Ina tankare 100 litres of brine containing 50 kg of 
dissolved salt. Water runs into the tank at the 
rate of 3 litres per minute, and the concentration 
is kept uniform by stirring. How much salt is in 
the tank at the end of one hour if the mixture runs 
out at arate of 2 litres per minute ? 


15. A motorboat moves in still water with a speed 
v=10 km/h. At full speed its engine was cut off 
and in 20 seconds the speed was reduced to 
v, = 6 km/h. Assuming that the force of water 
resistance to the moving boat is proportional to 
its speed, find the speed of the boat in two minutes 
after the engine was shut off; find also the 
distance travelled by the boat during one minute 


with the engine dead. 
aa aia asi 
i axl 1s not linear, though its 


degree is 1. A differential equation that is not of the 
above form is a non linear differential equation. 


Consider another example ofa nonlinear equation : 
2 


Oy oy Ss 2 
—>,+-—siny=x. 
dx? x = 


The linear differential equation of the first order is of 
d 

the form —~ + POOy = Q@x) (1) 

where P and Q are constants or functions of x alone. 


Method 1 
To solve the differential equation (1), we multiply both 


sides of (1) by e!?* . Then we get 


d 
e/POodx [2+ Peoy) = ef POE Oy) 


JP(x)dx JP(x)dx 


or tye) = eFFO™ OG 


Integrating both sides, we get 

yelPovax os i} Q(x) el POxddx one 6 
which is the general solution of (1). 
Note: The factor e!? | which on 
multiplying to the left hand side of (1), makes the left 
hand side the exact derivative of some function of x 


and y, is called the integrating factor of the given 
differential equation. 


Solve (1 + dy =] 
olve(1 +3) §% -xy=1-x 
The given equation can be written as 


dy x _1-x 

dx 1+x 1+x 
Ne eee oe 
l+x 14+x > 1+x 


The integrating factor (I. F.) is thus, given by 


LF. = e! Pdx= exp lier = 1Jax| = eln(1+x)-x 


Therefore, the solution of the given differential is 


ye! Pdx = J Qe! Pax dx +C 


1-x 
or, y1+x)ex= le 


=f (e*—xe*) dx+C=xex+C 
or, y(l+x)=x+Cex, 


Proof Let us now estabilish the method given 
abovee. The following artificial technique reduces 
equation (1) to two equations with variables separable. 
Let us represent the function y as a product of two 
functions : y= u(x)v(x). One of these functions can be 
taken quite arbitrarily and the other should then be 
determined, depending on the former, in such a way 
that the whole product satisfies the given linear 
equation. The arbitrariness in the choice of one of the 
functions u and vis used for simplifying the resultant 
equation appearing after the substitution. 
From the equality y = uv we find the derivative y': 

y =u'v+uv' 
Substituting this expression into equation (1) we 
obtain 

u'v+uv' + p(x)uv = q(x), 
Le. u'vt+u(v' + p(x)v) = q(x) 
Now let us take as v an arbitrary particular solution of 
the equation 

v't+p(x)v=0 ...(2) 


(1+x)e*dx+C 
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Then we obtain the equation 
u'v= q(x) (3) 
for determining u. 


We shall begin with finding v from equation(2). On 
separating the variables we obtain 


oY = p(x 


=> fnv= —| p(x)dx, that isv= @ PO 

As was agreed, the sign of the indefinite integral 

designates here a particular antiderivative of p(x), and 

therefore v is a completely determined function of x. 

Now knowing v, we readily find u from equation(3): 
du _ q(x) _ q(x) of Pod [rods a 
dx Vv 


and hence , u= face! ax +C 


In the latter formula expressing u we take the family of 
all the antiderivatives. Finally, knowing u and v we 
determine the sought for function y : 


—| p(x)dx} | q(x)e dx+C 
|p fs Joooax | 


,du= q(x)e 


y=uv=e 
This formula expresses the general solution of linear 
equation (1). 
The final result remains unchanged if we add an 
arbitrary constant C, to the integrals standing as 
exponents. Indeed, this second arbitrary constant is 
cancelled out in the ultimate formula since one factor 
has e©! in the denominator while the other has it in 
the numerator. 
Let us solve the equation y' + =) = a“ F 
We put y= uv; then y =u'v+tuv'. 


1 sin x 
Furthermore, u'v + uv' + Td = 


uvtul y+] _ sinx 
xX x 


, and thus 


Let v'+ ~=0. Then dv __ dx , and, hence, 
x v x 


; 1 
én|v|=—fn[x|, Le. v= x 
1 _ sinx 


Consequently. u' . — 


, which gives 
u'= sinx andu=—cosx +c. 


Finally, we obtain y= uv = = (—cosx +C). 


Solve the differential equation 


d 
x — 3xy—2x2= 4x4 
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To put this in the standard form, we add 
2x? to both sides and then divide by x2. 


d 3 
The result is ie ~y =4x7 + 2, 
dx x 


3 
where P(x) =— = and Q(x) = 4x2+2. 


An antiderivative of P(x) is given by 
[Poodx = J- cee 3n|x| = In|x~*), 
x 


and it follows that the function 

o(%) orl = be? 
is an integrating factor, It is seen that if @(x) is an 
integrating factor, then so also is—p(x). Hence we may 
drop the absolute values and write simply 

O(xX)=x. 
Multiplying both sides by x-3, we obtain 


e@! POddx 


dy 
x3 a 3x4y= 4x! + 2x3, 
X 


It is easy to see that the left side of this equation is 


d d 
— (x3 — (x3y) = 4x-14 2x3 
equal to ay (xy). Hence ae (x 3y) = 4x-1+ 2x°3, and 


2 
so, X3y= fax + 2x-3)dx+e = 4In|x|+ are +c 


1 
= 4In|x|-—>+¢, 
Xx 


where c is an arbitrary constant. It follows that 
y = 4x3 In|x| — x + cx3is the general solution. 


Solve ydx — xdy + In xdx =0. 
The given equation can be written as 


d 
dy 2 
dx x x 


aly oe coo. 
Here P= e303 Inx 


e- j Pdx 


Therefore, I.F. = e! Pax e-Inx 


Hence, the solution is y e! P4x = i) QeJPdx dx +C 


1 1 
or vy -{{4inx)+ dx+c 
Putting, In x =t and integrating by parts the integral 


on right hand side, we get 
y=cx—(1+Inx). 
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d 
Example 4.| Solve (1 —x?) a + 2xy=x(1—x2)!2, 
The given equation can be written as 


dy | 2x xx)" 
4 Ss 
dx 1-x’ 1-x’ 
where 
n 2x -In(i-x2) 
LF. =e)Pd = exp {2% 4x]=e ace 


Therefore, the solution of the given differential 


equation is ye! Pax = ) QelPdxdx +C 


1. x(I-x2)2 1 | 
© 4x? J 1-x? me 


Putting, t = 1 — x2 and integrating the integral on the 
right hand side, we get 


eee | 
i ee +Cory=J1—x? +C(1 —x?). 


Ze. |Note: Sometimes a given differential 


equation becomes linear if we take x as the dependent 
variable and y as the independent variable, 1.e. it can 


dx 
be written in the form dy +P. x=Q, 
where P, and Q, are constants or functions of y alone. 


‘ byte J Pjdy J 
In this case, the solution is xe” = [Qe "dy +¢ 


Solve (1 + y2) dx =(tan-! y—x) dy. 
The given equation can be written as 


dx x _ tan'y 
dy l+y? lt+y° 
1 — tan! y 
Here LF. =e! Pdy=exp ij l+y? ey fe 


The solution of the given differential equation, 
therefore, is 


xe! Pdy = J Qe! Pay dy + C 
acl tan yaa! 
xe" *=|——e™ dy+c 
J l+y° z 
Put t = tan-!y in the integral on the right-hand side, 
and integrate, we get 


an—l an 
xe™ ¥=e™ ¥(tan-ly—1)+C. 


Method 2 


A linear differential equations of the first order can be 
written in the form 

y= fix)y + g(x) (1) 
If g(x) = 0, then the linear differential equation (1) i 1S 
called homogeneous. It has the form 

y=fwy .-(2) 
Equation (2) is an equation with variables separable. 
It can be shown that all solutions of this equation are 
given by the formula 

y=CeFo), 
where F(x) is a certain primitive of the function f(x), 
and C is an arbitrary constant. In particular, if the 
function f(x) is constant, say, f(x) =k for any x, then 
the equation y' = ky has the general solution y = Cek* 
If f(x) = 0, then equation (1) takes the form y' = g(x) 
As is known, the general solution of this equation will 
be y=G(x)+C 
where G(x) is a certain primitive of the function g(x) and 
Cis an arbitrary constant (the constant of integration) 
Theorem If y= (x) is acertain solution of equation 
(1), then all solutions of this equation are given by the 
formula 


y= CeF® + (x) (4) 
where CeF) is the general solution of homogeneous 
equation (2). 


Proof First ofall we check whether for any value of 
the constant C, function (4) is a solution of equation 
(1). Indeed, 
y= CePF'(x) + G(x) = CeFHx) + £x)O(X) + B(x) 
= fx)(CeF + (x) + g(x) = foxy + g(x). 
Let now w(x) bea certain solution of equation (1). We 
are going to show that the function 
y=(x)— (x) isa solution ofhomogeneous equation (2): 
Y= W'X)— 9%) = f(x) wOX) + BX) — fx) GX) — B%) 
= fX\(YX)—$(x)) = foxy. 
Therefore, there exists a constant C such that 
YX) — (x) = Cer) 
and, consequently, 
YX) = CaF) + h(x). 
Thus, any solution of equation (1) is obtained by 
formula (4) for a certain value of the constant C. 
The theorem has been proved. 
It follows from this theorem that, in order to find the 
general solution of equation (1), it is sufficient to find 
at least one of its particular solutions. 


Example 6.| Find the general solution of the 
differential equation y' + xy =4x 


Bytrial and error, we find that the function 


y = 4 is the solution of the given nonhomogeneous 
equation. Let us now find the general solution of the 
corresponding homogeneous equation y' + xy = 0 


O 4.33 


By formula (4), the general solution of this equation 
has the form 


DIFFERENTIAL EQUATIONS 


According to the above proved theorem, the general 
solution of the given nonhomogeneous linear 
equation is given by the formula 
ty? 
¥> Gg?" a 
where C is an arbitrary constant. 


Now we are going to indicate the method for finding 
the particular solution of the non-homogeneous 


equation 

y= foxy + g(x) (1) 
Let y=CeF@) (2) 
be the general solution of the homogeneous linear 
equation 

y =fQxy, 3) 
then we shall find the particular solution of equation 
(1) in the following form : 

y=u(xjer, AA) 


where u(x) is an unknown function. Substituting 
function (4) into equation (1), we get 

u'eF + ueFf= fue + g 
and finally, u' = g(x)e FO 
Consequently, the function u(x) is certain primitive of 
the function g(x) eF), 
Thus, in order to find the particular solution of 
nonhomogeneous equation (1), we have to replace 
the constant C by a certain primitive for the function g(x) 
e@) in the general solution (2) of the corresponding 
homogeneous equation (3). 
This way of finding the particular solution is called 
the method of variation of the constant. 
Find a solution of the equation 


! 


y’ — y= cos x — sin x satisfying the condition that y 
should be bounded when x > ©. 

The general solution of the equation is 

y= Cex+ sin x. 

Any solution of the equation obtained from the general 
solution when C # 0 will be unbounded since when 
x — o the function sin x is bounded and 
eX — oo, It follows that the given equation has a unique 
solution y= sin x, bounded when x + 9, which is obtained 
from the general solution when C = 0. 


Example 8.| If (y,, y,) are two solutions of the 


d 
differential equation ae + P(x) . y= Q(x). Then prove 
that y = y, + c(y, — y,) is the general solution of the 
equation where c is any constant. For what relation 
between the constant a, 8 will the linear combination 
y, + By, also be a solution. 


4.34 0 


As y,, y, are the solutions of the 


differential equation 
a + P(x). y= Q(x) (1) 
dx 
aa + P(x). y, =Q(x) (2) 
dx I 
ys 5 
and — > +P(x). y,= Q(x) ..) 
From (1) and (2) 


dy dy, 
(se- 4) «pe y—y=0 
d 
a YY TPR). (y-yp=9 (4) 
From (2) and (3), 
d 
ae (Y — Yo) + P(X) (y, — yn) = 0 (5) 
y\) 


ten¥ YG 
Yi Yo 


es 
From (4) and (5), “x 
a —Y2) 
Xx 


d(y = y,) = dy, = ¥o) 
Y-Y> Yi 7Y2 
Integrating both sides we get, 
In (y—y,) = In (y, — y) 


y=y, + ey, — y) ee 
Now, y= ay, + By, will be a solution if 


d 
A (ay, + By,) + P(x) (ay, + By,) = Q(x) 


dy, 
re «Peo, =Q(x) 


using (2) and (3) 


d 
or o{ 2+ Peo.) +l 


or AQ) + BQG)= Qe) 
(a+ B)Q&) = Q&) 


Hence, at+P=1. 


Example 9.) Show that ify, and y, be solutions 


d 
of the equation ae + Py = Q.where P and Q are 


functions of x alone, and y, = y,z, then 


z=1+ | ~Q/y1dx Where a is an arbitrary constant. 
Yo= Viz 
dy, __ dy, dz 
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As y, is a solution of the given equation, 


d 
“Ya + Py, =Q 
dx 


d 
Substituting in this value of a and y,, we get 


dy, dz 
Zz + P + = 
or ge v yr a Q 


dz 
or zQ+ tia 


or —~—=-—dx 
z-l y, 


Integrating, In (z— 1) =C + | - Qa 
Yi 


or z=1t+e 2" dx, 
This proves the result. 


Example 10.) A family C, of integral curves of 


the linear equation y’ + p(x) y = q(x) is given. Show 
that the tangents at corresponding points to the curves 
C,, determined by the linear equation intersect at one 
point. Corresponding points of curves C, are such 
points that lie on the same straight line parallel to the 
y-axis. 


Consider the tangent to some curve C, 


at a point M (x,y). The equation of the tangent at a 
point M(x, y) is of the form 
Y—q(x) (X—x) = y [1 —p(x) (X—x)], 

Where X and Y are moving coordinates ofa tangency 
point. By the definition, at corresponding points x is 
constant and y is variable. Taking any two tangents 
to curves C, at corresponding points we get for the 
coordinates of the point S of their intersection. 


ek jy (1) 
p(x) p(x) 
Hence it is seen that all the tangents to the curves C, 
at corresponding points (x being fixed) intersect at the 
same point. 


R [r+ at 
p(x) p(x) 


Eliminating the variable x we obtain the equation of 
the locus of points S : f{(X, Y) = 0. 


Differential Equations Reducible to Linear 
Form 


An equation of the form 


dy 

oS + Py = Qy2 (1) 
where P and Q are constants or functions of x alone 
and n is constant except 0 and I, is called a Bernoulli’s 
equation. 
The solution of (1) is obtained as ee 2 
Divide (1) by y" and put y™*+!= 
so that (—n + 1)y dy/dx = dv/dx nd (1) thus, reduces 

_1 dv 


1p —n+1 dx a ee 


or = +(1-n)Pv=(1-n)Q 


which is a linear differential equation in v and can be 
solved by the method described earlier. 


d 
Solve (1x2) + xy= xy? 


The given equation can be written as 


dy x =i x 
yeoac ea = 
vd 1X ‘ 
Put y-! = v, so that —y~2 dy/dx = dv/dx and the given 
equation reduces to 
dv Kae X 
dx 1-x’ 1-x’ 


which is a linear equation in v. Its integrating factor is 


x /2)In(1—x? 
LE =xel Pax = wxp(-5 : &x] = o(l/2)Ind-x*) 


—X 
=(1—x2)12 
The required solution of the given equation is 


vel Pdx = J Qe! Pax dx +¢ 


=> v(1-x2)!2= em (1—x2)!2 dx +e 


In the integral on the right hand side, put t= 1 — x? and 
integrate. We get 
v(1 —x2)"2= (1—x2)I2+¢ 


1 
= gles Pater re 
=> (1-y)vVl-x’ =cy. 


Solve {xy (1 + cosx)—y} dx+xdy=0. 
The given equation can be written as 


d y 
at (1+ cosx)- = =0 
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il. dy 1 
—— ——— =-—(1+cosx 
Se Gs =-( ) 
Using the substitution 


=! =u, we get 2-dy =du 

y y 

the above equation reduces to 
du, u_ 


ve —(1+cosx) 


2 
f2ax Qinx _ _2 
whose l.F. =e'* =e 4 


Hence, the solution of the given differential equation 
is given by 


ux2=—2 [x (1 + cosx)dx 


2 
x = [x°dx + [x cos xdx 


+x? sinx - [2x sin xdx 


+x? sin x + 2xcosx ~2[cosx +C 


+x’ sinx + 2xcosx —2sinx+C 


Solve (x22 +39) =I 
ape oe 
The equation can be written as 


dx Dis '9. 
—-xy=x 
dy y ae 


ol 


1 
Dividing by x2, x? oe be y° . Put on =v 


2 dx dv 
x 
dy dy’ 


dv 
The equation becomes dy + vy =y3 


fray = er ; 


Itis linear in vandy. LF.=e 
vi" = [y'el” dy +c, put Sy? = ty dy=dt 


= 2fte'at +C=2e'(t-D4+C 


1 1,2 ty? 1.2 
— sy = 2 
x e& 2e Gy 1)+C 


1 -ly? , 3 
ass (2-y?)-— Ce >" ig the solution. 


4.36 O 
Substitution 


A well found substitution of variables may help to 
reduce some nonlinear equations of the first order to 
linear equations or to Bernoulli equations. 


Equation f(y) + Pf(y) =Q 
where P and Q are functions of x or constants. 


dy dv 
Put f(y) =v so that f'(y) ae ae 


; dv 
The equation becomes ae +Pv=Q, 
which is a linear equation in v and x. 


Ze. |Note: In each of these equations, single out 


Q (function on the right) and then make suitable 
substitution to reduce the equation in linear form. 


d 
Example 14.| Solve = +x sin 2y= x3 cos? y. 
The given equation can be written as 
d 
secty + 2x tan y= x3 (1) 


Put tan y = v so that sec?y(dy/dx) = dv/dx, and (1) 
reduces to 


dv 
= x3 
dx +2xv=x (2) 


which is a linear differential equation. Now 
LF, = el Pax = el 2xcx= 
Multiplying (2) by LF. and then integrating, we get 
x2 — x2 oat 1 
ve = xe dx+e= [Ftedt +e 
@?=1) 
1 t | 3x2 
= —et(t—l)+c= =e” (x2-1)+ 
7° (t—l1)+c ; (x?-1)+c 


or (tany)e™ = . e* (x2_1)+e 


or tany= FO 1) +ce-*? 
which is the required solution. 
Solve 
sec? 8 dO + tan (1 —r tan0)dr =0. 


The given equation can be written as 


do, tan@ _ rtan*0 
20, 2 
dr sec’@ sec’ 0 


sec’ 0 do. oe 
=> | tan?@J}dr tanOd 
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dé 
=> cosec? 0 Wie + cot0=r 
Using the substitution 
cot® = u, we get — cosec?0 d@ = du 


du 
the equation reduces to me u=-r 
r 


fod 
whose LF.=e° =e. 
Hence, the solution of the given differential equation 
is given by 
uet= _[re‘dr =re" +fe‘dr =re‘-e'+C 
=> u=r-1+Ce 
=> cot@ =r—1+Ce. 


Example 16.| Solve 


sin y dy/dx — 2 cos y cos x = — cos x sin2x 
The given equation can be written as 
sin y dy/dx — 2 cos y cos x = — cos x sin2x 
Using the substitution — cos y= u 


we have sin y ma = du 


dx 
Then, the equation reduces to 
du ; 
as +u (2 cos x) =—cos x sin2x 


whose LF. = e/2cos x dx = e2sinx 
Introducing it, the ee becomes exact, and its 
primitive is ue2sinx = — J e2sinx cog x sin2x dx = —] t? edt 


2t 
[putting sin x =t, cos x dx = dt] Sa + Jt edt 


= t2e2 j te2t 2 
2 2 4 
sin?x sinx , 1 
= Qsinx — _ e2sinx | 2=——* — F—*+=— 14+C 
> cosye e 5) 5) 4 


=> 4cos y=2sin?x—2 sinx + 1 + Ce2sinx, 


d 
Example 17.) Solve 7 = 1 —x(y—x) — x3(y-x)3. 


Puty-x=¥ 
dy jw 
dx dx 


d 
The equation is ae +1=1-xv-x3v3 
dv 


or —— +xv=—x3v2 
dx 


dv 
or v3—— +xv?=-x3, 
dx 


Put v-2=u 5 = a 
; dx dx 


Th tion 1 A =-x3 
Gq uetlOn Is = 5 ‘ise XU = —X?. 


u 
or — —2xu=2x3, 

dx 
er 


. . 2x d 
Linear in uand x. I.F.= | ee 
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= st 4. 
Put x =rcos@, y=rsin® > tan 8 =~ 


r [—rsin®@ d8+cos@ dr] =r? dO 


d 
a0 —rtan 0 = sec 8 which is linear. 
-f tan6 d@ 


IF=e = cos 0 


ue™™ = [2xte* +C, Put —x?=t,-2xdx=dt 
= fte'dt+C=e'(t-)+C 


2 
or, (y—x)2=Ce* —(1+ x?) is the solution. 


Example 18.) Make the substitution x =r cos 0 


and y=r sin 9 toconvert the differential equation 
(x? + y2+ y) dx =x dy into a linear differential 
equation with 0 as independent and r asa 
dependent variable and solve it . Verify the solution 
by the substitution y=tx. 


(x2+y2)dx = xdy — ydx 


=> rcos0= d8@=0+c 


y 
=" t 
> : an (x +c) 


=> y=xtan(x+c) .(1) 

With t dy t+ at 

' a edge ote ae 
gael hype gy dt a yy at 
(x x xX)=xX re xt 
dt 

=> eS See => tan't=xt+c 
dx 


y = x tan (x +c) which is same as (1) 


ConceptProblems EX 


1. Solve the following differential equations : 


dy ; 
i) —=ytanx—2sinx 
w dx y 


d 
Gi) (1—-x? at 2ay=x 1-3)” 


(iit) (x ray —3y =(x+a) 


d 
(iv) (+1) i. —ny=e(x +1)". 


2. Solve the differential equation 
dy _ 1 
dx xcosy + sin2y 


3. Find the curves possessing the property that the 
intercept the tangent at any point ofa curve cuts 
off on the y-axis is equal to the square of the 
abscissa of the tangency point. 


4. Find the general solution of the linear equation of 
the first order y’ + p(x) y= q(x) if one particular 
solution, y,(x), is known. 


5. Find the general solution of the first order non- 
homogeneous linear equation y’ + p(x) y= q(x) if 
two particular solutions of it, y,(x) and y,(x), are 
known. 

6. (a) Find the general solution y, of the 

homogeneous differential equation 

dy 

dx 
(b) Show that the general solution of the 

nonhomogeneous equation 


dy 252). F 
is + 2xy =3e" is equal to the solution y, 


+ 2xy =0., 


in part (a) plus a particular solution to the 
nonhomogeneous equation. 

7. Show that a linear equation remains linear 
whatever replacements of the independent 
variable x = ¢(t), where p(t) is a differentiable 
function, are made. 

8. Show that a linear equation remains linear 
whatever linear transformations of the sought- 
for function y= a(x) z+ B(x), where a(x) and B(x) 


4.38 O 
are arbitrary differentiable functions, with a(x) #0 


9. Given three particular solutions y, y,, y, ofa linear 


in the interval under consideration, take place. 
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equation. Prove that the expression 


; 1 
remains unchanged for any x. What is the 
geometrical significance of this result ? 


Practice,Problemis Fe 


10. Solve the following differential equations : 


11. 


12. 


13. 


4.8 


(@) y-ytanx=—4—, yo)=0. 
cos’ xX 


(ii) t(1 + t2)dx =(x + xt2—t2) dt; x(1) = a 


Gi) y'- a l4+x, y=! 


(iv) 2xy’=y+ 6x52—2Vx, y(1)=3/2. 
Solve the following differential equations : 
(i) y’—yln 2 = 25 (cos x— 1) In 2, y being 
bounded when x > oo. 
sin? x 
x 


(ii) ysinx—ycosx= y0 asx>0 


(iti) x2Y cos ysin = l,y> lasx>o0. 
(iv) x2y'+ y=(x2+ lex, yolasx—>0 


Solve the following differential equations : 
@ (1+xy+ xy?) dx =x? dy. 


2y_ 2Vy 


(i). Ete 


X cos’ x 
(iti) (x2y2— 1) y' + 2xy3=0. 
3 
ra 1 — y 
0) 209? =) 


Solve the following differential equations : 
2 
x 3 
j nox =[S-y jy 
(i) . 
(ii) = dx + (y3—In x)dy=0 


SOLUTION BY 
INSPECTION 


Exact differential equation 


An equation Mdx + Ndy=0 (1) 
is said to be exact if it is equivalent to 


du=0 ...(2) 


14. 


15. 


16. 


17. 


18. 


19. 


— 
2 


2 
2x dx | y 3x dy =0 


iti 
(iit) y y! 
(iv) y—y' cos x = y? cos x (1 — sin x). 


Solve the following differential equations : 
@ yy+1=(%-De? 

(ii) y’ +x sin 2y=2xe** cos?y. 

(iii) yy’ sin x = cos x (sin x— y’) 


eee ea 
OS SG) 
Find all solutions of y’ sin x + y cos x = | on the 


interval (0, 7). Prove that exactly one of these 
solutions has a finite limit as x > 0, and another 
has a finite limit as x > 7. 


Find all solutions of y’ + y cot x = 2 cos x on the 
interval (0, 2). Prove that exactly one of these 
is also a solution on (—0, «) 

Find all solutions of (x — 2)(x — 3)y' + 2y 
= (x— 1)(x—2) on each of the following intervals : 
(a) (—00, 2) (b) (2, 3) (c) (3, ~). Prove that all 
solutions tend to a finite limit as x > 2, but 
that none has a finitie limit as x > 3. 

Find the curve such that the area of the rectangle 
constructed on the abscissa of any point and the 
initial ordinate of the tangent at this point is a 
constant (a’). 

A curve is such that the intercept a tangent cuts 
offon the ordinate axis is half the sum of the co- 
ordinates of the tangency point . Form the 
differential equation and obtain the equation of 
the curve if it passes through (1, 2) . 


and its integral is 


u=C. (3) 


It may be shown that every equation of the type (1) is 
either exact, or can be rendered exact by a suitable 
‘integrating factor'. The number of such factors is 
unlimited ; for if we suppose the equation (1) to have 
been brought to the form (3), it will still be exact when 
multiplied by f\(u), where f(u) may be any function of 


u. The integral of 
f'(u) du=0 (A) 
is f(uy=C. (5) 


which is obviously equivalent to (4). 


2 
sove(axinyrtr+| * +39") ayo 
The given differential equation is 


2 


Xx 
(In y) 2x dx 4 x dy + 3y? dy=0 


=> (Iny) d(x2)+x?d(In y) +d (y3)=0 
> d(x’liny)+dy)=0 >xXiIny+y=c 


Solve the differential equation 
(x3 + xy) dx + (x2y+ y3) dy=0. (1) 


The equation is easy to reduce to the 


form du = 0 by immediate grouping of its terms. For 
this purpose we rewrite it as : 
x3 dx + xy (ydx + x dy) + y3 dy=0. 


4 
Obviously, x3dx=d (=) ; 


2 
xy) 
xy(ydx + xdy)=xyd(xy)=d| 5}? 


2 
54 ta 
yedy {2}. 


Therefore equation (1) may be written in the form 


2 2 
a] -4{ ra(%] =% 
4 2 4 
2 4 
or, | , oy) sods =0. 


4° 2 4 


Consequently, x* + 2(xy)2 + y4 = C is the general 
solution of the equation. 


Solve xdx + ydy = k(xdy— ydx) 
This may be written as 
y 
d(x2+ y?) = 2kx2d @ ; 


and so the equation becomes exact on division by 
x2 + y2, thus 


y 
d(x? + y’) 2ra{ ¥) 


xy 
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DIFFERENTIAL EQUATIONS 
Hence, integrating both sides, 
In(x2 + y?) = 2k tan“! Z +C 


The given equation may also be solved as follows. 
The form suggests the substitutions 

x=rcos0, y=r sin, 
which give xdx + ydy= rdr, xdy— ydx =13d0 
The equation therefore reduces to 

a kd0 

r 

=> Inr=k0+C 
This is obviously equivalent to the previous solution. 


Integrating Factors 


Anon-exact differential equation can always be made 
exact by multiplying it by some function of x and y. 
Such a function is called an integrating factor. 
Although a differential equation of the type 
Mdx + Ndy = 0 always has an integrating factor, there 
is no general method of finding them. 

In some cases the integrating factor is found by 
inspection. Using the following exact differentials, it 
is easy to find the integrating factors : 


xdy — ydx 
(a) a{*)=: ae 

dx — xd 
yd 2|=2 y : 


(c) d(xy)=xdy + ydx 
2 2xydy — y*dx 
@ d y |_ 2xy y- y 


x x 
x? 2yxdx — x*dy 
d = 
(yd, y 
2 2 2, 
y )_ 2x°ydy —2xy dx 
() d\ a a 
x? 2xy*dx —2x’ydy 
d = 
(g) y y' 
1 \_ xdy+ydx 
hh) dl sy ay 
oe 
x xy 
@ 4 ff *) ydx — xdy 
y xy 


(kk) d tan”! 1) mays , 
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4 x] = ydx — xdy 
y) x+y 
e* _ ye*dx —e*dy 

y) oy’ 
Ss _ xe’dy —e’dx 


()) d| tan 


(m) d 


(n) d 2 


X Xx 


_ xdx+ydy 


[iat 
(o) d res i | x+y? 


Example 4.| Solve(1 +xy)ydx+(1—xy)xdy=0. 


The given equation can be written as 
(ydx + xdy) + (xy? dx — x2ydy) =0 

=> d(yx)+ xy? dx— x2ydy=0 

Dividing by xy, we get 


-a[)+tax Jay 0 
xy) X y 
Integrating, we get 


1 
~ xy +Inx-Iny=c 


=> LippX =c>In* =ct xy 


xy y y 
which is the required solution. 
Solve x dy— y dx =a(x?+ y2) dy. 
The given equation can be written as 

x dy —y dx 

ay? =ady 


= a{ tar’ 7 =ady 
Integrating, we get the required solution as 


tan-!= =aytc. 


Example 6.) Solve 


xdy+ydx+y(xdy-—ydx) =0. 
dy -yd 
aixy + eye (SYS) <0 
xX 

d(xy) + xy? d (2) =0 
d 

(xy) -a(2] ‘ 

x 


x2 y 


1 
2-])= = } 
> (yv-l=cxy> are c 
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Solve the differential equation, 
(2y+xy)dx + (xt+xy)dy = 0. 
(2ydx+xdy)+ xy3dx+ xydy=0 
Multiplying by x, 
2xydx+ xdy+ x?y?(y dx+x dy) =0 
d(x?y) + xy? d(xy) = ¢ 
d(x?y)+ tdt=c 


where xy=t 
3 3-23 
vyt — =coxyt+ = c 
3 3 
Alternative: 
Put t Ud a 
UES tera VY ae 


2 tf dt t t? dt t 


t 
(t?+x) — +t=0 
dx 


dx x 

—+—- =— t; 

dt t 

which is a linear differential equation. which can 


be found easily. 


Example 8.| Solve 


=> 


y +sinxcos”(xy) X ; 

cos(xy) Xt eo oe ) sa 
The given differential equation can be 
written as 

ydx + xdy 

“cos?(xy) + sinx dx+sin ydy=0. 


=> sec? (xy) d (xy) + sinx dx+ sin ydy=0 
d (tan (xy)) + d(—cos x) +d (cos y) =0 
=>  tan(xy) —cos x—cos y=c. 


x rae y' 
Example 9.| Solve —* S=xe 2ye 
ee = 
dx 


The given equation can be written as 


xdxt+tydy  ydx—xdy y° 


(x? + y° y y x2 


d(x? Ye) 1 x 
> IS 2 | 774 
(xe +y’y x ly \y 
Integrating both sides, we get 
- _ a re > Le : =¢ 
(x'+y")  (x/y) x x+y’ 


Example 10.) Solve(ax+hy+g)dx+ (hx+by+f)dy=0. 
This is equivalent to 

d(ax? + 2hxy + by? + 2gx + 2fy) =0. 
Integrating both sides, we get 

ax?+ 2hxy + by? + 2gx + 2fy=C. 


DirFERENTIALEQuations [J 4.41 


4xdx+2ydy-3(ydx+xdy) =0 
4xdx+2ydy-—3d(xy) =0 
2xX°+y—-3xy=C, 

since the lines pass through the origin c = 0. 

Hence (x—y)(2x-y)=0 

Hence, the acute angle between the lines is 


6 = tan-! a 


Example 14.) Solve (y + x fxy (x + y)) dx 
+ (yxy (x +y)—x) dy=0. 
Solution 


The given equation is written as 


Solve (x3e*— my?) dx +m xy dy=0. 

The given equation can be written as 
x3ex dx + m(xy dy—y? dx) =0 

Dividing by x3, we get 


xy dy —y’dx 
x? 


=> e&dx+m 0 


*2y dy—y?2xd 
=> exdx=m* sass Beet = 
2 

2 
fee oa ieee 
>e ix+4 ma{2]o 
Integrating, we get 


1 2 
e+ >m i =C=> 2x7e*+ my? = 2cx2 
X 


which is the required solution. 


Solve 


y (2xy + I) dx+x(1 


Solution 


2xy + x’ y’) dy=0. 
The given differential equation is 


=> y(2xyt+ 1)dx+x(1+2xy+x’y’) dy=0 
=> y(2xy+ 1)dx+x(1 +2xy) dy+x3ydy=0 
=> (2xy+1)(ydx +xdy)+x3y2 dy=0 
1 
=> (2xyt Iday)=—xyy dy 
as 2x9 FT ayy 4 ev, 
(xy) 

2 
Integrating, we get — 266) +ény=c 

1 
=> Mmy=c+—+t = 

xy 2(xy) 


Find the acute angle between the 


two lines passing through the origin and satisfying 
the differential equation, 
(4x-3y)dx + (2y-3x)dy=0. 


=> ydx-xdy+x,/xy &+y)dxty/xy (Kty)dy=0 
=> ydx-xdy+(xty),/xy (xdx+ydy)=0 


- 2 2 
> vas 7x01] fe tf ry ) =0 
y y y 2 


oye 
dx dy ye 
OF eS Se 1 1 2=0 
xy ” (¥-4) 
dx d x 
yo a ) = 0 
x y x—y 
Integrating, we get 
xy 


II 


In [x] — In ly] + ae 


442 0 


INTEGRAL CatcuLus For JEE Main AND ADVANCED 


(Practice PrObleMS se: GC & 


1. Solve the following differential equations : 
(i) y(xyt 1)dx+x(1 +xy+x’y’)dy=0 
(ii) x (2x*+y’) + y(x? + 2y*y'=0 

2. Solve the following differential equations : 
(ij) yx’ 'dx +x’Inx dy=0 
(ii) ye*” dx —(xe*" + y*) dy=0 


3. Solve the following differential equations : 
(i) (2x3—xy’) dx + (2y*—x’y) dy =0 
(ii) (8x*—2x-y) dx + (2y—x + 3y’) dy=0 
4. Solve the following differential equations : 
(i) (2xcosy+y’ cos x) dx 
+ (2y sin x—x’ sin y) dy=0 


 xidx + yx’ dy 
a 
x +y 
5. Solve the following differential equations : 
(i) (x? sin’y— y’cos x)dx + (x? cos y sin’ y— 2y 
sin x)dy =0 
(ii) (sin y+ y sin x + I/x) dx + (x cos y— cos x 
+ 1/y)dy=0 


= ydx — xdy 


4.9 FIRST ORDER HIGHER 
DEGREE DIFFERENTIAL 
EQUATION 


The most general form of a differential equation of 
the first order and higher degree (say nth degree) is 


n n-l n-2 
ae) ae) 
dx dx dx 


dy 
sce +P _.| —/+P_ =0 
(2) n (1) 
Ope pt ls Ppl ence st pike 


where p = dy/dx and P,, P.,, .....,P,, are functions of x 
and y. This equation can also be written as 


F(x, y, p) =0 (2) 


dx 
is a differential equation of second degree. 


dy) 
For example, the equation y} ——] + ae =y=0 


6. Solve the following differential equations : 


x dy y 
i = 1 |dx 
O x+y [2 +y° 
xdx+ydy _ ydx — x dy 
(ii) yx? +y? x2 


y “ 1 x 
* sey oy y wo 
2 2y? 
8. Solve | 3x* tan y -— |dx 
= 
Bd 3, 3y? 
+ | x° sec” y+4y ae dy =0. 
x 
‘ ae) 
9. Solve [sind «J o{y-83 Ja =0, 
y y 


Geometrical meaning of a differential 
equation of higher degree 


The equation being of the n' degree in p, indicates 
that n branches of the primitive curves go through 
any assigned point in the plane xy. Some of these 
branches may of course be imaginary, and for some 
ranges of x and y all may be imaginary. 


dy : 2 dy 
If F] x, y, reals (0 is of the second degree in ae 
x 


d 
there will be two values of = belonging to each 


particular point (x,, y,). Therefore the moving point 
can pass through each point of the plane in either of 
two directions; and hence, two curves of the system 
which is, the locus of the general solution pass 
through each point. The general solution, 
(x y, c) = 0, 

must therefore have two different values of c for each 
point ; and hence, c must appear in that solution in the 
second degree. 


In general, it may be said that a differential equation, 
dy 
F| x, y, — |=0 


d 
which is of the nth degree in oo and which has 


OCC) = 0. fs 
for its general solution, has for its locus infinite number 
of curves, there being but one arbitrary constant in 6, 
n of these curves pass through each point of the plane, 


d 
since = has n values at any point; and hence the 
X 


constant c must appear in the nth degree in the general 
solution. 

The equation (2) cannot be solved in the general form. 
We will discuss different situations where a solution 
of this equation exists. We have two cases : 

CaseI: In this case, the left hand side of (1) can be 
resolved into rational factors of the first degree. 
Case II : Here the member cannot be thus factored. 


Case I Equation solvable for p 


Suppose a differential equation can be solved for p 

and is of the form 
[p- f,(x, y)] [p—£,% y)] .... [p—f,% y)]=0 

Equating each factor to zero we get equations of the 

first order and the first degree. 

Let their solutions be 


(x, y, ¢,) = 0, (KX, Y, Cy) = 0,...65 
ix yc.) =0 . . 
Without any loss of generality, we can write 
C=C) =..=C,=C 


as they are arbitrary constants. Therefore, the 
solution of (1) can be put in the form 


CX, Ys C) 05(X, Y, C)... ,(X; Ys; C) = 0. 


Solve(pty+x) (xpt+y+x)(p+2x)=0. 
(Solution) Here, we have 


y+x=0, xpty+x=0, p+2x=0 
If ; y+x=0, then dy/dx +y+x=0. 
Put x + y=v, then this equation becomes 
_dv_ 
l-v as 
=> -In(l-v)=xte, 
=> (l-v)=exel= ce-x 
=> |-x-y-ce*=0 (1) 
Ifxp +y+x=0, then dy/dx + (1/x)y= 1, whose solution 
ae gee 
is yx : C)— 5X 
= 2xy+x—c,=0 (2) 
Finally, if p + 2x = 0, then the solution is 
y+x?—c,=0 (3) 
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From (1), (2), (3), the solution of the given equation is 
(1—x-y-ce*) (2xy + x2—c)(y+x?-c) = 


Solve p2 + 2py cot x = y?. 
Solving the given equation for p, we get 
p= 1-ay cotx+,/(4y’ cot? x + ay") | 


DIFFERENTIAL EQUATIONS 


- t~,ytan ~ 
-y cot 5 ,y tan 5 
If p=-ycot ae then by integrating, we have 
In y=-21In sin X +inA 
Solving, ty = —* 
olving, we get y ae 72) 


=> y(l—-cosx)=2A=c, 
If p = ytan (x/2), me by integrating, we get 
+InB 
=> y(1+cosx) 3B Cc, 


Iny=2 In sec’; 


Therefore, the required solution is 
[y 1 —cos x) —c] [y(1 + cos x)—c] =0. 


Case II 


The differential equation f(x, y, p) = 0 may have one or 
more of the following properties : 

(a) It may be solvable for y. 

(b) It maybe solvable for x. 

(c) It maybe of the first degree in x and y. 


(a) Equations solvable for y 
Ifthe differential equation F(x, y, p) =0 is solvable for 


y, then y= f(x, p) (1) 
Differentiating with respect to x, gives 
dy _ dp 


which is an equation in two variables x and p, and it 
will give rise to a solution of the form 

W(x p,c)=0 3) 
The elimination of p between equations (1) and (3) 
gives a relation between x, y and c, which is the 
required solution. When the elimination of p between 
these equations is not easily done, the values of x 
and y in terms of p can be found, and these together 
will constitute the required solution. 


Solvey= yp?-+ 2px 
The given equation can be written as 
2 
y= AL) 
I-p 
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Differentiating (1) with respect to x, we get 
2dp__ dx | apes Gore” dx 
pip -l) x pel pe 


p-l 
which on integration gives 
In(p—1)+In(p+1)-—2Inp=Inx+Inc 
= p-l 1 
p vVl-—cx 


Substituting this value of p in (1), we get 


2x Vl—cx +cxy=0 


which is the required solution. 


Example 4.| Solve the equation 


2y'2—2xy'’—2y+x2=0. 
(Solution) We oe the equation for y : 


dae 


Let us put y’ = p, then we get 
2 


x 
i ea ears (1) 
Differentiating (1) we find that 
dy =2p dp—p dx—xdp+xdx. 
But since dy = p dx, we have 
pdx = 2p dp—p dx—xdp+xdx 
or 2pdp—2pdx—xdp+xdx=0, 
2p (dp — dx) —x (dp— dx) =0, 
(2p—x) (dp — dx) =0. 
Consider two cases : 
(i) dp—dx=0, where p=x+C, where Cis an arbitrary 
constant. Substituting the value of p in (1) we 


obtain the general solution of the given equation : 
2 


y=Cx+C2+ ma 


A | CAUTION 


In the equation p = x + C one cannot replace p by y’ 

and integrate the resulting equation y’ = x + C (there 

appearing another arbitrary constant, which is 

inadmissible since the differential equation considered 

is a first order equation). 

(ii) 2p—x=0, which gives p = x/2. Substituting into 
(1) we obtain one more solution y = x2/4. 


=Cx>p= 


-xy'+ © 


(b) Equations solvable for x 


When the differential equation F(x, y, p) = 0 is solvable 
for x, then we have 


x= fly, p) 


Differentiating with respect to y, gives 
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d 
x of v.02?) 
p dy 


from which a relation between p and y may be obtained 
W(y; P, ¢) = 0 (say) 

Between this and the given equation, p may be 

eliminated, or x and y expressed in terms of p. 


Solve pxy = y? In y — p? 


The given equation can be written as 


y 
Differentiating with respect to y, we get, after 
simplification, 

dp _ dy 


Pp sy 

which on integration gives 

In p=Iny+Inc=Incy 
or p=cy 
Eliminating p from this and the given equation, we 
obtain 

In y=cx+c? 
which is the required solution. 


1 EE 
x=— yIny- 
Pp 


(C) Equations of the first degree in x and y 


The Lagrange's equation 


When a differential equation is of the first degree in x 
and y, then 


y=xf,(p) + £0) (1) 
d 
where p= a 


Equation (1) is known as Lagrange’s equation. To 
solve it, we differentiate with respect to x to obtain 


dy ae dp 
P-GP) Txf'(P) + FL(P) 5 
dp fi) ._ fs) 
or = ...(2) 
dx p-f(p) p-f,(p) 
which is a linear equation in x and p, and hence can 
be solved in the form x = o(p, C) ...(3) 


Eliminating p from the equations (1) and (2), we get 
the required solution. Ifit is not possible to eliminate 
p, then the values of x and y in terms of p can be 
found from the equations (1) and (3), and these will 
constitute the required solution. 

In addition the Lagrange equation may have some 
singular solutions of the form y= f,(C)x + £(C), where 
c is the root of the equation C= f,(C). 


Example 6.| Solve the equation y= 2xy'+ Iny’. 


We set y’ = p then y = 2xp + In p. 
Differentiating we find that 


pdx=2pdx+2xdp+ op 
p 


=> p dk =_2x_1 
dp Pp 
or dx -_ 2, 1 
dp pp 


We have obtained a first order equation linear in x; 


solving it we find that x = £ ae 


Substituting the obtained value of x in the expression 
for y we finally get 


The Clairaut's equation 


If f,(p) = p and f,(p) = f(p), then (1) reduces to 

y=px+t f(p) (4) 
Equation (4) is known as Clairaut’s equation. To solve 
it, we differentiate with respect to x to obtain 


Gy eae 
oe [x+f(p)]p’ +p 


dp _ 
or [x+f(p)] ao =0 (5) 


If dp/dx = 0, then p = C = constant. Eliminating p 
between this and (4), we get 

y=Cx+f(C) ...(6) 
which is the required solution of Clairaut’s equation. 
Clairaut's equation is one where a curve is defined by 
some property of the tangent. 
Hence any equation of the form (4) expresses a relation 
between intercept and the direction of the tangent. 
Now it is evident that this relation is satisfied by any 
straight line whose intercepts have the given relation. 
Along any such straight line we have p = C and we 
thus get the solution y = Cx + f(C), involving an 
arbitrary constant C. 
But the equation will also be satisfied by the curve 
which has the family (6) of straight lines as its tangents, 
in other words, by the envelope of this family. This 
envelope is found when we eliminate p between 

x + f'(p) = 0 and (4). We get a solution which does 
not contain any arbitrary constant, and hence, is not 
a particular case of solution (5), but a singular 
solution. 
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Example 7.| Solve the equation y = xy’ + oa 


2y 


DIFFERENTIAL EQUATIONS 


where a is a constant. 

a 
Setting y’ = p we get y=xp+ 2p 
Differentiating this latter equation and replacing dy 
by p dx we find that 


pdx =pdx + x dp-—4 dp, > dp} x-—4 |=0. 
2p 2p 


Equation the first factor to zero we get dp = 0, which 

gives p = C and the general solution of the original 

equation is y = Cx + aS a one parameter family of 
c 


straight lines. 
Equating the second factor to zero we have x = a/2p?. 
Eliminating p from this equation and from the equation 


y=xpt BS we get y? = 2ax, which is also a 
Pp 


solution of our equation (a singular one). 


From a geometrical point of view the curve y? = 2ax is 
the envelope of the family of straight lines given by 
the general solution. 


Example 8.) Solve y=px + p—p?. 
Differentiating both sides with respect 


tox, 
dp . dp dp 
=pt + -2 
Be ag Cae ane 
oP i +1—-2p)=0 
ax — 2p) 
dp 
=> either— =0 
dx 
=> p=C (1) 


1 
> p= at 1). (2) 
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Eliminating p between (1) and the given equation, we 
get y=Cx+C-—C7as the general solution 
and eliminating p between (2) and the given equation, 
we get 
Geek = Gc) = eH GP 
Y= SOD K+ 5 H)— 7 OHP= TRH, 


=> 4y=(x+1)2as the singular solution. 


\-.|Note: It can easily be verified that the family 


of straight lines represented by the general solution 
touches the parabola represented by the singular 
solution. 


Example 9.) Reduce xyp?—(x2+ y2+ 1) p+xy=0 


to Clairaut’s form and find its singular solution. 


Let x?= u and y? = v, the the given 


equation becomes 
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dv a 

u( 22) —(utv— Dye + =0 
dv 
or up?—(u+v+1)pt+v=0, where p= Gy 


“ps 
= (1) 


which is in Clairaut’s form. Differentiating it with 
respect to u, we get 


or v=upt 


1 dp 
= (p-1 a= 0 ...(2) 
To get the singular solution, we consider 
oo 
as (i 


which gives p= 1+(1/./1 ). Putting this in (1), we get 
the required solution as y? = (x + 1)? 


iPifACtiCe:PiOb NCIS ss His 


Solve the following differential equations : 


1. y’2—2xy’— 8x2=0 
2. y3-yy?2-x4y'+ x2y=0 
3. y'2—4xy’ + 2y+ 2x2=0. 


a 
4. y=xy'+ y? 


5. y= y. 
6. xy?2-yy’-y’+1=0 


dy \ dy 
9. s( x) + 2x —y=0; y(0)=V5, 
dx dx 


10. y=xy'+yl+ as ; 

ll. y=xy'+siny’ 

12. 2yy'=x(y'2+ 4). 

13. Find the curve such that the square of the intercept 
cut by any tangent off the y-axis is equal to the 
product of the coordinates of the point of 
tangency. 

14. Findacurve each tangent of which forms with the 
coordinate axes a triangle of constant area S = 2a’. 

15. Find a curve for which the segment of a tangent 
to it contained between the coordinate axes is of 
constant length a. 


4.10 HIGHER ORDER 
DIFFERENTIAL 
EQUATION 


« 
Form “~* = f(x) 

dx 
This requires merely two ordinary integrations with 
respect to x, thus 


SORE: [coax +A, 


y= [tffoodx \dx + Ax +B 


where the constants A, B are arbitrary. 
2 


d‘y | = 

#Y et conn 
(2) 

Here 4, | qx | =Xext cosx. 


d x 
Hence, 2 [oe + cos X) dx 
dx 


=xeX—eXtsinx +C,, 
and another integration yields 
y= xeX— 2e*—cosx +C,x +C,. 


Find all twice differentiable functions 
f(x) such that f"(x) = 0, £(0) = 19, and f(1) =99. 


Since f"(x) =0 we must have 


f(x) = ax + b for some real numbers a, b. Thus 
(0) = b= 19 and f(1) =a + 19 = 99, soa = 80. 
Therefore f(x) = 80x + 19. 


Find the general solution of the 


equation y’” = Inx and separate out the solution 
x 


satisfying the initial conditions y(1)=0, y(1)= 1, y” (1) =2. 


We integrate this equation three times 


in succession : 


i —- Inx_1L 

y ean x2 dx =— a ae X +C,, (1) 
y=- s In*x—Inx +C,x+C,, (2) 
y=— 5 Inx+C, . +O xtCy (3) 


We find the solution satisfying the given initial 
conditions. Substituting the initial data y(1) = 0, 
y'(1)=1, y” 1) =2 in (1), (2) and (3) we have 


C, 
1+C,=2,C,+C,=1, 5 
Hence C, = 3, C,=—2,C,=1/2. 
The desired solution is 
3 1 


y > In’x 7x 2x < 


+C,+C,=0 


d’y 

Form =f 

de (y) 

If the equation be of the type 
2 


d°y 
—7 =f 
ay? (y) (1) 


a first integral may be obtained in two ways. 
In one of these we multiply both sides by dy/dx, and 
then integrate with respect to x ; thus 


(ay = [ty Zax +a=frypdy +a (2) 
(s y _ 


The second method is to introduce a special symbol p 
for dy/dx. Since this makes 


d’y dp _dpdy __ dp ; 
dx? dx dydx dy ue) 
we have, in place of (1), 


dp |) _ 
(2) = f(y), (4) 
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which may be regarded as an equation of the first 
order, with p as dependent, and y as independent, 
variable. Integrating (3) with respect to y, we have 


DIFFERENTIAL EQUATIONS 


1 
5P° = Jia + (5) 


which is equivalent to (2). 
To complete the solution, we write (2) in the form 


ay =+dx 


(pftonay +20 - mo) 


The variable are here separated. 


2 


d°y 
Example 4.) Solve ae +a2y=0. 
d’y 
Here <= ay 


The equation may be written as 


y’ dy’ = — a*y dy 
1/2 y'2=—- 1/2 ay? +C, 


y’= 2C ayrye ‘ 
dy _ 
dx 


setting 2C = C, and taking the positive sign of the 
radical. Separating the variables, we get 


dy 


oF - ay” : 


= dx. 
Ic, _ azy2 
Integrating i sin-! “Y =x+C 
b a at 2» 
or sin} ay = ax +aC,. 


Jc, 


ate a 
This is the same as 


y 
VC, 
= sin ax cos aC, + cos ax sin aC,, 


viel I 


or, y= a: cos aC, * sin ax + 


= sin (ax + aC,) 


sin aC,* cos ax. 


y=C, sin ax + C, Cos ax. 


d2 


y 
(Example 5.) Solve — -2y=0. 
Olve dx y 
Si a ‘)2]=2 hoe 
Solution) Since ~~ [(y')"]=2y'y’, 
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we can multiply the given equation by 2y’ to obtain 


2y’y" = 4yy’, 
and integrate to obtain 


(y’2=4 [yy'dx=4 Jyay=2y+e,, 


d 

Then Ye f2y? +C, , so that a dx 
dx 2y’ +C, 

and 


In |Jfoyt V2y’ +C, |= V2 +1nc,. 


Then last equation yields 
V2 y+ y2y?+C, = Ce". 


Example 6.| Solve y’’ =-— 1/y?. 
; ; y’ 
Multiply by 2y’ to obtain 2y’y" =— y ‘ 


Then integration yields 


= + ef Sy 
(y= ¥ , so tha ae . 

y dy 
1+C,y’ 


Another integration gives J1+C,y? =C,x+C, 
or (C)x+C,P=Cy2=1. 


Example 7.| Solve the initial value problem 
y"=2y% yO)= 1, y(O)=1. 


Seting y= p we Bet 
dp dy 4 
==> p2=v4 =,/ 
P ay 2y3=> p2=ytC, or ag y'+C,. 


Separating the variables we find that 

K+C,=[(y4+ C12 dy. 
The right hand side of the last equation contains an 
integral of binomial differential. Hence m=0,n=4, 
p =— 1/2, 1.e. we have the nonintegrable case. 
Consequently, this integral cannot be expressed as a 
finite combination of elementary functions. 
However, if we use the initial conditions, then we get 


or = dx 


dy 
C,=0.So =y?. 
} dx” 
Thus, taking into account the initial conditions, we 


finally find that y= ete. 
1-x 
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Equations involving only the first and second 
derivatives 


If the equation be of the type 


d’y dy 
a ceme li seal) 
ite 4 : (1) 


i.e., the variables x, y do not appear (explicitly), then, 


d 
writing p for = , we have 


dp 
of de ) =0 ...(2) 
which is an equation of the first order with p as 
dependent variable. 


The equation (1) may also be reduced to an equation 
of the first order, with y as independent variable writing 
2 
p uu for ee 
dy dx 
d 
thus i{p — P| =0 x) 
dy 
To determine the rectilinear motion ofa particle subject 


to a force which is a given function of the velocity. 
The equation of motion is of the form 


acs 
dt? dt 
dx 


Writing v for aw have 


=t+C 


dv e dv _ eT { dv 
dt = FEY) >“ f(v) 
For example, if the particle be subject solely to a 
resistance varying as the velocity, we have 


a =-—kv as v= Ae ™ 
dt dt ; 


If we follow the alternative method, 


on ee (=) laced b 
the equation dt dt 1s replaced by 
dv 
v— =f(v 
rs (v) 


Thus, in the case of resistance varying as the velocity, 
we get 


dv 
dx 


=—k,v=-kx+C 


—kx 


Cc 
Hence, “ + kx = Cand therefore, x = = + De 
t 


where C, D are arbitrary constants. 


wea 


d’y dy d’y_dp 
(Solution) Let p= , then Ge ee ae 


and the given Nee becomes 


2 OP p= aor dp +p axe Xa 
x? 4, 1 Xp=aorx dp +p dx=~ dx. 


Then integration yields xp = a In |x| + C,, 


d 
or xX = =aln |x|+C,. 
dx 


When this is written as dy = a In x| = + one = 


1 
integration gives y= 74 In? |x| + C, In |x| +C,. 


Example 9.) Solve = ty'+x=0. 


(Solution) Let p= —. Then cy 08 and the 
dx? dx 
dp 
given equation becomes x ae +p+x=0 
or xdp+pdx=-xdkx. 


1 
Integration gives xp = — 5 eC 


stitution for p gives © =-—x+2 
substitution for p gives | 5 x” 
and another integration yields 
1 
y= ae + C,In |x| +C,,. 


Example 10.| Find the particular solution of the 
equation xy" + y' + x =0, that satisfies the conditions 
y=0, y =0 when x=0. 


Practice.Problems 


1. Solve the following differential equations : 
(i) y"=x+sinx ii) y’=1+y? 
Gn) 29 ="Gs1)) -Gyy? ty?=0 

2. Solve the following differential equations : 


5) ody ody dy @2 
OR aries one 


a = ul) 2 =1 
dx? dx (ii) rs dx. 
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Putting y' = p, we have y" = p', thus 
xp'+p+x=0. 


Solving the latter equation as a linear equation in the 
function p, we get 
2 


X 
Dae Ga as 


From the fact that y' = p = 0 when x = 0, we have 
0=C,-0,i.e., C,=0. 


xX x i : 

Hence p = — 7) ae = 2? Integrating once again, 
; x 

we obtain y = =e +C,. 


Putting y = 0 when x = 0, we find C, =0. 


1 
Hence, the desired particular solution is y = — ae : 


Find the particular solution of the 
equation yy" — y2= y* provided that y= 1, y =0 when x =0. 


dp 
Put y' = p, then y" = Pay and our 


dp 
equation becomes ae a Pery.~; 


We have obtained an equation of the Bernoulli type in 
p(y is considered the argument). Solving it, we find 


p=tyyC,+y’- 


From the fact that y' = p = 0 when y = 1, we have 


C, =—l. Hence, 
p=tyyy? -1 or Yay yay ok, 


Integrating, we have 


1 
COS +tx=C, 


Putting y= 1 and x = 0, we obtain C, = 0, 


1 


Hence, ~ — COS X Or y= Sec xX. 


ie av, 1dv d’y _ dy 
-0 Sela Aa 
i) va ‘dr ay) Fae dx 
3. Solve the ie differential equations : 
(@) (+x yt Lara a 0 
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if d’y dy 
n) d-y)—>+2—=0 
wee!) dx? dx 


4.11 INTEGRAL EQUATION 


In some equations the sought for function y(x) may 
be under the integral sign. In such cases it is sometimes 
possible to reduce a given equation to a differential 
one by differentiation. 


Let f: R* > R be a differentiable 
function where f(x) = e—(x—-1) (Inx-1)+ I f(x) dx. 
Find f(x). 


We have 

f(x) =e (x1) (Inx—1)+ f*f(@x)dx AL) 
and f(x)= 7% nx 1) + fx) 

Caen 

re —f= a —Inx 


whose IF. = e/-ldx =e, 
e* f(x) =Jex (4 —In x] dx=e*lInx+C 
x 
This gives f(x) = In x + Cex (2) 
Putting x = | in equation (1) and (2), we have 
f(1) =e=Ce 


gives C = | and hence 
f(x) = In x+ e*. 


Given 
1 


J £(tx) dt =nf(x) then find f(x) where x > 0. 
. 1 
J tex dt=n- F(x) 
0 
Put tx=y = dt=4 dy 


z + FO) dy=n 09 . J Fy) ay=x-m- Feo) 
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4. Solve the following differential equations : 
@ y'=y'tx 
(i) xy"=y' In 
(il) 2xy'y"=(y)+1 
(iv) xy"+x(y)?—y =0 
5. Solve y’=e?y, y(0)=0, y(0)=1. 
6. Solve y'"=(y"). 


Differentiating, 
f(x) =n [f(x) +x f"(x)] =f(xk) d—n)=nx f' (x) 
PG) eH 
f(x) nx 


ien 
Integrating /n f (x) -( ee 2) Incx= In (cx) * 
n 
1-n 


f(x)=C.x", 


Let f : (0, ©) > (0, ~) be a 
differentiable function satisfying, 


x 


x J (l-sf(t)dt= J ttt) dt Vx e Rtand 1) =1. 
Deena’ f(x). ° 


x 


Wehavex] (1—t) ft) dt= J tf(t) dt 
0 0 


Differentiating both sides w.r.t. x, we get 


x(1—x) fx) + J (1) ft) dt=xf(x) 
0 


=> xfy=J (1-1 f(t)dt 
0 
Differentiate both sides w.r.t x again, we get 
x? f(x) + 2xf(x) = (1 —x) f(x) 
PO) 13x, (£00 gy _ f1=3X ay 
EG): fxr f(x) x? 


=> Inf(x)=- 1 _3inx+inc 
x 


= in| #9 1 


Cc Xx 


3 Inx 


Given (1) = 1 In +) =<ieese 


> in| fs Soil > f(x)= ae) 
x x 


Example 4.| Solve the equation 


x J y(t)dt=(x+1) J ty(t)dtx>o. 
0 0 


Differentiating both sides of this 
equation with respect to x we get. 


J y(t) dt +xy(x) = J ty(t) dt +(x +1) xy(x) 
0 0 

ot J y(t)dt=J ty(t) dt+x2y(x). 
0 0 


Differentiating once again with respect to x we obtain 
a differential equation in y(x): 


yx) = xy(x) + x2y'(x) + 2xy (x) 
or xy’ (x)+(x-1) w(x) =0. 
Separating the variables and integrating we find that 
1 
=C — ; e-l/x, 
y 3 


It is easy to verify that this solution satisfies the 
original equation. 


Let f(x) is a continuous function 


which takes positive values for x = 0 and satisfy 
} f(t)dt = x Jf(x) with f(I)= e 
0 


Then find the value of f(,/2 +1). 


Wehave [f(t)dt=xJf(x) 0) 


Differentiating both the sides w.r.t. x, we get 


xf'(x) 
= ——— + /f 
f(x) 5 io (x) 


dy 
Let f(x) =y?> f' (x) =2y ae 


dy 41 
2=x-2Dy- j 
Yu: dys a Dy 


Psy, 


OY ioe ai tee 
rte cou aes 


d 
i - les 


= joe ay = pa 


dy 
dx 


=> y=x- 
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> po Y=) Linx > GAD ox 
y y 
= 1-lexs | =l-cex >y= 
l-cx 


1 
Vf(x) = ie (2) 
Since, f(1) = 5 (given) 
l-c= 2 >c=1- 2 
lefox 1 
f — es 
&) 1+(J2 -1)x 


f(x)= 1 
oe [1+ (V2 -1)xfP 


=> £2+)=% 
Example 6.) Suppose fand q are differentiable 


functions such that for all real x, 


xg(fx) f(g) = fle))g Fed) £&). 


Moreover, f is nonnegative and g is positive. 
Furthermore, , f(g(x))dx = 1- a for all reals a. 


Given that g(f(0)) = 1, compute the value of g(f(4)). 


Differentiating the given integral with 
respect to a gives f(g(a)) = e-4. 


Now x ilinde(eG@)) _ , PeOO)8'C) 
dx f(g(x)) 
_ s(EO))F'G) _ diln(g(f(x)))] 
g(f(x)) dx 


where the second equals sign follows from the given. 
Since In(f(g))) =—2x, we have —x? + C = In(g(f(x))), 


so g(f(x)) = Ke™ . It follows that K = 1 and 
g(f(4)) = 16. 


Example 7.| Ifacontinuous function f(x) satisfies 


the relation, fete —t)dt= frat +sinx+cosx—x-—l, 
0 0 


for all real numbers x, then find f(x). 


tf(x —t)dt= } f(t)dt +sinx+cosx—x—1 
0 0 


[-pF@mat = frat +sinx+cosx—x-1 
0 0 


452 0 
[using property P-5 of definite integral] 


xfreoat am [tt@at= 


frat +sinx +cosx—x-1 
0 

Differentiating both sides w.r.t. x 
x- F(x) + [ F(@)dt —x- £0) 


0 
=f(x)+cosx—sinx—1 (1) 
Again differentiating both sides w.r.t. x 
f(x) =f'(x)—sin x—cosx (2) 
which is a linear differential equation 
Let f(x)=y 
dy en 
dx 7) Sin x F cos x 


yex= fer (sin x + cos x)dx 


LF =ex 


Put x=-t= fe'cint —cost)dt 


y:e*=—etcost+C 
y:e*=—e*cosx+C 
f(x) =y=Ce*—cosx 
If x=0,f(0)=0 from (1) 
*. C=1 
f (x) =e*—cos x. 


Example 8.) Let f(x) is periodic function such that 


} : (Roprdt=—L/ j “(ean V x €R-— {0}. Find the 
0 xX 0 
function f(x) if (1) = 1. 
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From (2) and (3), f (F(t) dt= = (F(x))3 
Differentiating both sides w.r.t. x, we get 
(Fo) x°.3(F(x)) mM —(F(x))°.2x 
3(F(x))" F(x) — (F(x) 


Q 


(x F(x) P= xt F(x)? F(x)—2 (FQ) 


xF(x)|>_ [ xF"(x) 
« Ee alee} 


> 13-3) 49=0whereh= te 
F(x) 
=> (A-1)?(A+2)=0> A=1,-2 
For A=1 aE 
> F(x) 
F' 
oie => InFXX)=mx+Mmc 
> Fx=cx> F(x)=c > fx)=e 
{from (1)} 
f(1)=1=c(-. 1) =1) 
f{x)=1 (4) 
x F'(x) 
For 4 =-2, Ces 
Fx) 
=> F(x) a= =>/nF(x)=—2/nxt/nce, 


C, , 2c, 
=> FX)= a) => F(x)=- ee 


Let [, f(t)dt = F(x) => f(x)=- er = t)=1—=2e, 
= fx)=F(x) (1) ‘a 
J ceoyrat [) rossat 0). Te 7 
3 F But the given f(x) is a periodic function 
and E( fra) -F2* .G)  Hencetx)=1. 
x” \v0 x 
Practice,Problems JG 


1. Solve | ty(t)dt=x2y(x). 
0 


2. Solve y(x)= i) y(t) dt + e*. 
0 


3. Solve | ty(t)dt=x?+y(x). 
0 


4. If f(x) isa function such that x (1 —t) f(t) dt 
= (K t- f(t) dt and f(1) = 1 then find f(x). 
5. Find an initial-value problem whose solution is 


x 2 
y=cos x + i edt 


4.12 PROBLEMS IN 
TRAJECTORIES 


Suppose that a family of curves 0(x, y, a) = 0 is given. 
Accurve making at each ofits points a fixed angle o with 
the curve of the family passing through that point, is 
called an isogonal trajectory of that family. 

In particular if a = 7/2, it is called an orthogonal 
trajectory. 


Orthogonal trajectories 


Ifwe are given a family of curves (heavy lines in figure), 
we may think of another family of curves (dashed lines) 
such that each member of this family cuts each member 
of the another family at right angles. For example, AB 
meets several members of the dashed family at right 
angles at the points L, M, N, O and P. We say that the 
families are mutually orthogonal, or that either family 
forms a set of orthogonal trajectories of the other family. 


Y 


As an example, consider the family ofall circles having 
their centre at origin (a few such circles appear in figure 
below) 


The orthogonal trajectories for this family of circles 
would be members of the family of straight lines (shown 
by dashed lines) Similarly, the orthogonal trajectories 
of the family of straight lines passing through the origin 
are circles having centre at the origin. 
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Find the orthogonal trajectories of the 


family of curves x = ky’, where k is an arbitrary constant. 


The curves x = ky? form a family of 


parabolas whose axis of symmetry is the x-axis. The 
first step is to find the differential equation satisfied 
by the members of the family. 

If we differentiate x = ky?, we get 


d 
api Ey", Seals 
1 = 2ky dx oO dx ky 
To eliminate k we note that, from the equation of the 
given general parabola x = ky2, we have k = x/y? and 


so the differential equation can be written as 


dy 1 41 - dy_y 
dx 2ky Das dx 2x 
y? 


This means that the slope of the tangent line at any 
point (x, y) on one of the parabolas is y = y/(2x). On an 
orthogonal trajectory the slope of the tangent line 
must be the negative reciprocal of this slope. Therefore, 
the orthogonal trajectories must satisfy the differential 
te) ieee 

equation dx y 

This differential equation is separable, and we solve it 
as follows : 


fyay = -j 2xdx 
2 2 
. —x?2+C,x24 - C 


where C is an arbitrary positive constant. Thus, the 
orthogonal trajectories are the family of ellipses given 
above. See the sketch below. 


Steps to find the orthogonal trajectories 


(i) Let the family of given curves be 0(x, y, a) = 0. 
(ii) We form the differential equation of this family 
byeliminating a, say F(x, y, y') =0. 
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1 
(iii) We replace y' by -— in F(x, y, y') = 0, to obtain 


the differential equation of the orthogonal family 


1 
of curves, i.e. F(x, y, -— )=0. 


(iv) We solve the above equation to obtain the 
orthogonal trajectories. 


Find the orthogonal trajectories of 


the family y = x + ce~* and determine that particular 
member of each family that passes through (0, 3). 


Differentiation of the given equation yields 


y =1-ce* 
Elimination of c gives 
‘=l]+x-y 


Thus, the differential equation for the family of 


; idan — od 
orthogonal trajectories is -— =1+x-y 


es = &K 4x=y-] 

dx 1+x-y dy 

which is a linear differential equation having the 
solution as xeY— ey—2)=c, 

Therefore, the required curves passing through (0, 3) 
are found to be 

y=xt3e%,x-yt+2+e7=0. 


=> 


Find the curves orthogonal to the 
circles x2 + y2 + 2uy— k?= 0, where pm is the variable 
parameter. 


Differentiating, we have 
x dx + (y+ p) dy=0, 
and therefore, for the trajectory, 
x dy—(y+ pu) dx=0. 
Eliminating pu between this and the given equation, we 


d 
find any + (x2-y2-k?2)=0 


2 
=> x —y?=-x?+k?2 


This is linear, with y? as the independent variable. The 
integrating factor, by inspection, is 1/x?. Introducing 


i g a side 
this we have Oe sx 2, 
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2 2 
> y x : + 22, 
x x 

or x?+y2—2Ax+k?=0, A being arbitrary. 
The original equation represents a system of coaxial 
circles, cutting the axis of x in the points (+ k, 0). The 
orthogonal trajectories consists of a second system 
of coaxial circles having these as ‘limiting points, ; viz. 
if we put A = +k we get the point-circles 

(x = k)?*+y=0. 


-.|Note: To find the isogonal trajectory at an 


angle a to the family F(x, y, y’) = 0, we replace y' by 
y'—tana 


I+y'tana to obtain the required differential 


equation, Fs y, coe =0. 
+ y'tano 


Example 4.| Determine the 45° trajectories of the 


family of concentric circles x2 + y? =c. 


We differentiate the equation of the 


d 
family w.r.t. x 2x + 2y = =0. (1) 
dy oY tan 45° oY 2 1 
Replacing ae by _dx — dx 
14+ 9) tan 45° pe 
dx Xx 
‘ie 
we get x+y 4 4x__ ate or (x—y) dx + (y+x) dy=0 
jee 
dx 
dy _y-x 
ot dx y+x ...(2) 


which is the differential equation of the desired 
trajectories. Putting y = vx, equation (2) reduces to 
dx v+l 
—_+—— dv=0. 
x vwe+l 
which on integration yields 
In x + (1/2) In (v2 + 1) + tan-! v= constant 


—2tan!y/ 
or x2+y=c.e a 


Practice, Problems K = 


1. Find the orthogonal trajectories of the family of 
curves : 


(i) x?-y=c? (ii) y?=4cx 


(iii) y= (iv) y=CV 


x2 


2. Find the orthogonal trajectory of family of circles 
touching x-axis at the origin. 


3. Find the orthogonal trajectories of the given family 
of curves : all circles through the points (1, 1) and 


(-1,-1). 


gf I y + 3x°y 
4, Find the curves for which 7, and 
dx x? +3xy 


determine their orthogonal trajectories. 


5. Prove that the differential equation of the confocal 
parabolas y* = 4a(x + a), is yp?+ 2xp—y=0, where 
p = dy/dx. 
Show that this coincides with the differential 
equation of the orthogonal curves and interpret 
the result. 


4.13 APPLICATIONS OF 
DIFFERENTIAL 
EQUATION 


Growth and Decay Problems 


Let N(t) denote the amount of substance (or 
population) that is either growing or decaying. If we 
assume that dN/dt, the rate of change of this amount 
of substance, is proportional to the amount of 


substance present, then dN/dt = kN, or — —kN=0 


where k is the constant of proportionality. We are 
assuming that N(t) is a differentiable, hence 
continuous, function of time. 


A culture initially has Nj number of 
bacteria. At t= | hr. the number of bacteria is measured 
to be (3/2)N,,. If the rate of growth is proportional to 
the number of bacteria present, determine the time 
necessary for the number of bacteria to triple. 


The present problem is governed by the 


differential equation 
dN 
—=kN 
dt (1) 


subject to N(0) = No. 

Separating the variables in (1) and solving, we have 
N=N(t) =cekt 

At t=0, we have N,=ce®=c and so N(t) = Nek. 

At t=1,we have (3/2) Ny =N,e« 

or ek= 3/2, which gives = In (G/2)= 0.4055. Thus 
N(t) = N,e04055t 
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6. Prove that the differential equation of the confocal 
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a’ + b’)p—xy=0. 

Show that this coincides with the differential 
equation of the orthogonal curves, and interpret 
the result. 


7. Asystem of rectangular hyperbolas pass through 
the fixed points ( + a, 0) and have the origin as 
centre; prove that their orthogonal trajectories 
are the curve (x*+ y°)’= 2a7(x?— y*) + C. 


8. Find the family of trajectories intersecting the 


curves x? = 2a (y—x /3 ) at an angle a = 60°. 


To find the time at which the bacteria have tripled, we 
solve 3Ny) = Nye?-4055t 


for t, to get 0.4055t=In 3 ort = = 2.71 hr (approx.) 


In3 
0.4055 
Ze.|Note: The function N(t), using the laws of 


exponents, can also be written as 


t 
N(t)=N,(e)'=N, (2) 

since, ek = 3/2. This latter solution provides a 
convenient method for computing N(t) for small 
positive integral values oft; it also shows the influence 
of the subsequent experimental observation at t = 1 
on the solution for all time. 
Also, it may be noticed that the actual number of 
bacteria present at time t= 0 is quite irrelevant in finding 
the time required to triple the number in the culture. 
The necessary time to triple, say, 100 or 1000 bacteria 
is still approximately 2.71 hours. 
As shown in the figure, exponential function eX increases 
as t increases for k > 0, and decreases as t decreases. 
Thus, problem describing growth, such as population, 
bacteria, or even capital, are characterized by a positive 
value of k, whereas problems involving decay, as in 
radioactive disintegration, will yield a negative value. 


y=e"", k > 0 (growth) 


=e", k < 0 (decay) 


-" 


Exponential growth and decay 
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In a culture of yeast, the amount A of 


active yeast grows at a rate proportional to the amount 
present. Ifthe original amount A, doubles in 2 hours, how 
long does it take for the original amount to triple ? 


The amount A, grows exponentially 
according to A= A, et. Since, A= 2A, 
when t= 2, 2A,=A,e** and ek= 2. 
Thus, at time t 
A=A,(e28)!2= A, (2) 
Setting A= 3A, and solving for t, we get 
3A; = A.(2)i0r 3A,= A (2) 


t 21n3 
In3=, In2,t= In? =3.17hr. 


A breeder reactor converts the 


relatively stable uranium 238 into the isotope plutonium 
239. After 15 years itis found that 0.043 per cent of the 
intital amount A, of the plutonium has disintegrated. 
Find the half-life of this isotope, if the rate of 
disintegration is proportional to the remaining amount. 


Let A(t) denote the amount of the 


plutonium remaining at any time. Then, the solution 
of the initial value problem 


dA ; 
ao kA, A(0)=A, is A(t) =A,e*. 


If0.043 per cent of the atoms of A, have disintegrated 
the 99.957 per cent of the substance remains. 

To find k, we solve 0.99957 A, = Aok!>« to get 
e!5k=0,99957 or, k= In (0.99957)/15 =—0.00002867. 
Hence, A(t) = A,e-0.00002867t, 

Now, the half-life is the corresponding value of time 
for which A(t)=A,/2. 


A 
Solving for t, we get rs = A ,e-0.00002867 


log2 
= 5 00002867 2411 76.74156 years. 


The concentration of the potassium 
in a kidney is 0.0025 mg/cm?. The kidney is placed in a 
vessel in which the potassium concentration is 0.0040 
mg/cm. In 2 hours, the potassium concentration in 
the kidney is found to be 0.0030 mg/cm?. What would 
be the concentration of potassium in the kidney 4 
hours after it was placed in the vessel? How long 
does it take for the concentration to reach 0.0035 mg/ 
cm3? Assume that the vessel is sufficiently large and 
that the vessel concentration a = 0.0040 mg/cm} 
remains constant. 


Thisproblem can be solved using equation 
y=a-—cekt (1) 
Here, t=0, y= 0.0025 anda =0.0040. 


or 
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Put these in (1) to getc = 0.0015. 
Use this value of c with t = 2 and y= 0.0030 in (1) to 
obtain k= 0.088. 
Now the concentration after 4 hours is 
y=a-—ce = 0,004 — (0.0015) eK 0.088)(4) 
or y=0.0033 mg/cm? 
Also, the time required to reach the concentration level 
y= 0.0035 is 0.0035 = 0.0040 — (0.0015) e0.088)t 
or t=5.42 hr. (approx.) 


A student carrying a flue virus 


returns to an isolated college hostel of 1000 students. 
Ifit is assumed that the rate at which the virus spreads 
is proportional not only to the number N, of infected 
students but also to the students not infected. Find 
the number of infected students after 6 days when it is 
further observed that after 4 days N,(4) = 50. 


Assuming that no one leaves the hostel 


throughout the duration of the disease, we must then 
solve the initial value problem. 


dN; 
ae. kNi(No— Nj) 
=kN,(1000—N,) 
On solving, we have, 


N,=N(t)= 


1000 A) 


1+. 999@7 100K 
Now, using N; = N(4) = 50, we can determine k. 


= 1000 7 
50 1999¢71000K4 or k=0.0009906 
Thus, (1) becomes N; = N(t) = ‘ae S55. coe 
or N,=N(6)= 1000 = 276 students 


1+ 999e 79-2436 


Example 6.| A wet porous substance in the 


open air loses its moisture at a rate proportional to 

the moisture content . Ifa sheet hung in the wind 

loses half its moisture during the first hour, then 

find the time when it would have lost 99.9 % of its 

moisture (weather conditions remaining same). 
dM 


deo ee 


M=ce #t 
When t=0;M=M, >C=M, 
M=M, e=* 
Mo 
When t=-1,M=—— >k=/n2 
M=M,e7t/"? 
When M= aan , then t= log, 1000. 
Solution problems 


Let Q denote the number of undissolved grams of a 
solute in a solution at time t. In many important cases, 
the rate at which Q decreases with respect to t is 
proportional to the amount Q at t ant to the difference 
between the saturation concentration and the 
concentration at t. 

100 g of acertain solvent is capable 
of dissolving 50 g ofa particular solute. Given that 25 
g of the undissolved solute is contained in the solvent 
at time t= 0 and that 10 g dissolves in 2 hour, find the 
amount Q of the undissolved solute at any time t and 
att=6. 

The saturation concentration is 50/100 
and the concentration at time t is (25 — Q)/100. Thus, 
the differential equation of the present problem is 


dQ _ Ko( 52- 25- 2) KQ25+Q 


dt 100 ~=—:100 100 
where the constant of proportionality k is negative. 
100dQ 


Separating the variables, we get Q(25+0) =kdt 


Resolving the left-hand side into a partial fraction, 


weaet {2 54 La} « k dt 


Integrating it, we obtain 
InQ-In 25+q= —Inc 


25+Q__kt 
or In EO 4 
Put t=0 and Q =25 to obtain c= 2. Again put t= 2 and 
Q = 25 — 10 = 15 in (25 + Q)/2Q = e*"* to get 


eW4 = (4.3)!/2, Hence =e kt4 


5+ 
cQ 


25 + Q ig a4)" 
cQ 3 


becomes 
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Therefore, Q = Q(t) = 25 
Q= Qo 2(4/3)'? -1 
Q(6 j= TEs = 6.68 (approx.) 


(Example 8. } 2 g ofsubstance Y combines with |g 
substance X to form 3 g of substance Z. When 100 g Y 
is thoroughly mixed with 50 g X, it is found that in 10 min. 
50 g Zhas been formed. How many grams of Z can be 
formed in 20 min.? How long does it take to form 60 g Z? 


We have 

dQ _ Q 2Q : 

7 K{ 50 5 ) [100 3 ) R(150—Q) 
where R is a constant. Separating the variables and 
integrating, yields (150 -Q)!=Rt+c 
Putting t= 0 and Q=0 to obtain c = 1/150, and t = 10, 
Q=50 yields R= 1/3000. 

Now, putting t= 20in 
ee ee 

150-Q 3000 150 oD 
and solving for Q, we get Q(20) = 75 g. 

Putting Q = 60 in (1) and solve for t, we get t= 40/3 min. 


Newton’s law of cooling 


The law states that the time rate of change of the 
temperature of a body is proportional to the 
temperature difference between the body and its 
surrounding medium. 

Let T denote the temperature of the body and let T, 
denote the temperature of the surrounding medium. 
Then the time rate of change temperature of the body 


. aT 

iS ae 

Newton’s law of cooling can be formulated as 
dT _ 
a k(T-T), 


where k is a positive constant of proportionality. Once 
k is chosen positive, the minus sign is required in 


Newton’s law to make negative in a cooling 


dT 

dt 
process, when T is greater than T., and positive in a 
heating process, when T is less than T.. 


(Example 9.) A body whose temperature T is 
initially 200° C is immersed in a liquid when 
temperature T, is constantly 100°C. Ifthe temperature 
of the body is 150°C at t = | minute, what is its 
temperature at t= 2 minutes ? 


dT 
We have —- =~k(T— 100) 


4.58 O 
Separating the variables, we get 


dT =_kdt 

T-100 
and the solution is 

In (T— 100) =—kt+C (1) 
When t= 0, T = 200, we find that C = 1n 100. 
Also, at t= 1, T = 150 and (1) gives 

In 50 =—k(1)+ In 100 
or k=In2 
Now, substituting C = In 100 and k = 
obtain In (T — 100) =—t In 2 + In 100 
or T=1000 +27) 
Thus, at t= 2 min, T= 125°C. 


Example 10.) A body at an unknown temperature 


is placed in a room which is held at a constant 
temperature of 30° F. Ifafter 10 minutes the temperature 
of the body is 0° F and after 20 minutes the temperature 
of the body is 15° F, find the unknown initial 
temperature. 


In 2 in (1), we 


(Solution) We have “* A kT =30k 

Solving, we obtain T = ce** i 30 (1) 

Att= 10, we are given that T=0. Hence, form (1) 
0=cek+ 30 or ce! =— 30 ...(2) 

At t= 20, we are given that T = 15. Hence, from (1) 

again, 15 =ce2°k+ 30 or ce?0=— 15 (3) 


Solving (2) and (3) for k and c, we find 


k=ién 2 and c=— 30 ek =~ 30(2) =— 60 


Substituting these values into (1), we have for the 
temperature of the body at any time t 


T=—60e1n2t+ 30 (4) 
Since we require T at the initial time t = 0, it follows 
from - that 


= —60eC1/2n2 © +30 


60 + 30 =-30°F. 


Dilution problems 


Consider a tank which initially holds V, litre of brine 
that contains m, kg of salt. Another brine solution, 
containing p kg of salt per litre, is poured into the 
tank at the rate of a litre/min while, simultaneously, 
the well—stirred solution leaves the tank at the rate of 
b litre/min. The problem is to find the amount of salt 
in the tank at any time t. 

Let m denote the amount of salt in the tank at any 
time. The time rate of change of m, dm/dt, equals the 
rate at which salt enters the tank minus the rate at 
which salt leaves the tank. Salt enters the tank at the 
rate of pa kg/min. To determine the rate at which salt 
leaves the tank, we first calculate the volume of brine 
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in the tank at any time t, which is the initial volume V, 
plus the volume of brine added at minus the volume 
of brine removed bt. Thus, the volume of brine at any 
time is V, + at —bt (1) 
The concentration of salt in the tank at any time is 
m/(V, + at—bt), from which it follows that salt leaves 


the tank at the rate of (Baa) kg / min 


V, tat — bt 


a—b - 
Thus; = =e [| 


dm b 
+ m=pa (2 
de Va@eset 0) 


A tank contains 100 litres brine in 


which 10 kg of salt are dissolved. Brine containing 2 kg 
salt per litre flows into the tank at 5 litre/min. If the well- 
stirred mixture is drawn offat 4 litre/min., find : (i) the 
amount of the salt in the tank at time t, and (11) the 
amount of the salt in the tank at t= 10 min. 


Letm(t) denote thenumber ofkgs ofsalt in 
the tankand V(t), thenumber oflitres ofbrineattimet. 
Then V(t) = 100 + t. Also m(0) = 10 and V(0) = 100. 
Since 5(2) = 10 kg salt is added to the tank per minute 
and m(100 + t)(4) kg salt per minute is extracted from 
the tank, m the satisfies the differential equation 


dm _ 4m 

‘dt =——-:100+t ae 
Equation (1) can be written as 

dm 4m 

‘dt 100+t__ 


which is a linear differential equation having solution 

m(100 + t)4= i) 10(100 + t)4 dt =2(100 + t)>4 

Putting t= 0 and m= 10, we get c= ae Thus 

(a) m(t)=2(100+t)—190(100)4 (100 + t)4 

(b) m(10) = 2(100 + 10) — 190(100)4 + (100 + 10)-4 
=90.2 kg. 


Miscellaneous problems 


A hollow spherical brass (thermal 
conductivity k = 0.26) shell has an inner radius 4 cm 
and an outer radius 10 cm. If the inner surface 
temperature is kept at 100°C and the outer surface 
temperature at 20°C, what is the temperature T in terms 
of r, the radial distance from the centre of the shell? 
What is the temperature on the sphere, where r = 7 
cm and for what value ofr is T= 60°C? 


The same amount of heat per second 


flows across every spherical surface having its centre 
at the centre of the shell, radius r, and the surface area 
A=4 nr. The flow is in the radial direction and hence, 


Q=- (0.26) (4 mr?) = 


Separation of the variables yields 
dT=Br-dr, 
ee ee 
(0.26)(4nr7) 
Integration yields T=—(B/r) +C. 
Setting r=4, T= 100 andr= 10, T= 20, we obtain 
100 =—0.25B+C and20=—0.1B+C_ which gives 
B=- 1600/3 and C =— 100/3. 


1600 100 
Thus, T=T(r)= 3r 3 
When r=7,T = 42.9°C; 


and T=60, wherer = 5.7 cm 


Suppose that a sky diver falls from 


rest towards the earth and the parachute opens at an 
instant, call it t = 0, when the sky diver's speed is 
v(0) = Vv, = 10.0 m/s. Find v(t) of the sky diver at any 
later time t. Does v(t) increase indefinitely? 
Suppose that the weight of the man plus the equipment 
is W=712N, the air resistance R is proportional to v2, 
say R = bv? N, where b is the constant of 
proportionality and depends mainly upon the 
parachute. We also assume that b= 30.0 Ns?/m2= 30.0 
kg/m. 

We now set up the differential equation 
of the problem as follows. 
Newton's second law states that 

mass x acceleration = force 

where 'force' means the resultant of the forces acting 
on the sky diver at any instant. These forces are the 
weight W and the resistance R. The weight W = mg, 
g=9.8 m/s2. Hence, the mass ofthe man plus equipment 
ism = W/g=72.7kg. The air resistance R acts upward 
(against the direction of motion), so that the resultant 
is W—-R=mg - bv? 
The acceleration a = dv/dt. Hence, by Newton's 


d 
second law m a = mg — bv2 


This is the differential equation of the problem. From 

the given condition v(0) = vy = 10, we will now solve 

this differential equation. This equation can be written 
dv mg 


b 
Se 2 12 2= —= 
as “at (v2 —k?), where k b 
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Separating the variables, we get iy z= Dat 
v -k m 
or 1 ( 1 1 je =D dt 
2k\v-k vt+k m 


Integrating, we get 


ee _ b 
Ik [In (v—k)-In(v+k)]=- = ttc, 


or Yok =cet, p= 2kb = @7 1 (1) 
v+tk m 
; : l+ce 

Solving this for v, we have v(t) =k 1—ce ~ sok ...(2) 


Note that as t > 0, v(t) > k; 

i.e. v(t) does not increase indefinitely but approaches 
a limit k. This limit is independent of the initial condition 
Vv(0) = Vo. 

We now find c in (2) such that we obtain the particular 
solution satisfying the initial condition. 

From (1) with t= 0, we have 


Vo —k 

Vo tk 

With this c, (2) represents the solution we are looking 
for. From the given numerical data, we obtain 


mg_W_712 

bb 30 
Hence, k = 4.87 m/s. This is the limiting speed. 
Practically speaking, this is the speed of the sky diver 
after a sufficiently long time, called as terminal velocity. 
To v(0) =v, = 10 m/s, there corresponds 


k2 23.7 m2?/s2 


Yok _ 9345 


c= 


2kb _ 2x 4.87 x 30.0 
72.7 
This altogether yields the result 


140:345e 7! 
1-0.345e 


Finally p= =4.02 51 


v(t) = 4.87 4021 (see figure) 


0.5 1 t 


The speed v of a sky 
diver at any time t. 


460 O 
Example 14.| A boat rowed with a velocity u 


directly across a stream of width a. If the velocity of 
the current is directly proportional to the product of 
the distances from the two banks, find the path of the 
boat and the distance down stream to the point where 
it lands. 


Let us take the origin at the point from 


where the boat starts. 
At any time t after its start from O, let the boat be at 


P(x, y), so that = = velocity of the current = ky(a—y) 


d 
and ie = velocity with which the boat is being rowed =u 


dy dy/dt | y 
dx dx/dt ky(a—y) 


This gives the direction of the resultant velocity of 
the boat which is also the direction of the tangent to 
the path of the boat. 


Now, 
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dy/dt 


O xX 
Now from above, y (a—y) dy= [ dx 


2 3 
gs Z 


=Uxte 
2 3 =+&k 
Since, y= 0, when x=0>c=0 
Hence the equation to the path of the boat is 


k 
—aeetin 9 2 ah 
x a y?(3a—2y) 
Putting y = a, we get the distance AB, down steam 


2 
where the boat lands = ka" ; 
u 


[Practice|Probléms i Lf 


1. A person places Rs. 20000 in a saving account 
which pays 5 percent interest per annum, 
compounded continuously. Find (a) the amount 
in the account after three years, and (b) the time 
required for the account to double in value, 
presuming no withdrawals and no additional 
deposits. (In 2 = 0.693) 


2. The population of a certain country is known to 
increase at a rate proportional to the number of 
people presently living in the country. If after two 
years the population has doubled, and after three 
years the population is 20,000, estimate the 
number of people initially living in the country. 


3. A radioactive substance decays with time such 
that at any moment the rate of decay of volume is 
proportional to the volume at that time. Calculate 
the half-life of the substance, if 20% of it 
disappears in 15 years. 


4. A yeast grows at a rate proportional to its present 
size. Ifthe original amount doubles in two hours, 
in how many hours will it triple ? 


5. A depositor places Rs. 10,000 in a certificate of 
deposit which pay 6 percent interest per annum, 
compounded continuously. How much will be in 
the account at the end of seven years assuming 
no additional deposits or withdrawal ? 


6. How long will it take a bank deposit to triple in 
value if interest is compounded continuously at 


a constant rate of st percent per annum? 


7. A body at a temperature of 50° F is placed 
outdoors where the temperature is 100° F. If after 
5 minutes the temperature of the body is 60° F, 
find the temperature of the body after 20 minutes. 


8. Acup of tea is prepared in a preheated cup with 
hot water so that the temperature of both the cup 
and the brewing tea is initially 190° F. The cup is 
then left to cool in a room kept at a constant 72°F. 
Two minutes later, the temperature of the tea is 
150°F. Determine (a) the temperature of the tea 
after 5 minutes. (b) the time required for the tea to 
reach 100°F. 


9. A tank initially contains 50 litres of fresh water. 
Brine contains 2 kg per litre of salt, flows into the 
tank at the rate of 2 litre per minutes and the 
mixture kept uniform by stirring runs out at the 
same rate. How long will it take for the quantity of 
salt in the tank to increase from 40 to 80 kg. 


10. A 50 litre tank initially contains 10 litre of fresh 
water. At t=0, a brine solution containing | kg of 
salt per litre is poured into the tank at the rate of 4 


litre/min, while the well—stirred mixture leaves the 
tank at the rate of 2 litre/min. Find (a) the amount 
of time required for overflow to occur and (b) the 
amount of salt in the tank at the moment of 
overflow. 


11. A motorboat moves in still water with a speed 
v=10 km/h. At full speed its engine was cut off 
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and in 20 seconds the speed was reduced to 
v, = 6 km/h. Assuming that the force of water 
resistance to the moving boat is proportional to 
its speed, find the speed of the boat in two minutes 
after the engine was shut off; find also the 
distance travelled by the boat during one minute 
with the engine dead. 
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Problem 1.| Find the differential equation which 


represents the family xy = ae* + be*. 


xy=ae*+ be*x (1) 


Differentiating (1) w.r.t. x, we get 


oY + y=aer—bex 2 
Xa, 1 Ya aek— be (2) 


Differentiating (2) w.r.t. x, we get 
2 
ay + wy .l+ dy 


> 2 re = =aex-4 be-x ...(3) 
d’y dy 
: ——+2— = 
Using (1) and (3), we get x 3 +2 =xy, 


which is the required differential equation. 


Problem 2.| Find the differential equation whose 


solution represents the family c(y + c)?= x3 


c(ytc=x3 (1) 


d 
Differentiating we get, c[2(y+ c)] ac = 3x? 


‘ 2x? dy _,> 
using (1), we get (+e) (y+ce) ax 3x 
2x? dy 3 2 
y+c dx 
ak odie WV gia 2a OY a 
yt+c dx 3 | dx 
d 
Hence e=2a| St |_y Substituting back into 


2 

2x { dy 2x dy 3 

=X 
equation (1), we get 3 (| | 3 a 


which is the required differential equation. 


Problem 3.| Find the differential equation 


corresponding to the family of curves 
x? + y? + 2c, + 2c,y + c, = 0, where c,, c, and c, are 
arbitrary constants. 


The equation of the curve is 
x2 +y?+ 2c, + 2c,y+ c,=0 (1) 
Differentiating (1) with respect to x, we get 
2x+2y Fa + 2c, + 2c, “ =0 ...(2) 
Differentiating again, we obtain 
d’y | dy dy 


d’y 
4 + +2c 
242% dx? dx dx * dx? 


2 
oy +(2) . d*y _ 


=0 


+ Le ae U ‘s 
or, 1 y dx 2) dx2 (3) 


Differentiating (3) with respect to x yields 
dy d*y 
dx dx? 


& dy) @ 
From (3) ¢) 53 --( | y ee 


+0) “S43 ) 
(y+c,) ax? 3 


dx dx? 
dy dy d’y 
dx? dx dx” 
Dividing these two equations, we get 


dy] (dy) |. ay(a@y) 
4 | 1+ =3 5 
dx dx dx \ dx 
which is the required differential equation. 


a’ (xdy — ydx) 
Problem 4.) Solve xdx + ydy= 


Let x =r cos 8, and y=rsin 0. 
Then r2= x? + y? and y/x = tan 0. 
Differentiating these relations and substituting the 
respective value in the given equation, we get after 
simplification, the relation 2rdr = 2a? dO 
which on integration yields r2 = 2a70 + C 


3 


d 
and (4) gives c, = 


x+y 


=> x?+y?=2a? tan! . +C 


which is the required solution. 
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Problem 5.) Let S-()=X- I where x # 0 Problem 7.| Solve the differential equation, 
and y = 0 when x = 1. Find the set of values of x for ay ety) dx + (x2+y)dy=0. 
d s) 
which ae is positive. 
dx pat dy near ee 
aie fel. Solution) Put y=vx > — ae Se 
fax a 
2 f n nes | | ( wy) = 
y= fo Idx = X-x+C OMS NET ae GE) ae |e 
If x=1l,y=0 Cancelling x? and rearranging 
3 3 
1 1 v Vv dv 
-14 +—|x+ + + v2 
0 > 1+C>C > c ar av ") one vw)=0 
2 1 3 
2p = RX ye 
eo age eo Put v + = =t 
aoe Cees eevee 
y= = - =-4+—_ dv dt 
2 2x? l+v) — = —— 
oe ND ie de 
dy 1 _ x-l §e 
ix. ek oe => tx+3t+x 0 
oo dx 
s >0 t(x+3) | dt 0 
“a_i et 
3 dt 
0 ] => (1+ 3) dx t t 0 
x € (-%,0)U(1, %)] => x+3mx+int=c, => Nx? =¢,-—x 
3 
Problem 6.) Solve = [2 + *| gees 
x x 
dy Eray? - y? +y° 
2y e * 2x. y° 
dx X > yr ae c:e%. 
Solution] Pur x+y'=2 


dz dy Problem 8.| Solve the equation 


meet 2x +2y Ae y't+siny+xcosy+x=0. 
We write the equation in the form 
dz 
— =ezx + — Put =f 
dx : x a : y’+2sin 5 cos 5 + x.2 cos2 . =0. 
dz dt By dividing both sides of the latter equation by 
= AS =tt+x d y , 
= . 2 cos?“ , we get Yt tan¥ +x=0. 
dt dt dx 2cos? » 
+ X et+t => 2 
dx e! X ' 
-et=Inx+ec Put tan » =z> dz _ y 
he? 2 dx 2cos* ~ 
=> -e * =Inxte 2 
dz 
ay? > ae +Z=—xX, 


> In|ex|=-—e 7 


This is a linear equation whose general solution is 
z=1-x+Ce*. 

Replacing z by its expression in terms of y we obtain 

the general solution of the given equation. 


tan ¥ =1-x+Ce~. 
2 


Problem 9.) Solve 


(x cos y— ysin y) dy+ (x sin y+ycos y) dx =0. 


Put x sin y+ ycos y=t 


DY pos dy dt 
(x cos y—ysin y) ae rsiny+cosy 4 ag 
at = [siny + cosy £2) +t=0 
dx dx 
So Ste dy dz 
Putsny=z > 08 Ge ae 
dt dz 
ae ei ay +t-z=0=> d(t—z) #-(t—z)dx 
d(t — z) 
> i <= = —f dx 
=> In(t-z) =-xte 


In (xsiny+ycosy-—siny) = —x+c 


> e(xsiny+ycosy-—siny)=c. 


x(y-x) 


d 
Problem 10. Solvex’ + y"e Y  =2y(x-y) 


dy x(y-x) 
2— _92 —vy)+y2 a 
eg Ce Ie 8 
x(y-x) 
EA aa ,ccaae La ee ae 
y dx y 
x'dy _ 2x 2, 
FA 424¢0* eX = 
Pda y 0 AL) 
Let eX/y =t 
2 
=> erly dx _ dt 
y° dx 
x’ dy 2x -ldt 
i 


y° dx y 7 t dx 
So from equation (1) 
1dt ,51 dt 


Tae e=0 =e —2t=e ...(2) 
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-[2dx ng 

LF=e¢ =e 

The solution to equation (2) is given by 
tee = fe ~**edx > tex=-ex+c¢ 

=> t=-ex+c.e*x 

> en = ex tc. ex 

=> x(x-y)=y én(cex-1). 


Problem 11.| Solve 
ay) dy 
| +2x-*-y=0, y|_, = V5 
[2 ‘ arr =0 v5 


dy _ —2x+,/4x7?+4y’ 


dx 2y 
dy —x t,/x? +y? 
> = which is homogeneous 
dx 
dy dy 
= =V+X 
Put y=vx > ae a 
—, vexi¥ _ -xtxyvl+v | -ltVl+v’ 
dx VX Vv 
g dv. Sle _ -ltVl+v -v 
dx Vv Vv 
Taking positive sign, 


f vdv = [o% 
ive +1 14-97) x 


vdv dx 
=> = 
ra tray 
Put 14+v*-1l=t ee dv = dt 
dt dx 
t ie 
Intx=C 


=> In] ety" -x| =C 


For x=0, y= J/5 


464 0 
In [V5 —0] => C= InJ5 


Vxty? =V5 +x 
=> x2+y?=5+x2+ 2/5x 
> y=5s+ 2/5x 
Similarly, with negative sign , 


y2=5-2/5x. 


Problem 12.) Solve xy?(p? + 2) = 2py3+x3 


The given equation can be written as 
(xy? p?— x) + 2(xy?— py?) = 0 

x(y?p?— x”) + 2y? (x— py) =0 

(py—x) {x(py + x) — 2y?} =0 

py—x=0 then ydy—x dx=0 

y2—-x2=c 


YRUY 


dy 4 
If xyp+x?—2y?=0 then 2y a ies a, 
dx x 


aes 
> ak xt oe Wheret=y 
4 
—|—dx 
LF. sas eo : 
x 


Its solution is t & -)= [- —2x. or dx 


t 
= 

x? 
Hence the required solution is 


(y2 — x2-—c) (y2— x2—cx4)=0. 


‘Problem 13. 13.) The function y (x) satisfies the 


equation y(x)+ ax [ yu) > du = 3x?+ 2x + 1. Show that 
+u 


=z tce> y=x?2+cx4 
Xx 


RS 


the substitution z (x) = du converts the 


equation into a first order linear differential equation 
for z(x) solve for z (x) . Hence solve the original equation 
for y (x). 


vin) +2x [> se ~ pd =3x2+2x+1 (1) 


Od 


Let z(x)= re 


2'(x)= 300 
1+x° 
=> y(x)=(1+x2)z'(x) ...(2) 
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Substituting y (x) in equation (1) 
(1+x2)z'(x)+ 2x: z(x)=3x?+2x+1 


' _— dz 
Let z'(x)= +4 
(x) ae 

dz 2x 3x° +2x4+1 


+ rt 
dx  1+x? ais) 1+x? 
which is a linear differential equation. 


eae 
LF = linc = 
Hence z(1+x2)= [x +2x+1)dx 


Z(1+x2)=x3+x2+x+C 
but z=0 whenx=0 > C=0 


2 
e index a 1 4 x2 


_ xi4+x?4+x 
Hence Z(x)= "TI 
Now y(x)=(1 +x?):z'(x) 
Also z(x) SUE es x4 x +1-1 
1+x? 1+x 
- 1 
SNS eg? 
Mgyep eke Me t2x 
AON Gate = ase 
+x’) +2x 
y (x)= [from (4)] 


(1+x’) 


Problem 14. [4 sinX ~ X cos» 1] dx 
¥ y Xx xX 


+ (Loos? X-sin* + L Jay <0 
Ro“ 4Y, ae 


X and cos> y 


Isolating sin* 
y 


dx ney sin* (2 >t loos Yds {22 
y y y x Xx x y 


= d 
xdy —ydx aes y 


Janay: dy .sin& ; 
¥, y x x y 


Korpataw: 1 
—cos> +sin— 4y_ 7 = 
> ere yy G: 


Problem 15.| Given a function g which has a 


derivative g’ (x) for everyreal x and which satisfy 
g’(0)=2 and g(x+y) = ey. g(x) + ex. g(y) 
for all x and y, find g(x) and determine the area 
bounded by the graph of the function, ordinate of 
its minima and the co-ordinate axes . 
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A= (2 = 4) sq. units. 


Problem 16.) A differentiable function f satisfies 
(x —y) f(x + y)— (x + y) f(x — y) = 4xy(x?- y’) Vx, 
y ER, where f(1) = 1. Find f(x). 


Solution| We have 


Puttingx = 0 and y=0 => g(0)=0 


gh 
and g’ (0) = jim, a =2 


box Yim £&+h) ~ 2) 
A eae ea 


Now 


_ jim &" 8) +e* . g(h) — g(x) 


h>0 


h 
an (ecalees im 8th) 
=s(x) im h ) ee ee 
Hence, g’ (x) = g(x) +2 


d 
If g(x) = ythen ee yt2e 
dx 


ye*=2 


= S yey=2 
dx 


=> yex=2xt+ec 


x=0 
Now, J>e-o 
y=0 
d 
» =2[et+xe]=0> x=-l 
dx 


Hence, y=2xex= g(x) 


0 

2 } xe dx 
<4 

Using integration by parts, we get 


Area 


(x—h) f(x +h) —(x + h)f(x —h) = 4xh(x2—h?) 
=> xf(x+h)—x(f(x—h)—hf(x +h) —hf(x —h) 


= 4xh(x2 —h?) 
255 Mi ( f(x +h)- fo) ni a{ f(x —h)- fo) 
h>0 h —h 
= him f(x +h) + fx +h) 
x.2f"'(x) = 2f(x) + 4x3 
A ani f(x) as y, 
dy y_ de ices as ; 
= 2x” which isa linear diff. equation 
dx x 
eas 
LF. = Xdx =e f= t 
Xx 
> y. = [2x°- lax 
= Y=n+¢ 
Xx 
=> y=x3+Cx 


A differentiable function f satisfies 
the relation f(x + y) + f(x). = = f(xy + 1). Given 
f(0) = -1, f'(0)=f'C1) = 1, find 

(Solution We have f(0) = 

Putting x=0andy=1, we get f(1)=0 

Now  f(x+h)+ f(x). f(h) = f(xh) + 1) 


f(x +h)—f(x) +o +t 
h h 


lim 
h>0 


_ lim f(xh+1)-f() e 
h>0 

f'(x)+ f(x). f'(0)=xf'(1) 

“ + py = qx 


px 
y. ePx = fax.e*dx = xem 
p 


ex+C 


U 


U 


Pp 


Yo 


ye* = xex — 
(0) =-1 

1=-1+C >C=0 
y=x-l. 


YY 
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Problem 18.) A differentiable function f satisfies 


x+ 
the relation (2 


x+y) = f(x). f(y) Vx, ye R- {-l}, 
where f(0) # 0 and f'(0) = 1. Find f(x). 
Put x=y=0, f(0) = f(0)2 
f(0) =0,1 => f(0)=1 


f x+h 
We have “(74 xp }) — f(x). f(h)=0 


ex + nox) -F¢0) ss be 
h—owh » (1+ xh) 
1+xh 
£(x).f(h) — f(x) 
7 h 


> 


=> f(x).(1-x’)=ffx).f0) => oY __dx_ 
y I1-x 


Integrating both sides, 
= 1-x = =x) 
ény tn( =x) >y c(1=x 
; 1-x 
Since, f(0) = 1 we get 1 =C >y= 


1+x’ 
Problem 19. A differentiable function fsatisfies 
the relation f(xy) = xf(y) + yf(x) V x, y e R*. Find f if 
f(H)=1. 


Putx=y=1=>f(1) =2f(1) > fC) =0. 
Now, f(x(1 + h)) =x fC. +h)+(1 +h) f(x) 
f(x+xh)—f(x)__ x[f(l+h)-—0] a hf(x) 
* xh h h 


Applying limits h — 0 on both 
xf'(x)=xf(1) + fx). Put f'(1) =1 


sides, 


ie eee Homogeneous diff. equation 
dx x 
dy dv dv 
Put y=vx=> a Via aN ae lt+v 
=> dv= on. 
X 
én |xj=v+C 
VC 
x=+e* 
f(1)=0=> C=0 


x=eyx => fnx= ng 
x 


=> y=xlnx. 
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Problem 20.) Letf: RR beasmooth function 
such that f(x)? = f(x) f"(x) for all x. Suppose f(0) = 1 and 
f(0) = 9. Find all possible values of f\(0). 

Let f(0) = a. Then the equation gives 
f"(0) = a2. Differentiating the given equation gives 2f(x) 
f(x) = f(x) f"(x) + FOX) FC), or F(X) FX) = f(x) FQ). 
Differentiating once more gives 
f(x) f'"(x) + f(x)? = £0 £4 (x) + f(x) F(x) 
or f"(x)?= f(x) f (x), giving 9 = f40)=a4. 
Thus a = +3 . These are indeed both attainable by 
f(x) = otk 3 | 
Alternative: Rewrite the given equation as 
f"(x) _ f'(x) ; : ’ 
f(x) f° Integrating both sides gives 


In f(x) =In f(x) + C,, and exponentiating gives f(x) = 
Cf(x). This has solution f(x) = Ae for constants A 
and C. 

Since f(0) = 1, A= 1, and differentiating we find that 


C4= f4)(0)=9, yielding (0) =C=+ 3. 


Problem 21.) The function f : R > R is twice 
differentiable. Also, fA2—2f2+ f’ =0 gives two equal 
values of A for every x. Find f(x), if (0) = 1, f(0) = 2. 


The equation fA2— 2f2 + f’ =0 


gives two equal values of A for every x. Therefore, we 
have discriminant = 0. 


=> (fP=ff'= i 
df 


df’ 

> P=f oe 
df df _ 
"f= 


=> Inf’-—Inf=C [integrating] 
Using the condition f(0) = 1, f’(0) = 2, gives C = In 2. 
Thus, we have 


' 


In . =In2 


ae 2 dx 
=> Inf=2x+C' [integrating] 


Using the condition f(0) = 1, gives C’ = 0. Hence, we 
have f(x) = e2* 


f(x) f(x) 


Problem 22.) Suppose f(x) £'(x) 


(x) is continuously differentiable function with f'(x) # 
0 and satisfies f (0) = 1 and f' (0) =2 then find f(x). 


(Solution) f' (x): f' (x)—f(x) - f" (x) =0 
(f(x) =fOOE"C) _ 
(f'(x)) 
d | Fx) | _ 
dx| f(x) ] 


__ £(x) 
Integrating, f'(x) =C (1) 


= 0 where f 


or 


Hence f(x) = 2° 
From (1), 2 f(x)=f'(x) 
£'@) _ 
f(x) 
Again integrating In [ f(x)] =2x+k 
Put x = 0 to getk=0 
f(x) =e. 


Problem 23.| A function y=f (x) satisfies 


2f (x 2/f 
f(x) + a ) _ 2NFQ) ich £(0)= 1 then find the 
cos’ x 
value of f(1). 
dy 2y_ avy 
Wehave oS cost x Whetey fx) 
_1_ dy ay 


= 2 sec2x 


vy dx * 


d dt 
Put 2,/y =t> pve 


vy dx dx ~ dx 


dt 1 PEA ‘ 
Hence, + — +t =2 sec?x, which is a linear 
dx x 
differential equation 


frax 
IRee* =enx=x 
x't= 2| xsec” xdx = 2[xtanx- ftanxdx] 


2° .fy -x=2[xtanx+/m(cosx)]+C 
=> yx?=[x tan x + In (cos x)]?. 
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Problem 24.) Prove the identity 


fe m2 dy = et ‘fe ~“/*d7 deriving for the function 


0 0 


I(x)= fe ~ dz a differential equation and solving it. 
0 


1)= fee 
0 


We have Ls Se etre 


I(x) = eh fet dz 


0 


IN [>< 


Put z 


xX _ Pan oe x?/4 = 
> t, dz=dt =e Je dt 


x 


2 


5 
I(x) = 2.e* le: dt (1) 
0 


(f(t) is an even function ) 
Differentiating (1) with respect tox. 


Ie #=fe ‘dx+C =P~Q+C 


[ say, where fe © dx =F(x)] 
when x=0 thenI=0 >C=-—F (0) 


x 


I.e 4 =F(x)-F(0)= fe ‘dz 


0 
Xx 
2 
ef fe *dz, 
0 


eS oe 
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Problem 25.| Let the function /n (f(x)) is defined 


where f (x) exists for x = 2 and k is fixed positive real 


number, prove that if +(x f(x)) <—k f(x) then 
f(x) < Ax~!*k where A is independent of x. 

x f'(x)+ f(x) <—k f(x) 

=> xf'(x)+(k+1)f(x)<0 


LF. elt sa e(K+ 1) nx = eltx®" 
=> xk+1 f(x) + (K+ 1) xkf(x) <0 


= xK+1 


k+l 
d[x™ -f(x)] <0 
dx 
Let F (x)=xk*!- f(x) 
F (x) is decreasing x > 2 
F (x) $F (2) forall x =2 
=> F()<A 
xktl- f(x) <A> f(x) <SAx-!*k 


Problem 26,| Let 


xX 
where | =xyY. Show that I-J=(x+d)(y+c) where 


y 


c, d € R. Hence show that 4 yy =|+ yoy. 
dx dx 


yo” => Inx-Iny=ylnx 


Differentiating w.r.t. x, 


d 
1 1 dy = Be | lnx y 
x ydx xX dx 
d 1- 
=> 7 (nx+y!) — 
d 1- 1- 
= 2-_y_.=__! (1) 


dx  x(Inx+y') Inx*+xy™ 


Integrating w.r.t. x 


Inx* +xy 
dx 1 _ Inx*+xy™ 
dy dy/dx a 


Again 


I + 
Integrating w.r.t.y, [——— sees dy = [dx 


J=x+d 
IJ=(k+d)(yt+c) 
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where c,d € R. Hence proved 


d dy 
IJ Fe)+(x4 
Now ra ) =(yt+c)+(x+d) re 
d dy 
—(IJ) = oa 
ra ) I+]. 


Problem 27.| Let u(x) and v(x) satisfy the 


differential equations SS + p(x) = f(x) and 
x 


dv, p(x)v = g(x) respectively where p(x), f(x) and 


g(x) are continuous functions. Ifu(x,) > v(x,) for some 
x, and f(x) > g(x) for all x > x,, prove that any point 
(x,y), where x > x,, does not satisfy the equations 


y=u(x) and y= v(x). 


Here, ead + p(x)u(x) = f(x) 
dv(x) 
dx 


+ p(x)v(x) = g(x) 


Se MI + p(x) {u(x) — v(x) } = f(x) — g(x) 


and 


oe a [{u(x)— v(x)} - elpeodx] 
= {f(x) — g(x)} ebook (* 
[{ux) — v(@)}- elo] S 


= I. ££(x) — (x)} elPood (1) 
Cue = a, 


itis in linear form) 


Le 


+ 


x)dx 
el ee 


Clearly A, u are positive. 
{u(x) — v@X)}A— {uK))— vx) U> 0 
[* f(x) > g(x) for x > x, and ePodx > 0] 
{u(x)— v(x) fA > {uCx,)— v(x) U> 0 
because u(x,) > v(x,) 
u(x) # v(x) when x >x,. 


Hence proved. 


Problem 28.| Find the curves for which the 


portion of the tangent included between the co- 
ordinate axes is bisected at the point of contact. 


Let P (x, y) be any point on the curve. 


Y 
B 
v2) 
& y) 
A 
Equation of tangent at P (x, y) is 
Y-y=m(X-x) 


d 
where m= ae is slope of the tangent at P (x, y). 


Co-ordinates: A (™=20} and B (0, y-mx) 
m 
Pis the middle point of A& B 


mx -y 
=2x>mx-y=2mx >mx=-y 
d 
=> , y oxy 0= nx + fny= éne 
dx x y 
xy=c 


Problem 29,| The perpendicular from the origin 


to the tangent at any point on a curve is equal to the 
abscissa of the point of contact. Find the equation of 
the curve satisfying the above condition and which 
passes through (1, 1). 


Let P (x, y) be any point on the curve 


Equation of tangent at 'P' is 
Y-y=m(X-x) 
mX-—Y+y—mx=0 


y-mx 
Now, =x 
V1+m? 


y?+ m?x?— 2mxy= x?(1 +m?) 


y’ _x? 
Oxy = ae which is a homogeneous equation 
: dy dv 
—! —_—_—_ = + — 
Putting y=vx ae TY cae 
yas dv _v-l ahs dv _ vy -1-2v’ 
dx 2v dx 2v 


“7 [anew --JE 


=> én(v?+1)=-lnx+t fne 


2 
Sx Sa) =c 
x 
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The curve passes through (1, 1) 
. c=2 
X+y—2x=0. 


Problem 30.) Find the nature of the curve for 


which the length of the normal at a point 'P' is equal to 
the radius vector of the point 'P’. 


Let the equation of the curve be y = f(x). 


P(x, y) be any point on the curve. 


d 
Slope of the tangent at P(x, y) is 7 =m 


Slope of the normal at P is 


G(xtmy,0) x 


Equation of the normal at 'P': Y-y=— = (X—x) 

Co-ordinates of G are (x + my, 0) 

Now, OP?=PG?=> x?+y2 
x dy x 


aa: amie aaa 


m?y?+ y? 


xX 


dy 
Taki eden Ooo 
aking positive sign, 4 = y 
2 2 
=> y.dy=x.dx = 3 thr 
=> x-y=-—2). Itis a rectangular hyperbola. 


dy 
N taki ti i —_=- 
ow, taking negative sign, ae : 


=> ydy=-xdx 


aD 
we+y=20 
v’+y=c' Itisa circle. 


Problem 31.) Find the equation of the curve 


passing through (2, 2) such that the slope of the 
tangent at any point to the curve is reciprocal of the 


ordinate of the point. 


Yl y 


4.70 O 
Let any point on the curve be P(x, y) 


aa 
> dx y 
=> ydy=dx 
2 
> - =xtc 
Since the curve passes through (2, 2) 
4=4+¢ 
=> c=0 
=> y*=2x is the required curve. 


Problem 32.| A conic passing through the point 


A(1, 4) is such that the segment joining a point P (x, y) 
on the conic and the point of intersection of the normal 
at P with the abscissa axis is bisected by the y-axis. 
Find the equation of the conic and the equation of a 
circle touching the conic at A(1, 4) and passing 
through its focus . 


1 
y-y=- 2 &-» 


Y=0 gives X=x+myand 
: x + my 
X=0 gives Y= 
m 
x+x+my 
Hence ———7~—— =0 
2 
dy 
=> 2xty —=0 
dx 
2 
y 
=> 24+ ——= 
Xx ria 
It passes through (1, 4) 
2 2 
= The conic is aa =1 withe= a5 and 


focii (0,3) & (0, —3). 
Equation of the circles are ; 
(x—1P+(y-4P tA +2y—9)=0 
where x+2y—9=0 is the tangent to the ellipse at 
(1,4). 


Problem 33.| Find the orthogonal trajectories of 


the curves y?= 4a (x +a). 


We set up the differential equation of 


the given family of curves. 
2yy,=4a (1) 


YY 
re 
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ye Sax yy toe ye 


2 
dy dy 
($2) +20(Gt)-v=0 


The differential equation of the orthogonal trajectories 
is 


dx 2x+,/4x?4+4y? os xxt,/x?+y’ 
7 2y “Ny 


dy 
Let x=vy 
dx. dv 
> dy “V7 Vax 
dv 


vtygy =vt Vine 


dv (ce 


sia ey 
n(v+ Jl+v? )=4ln(cy) 
X+4x> +y" 
ee 


x+ Vx? +y? =cy?. 


Problem 34.) A tank contains 200 litres of brine 


in which 20 gms of salt dissolved. Brine containing 


7 gm of salt/litre runs into the tank at the rate of 2 


litre/min. The mixture is kept stirring runs out at the 
same rate. Express the concentration of solution in 
tank in grams as a function of time t. What is the 
limiting value approached by the amount of salt as t 
— oo, When was the amount of salt in solution equal 
to20 gm? 


t=0 : y=20 
Dy Me Wows 
dx 2 200 
zai dy 41 sy 
dx 2 100 
dy _ dt 


Hence 50-y ~ 100 


=> —In(50 Y= Too Ke 


t 


= In(50-y)=— Fo9 +¢ 
We havet=0 ; y=20 
=> c= 1n30 
50-y __t_ 
Hence In 50 100 
50-y _ 
30 


t 
y=50-30-e 
The limiting value approached by the amount of salt 
y, when t > 00 is 50 gms. 
Since y> 20 for all t> 0, it is not possible. 


Problem 35.| A and B are two separate reservoirs 


of water. The capacity of reservoir A is double the 
capacity of reservoir B. Both the reservoirs are filled 
completely with water, their inlets are closed and then 
the water is released simultaneously from both the 
reservoirs. The rate of flow of water out of each 
reservoir at any instant of time is proportional to the 
quantity of water in the reservoir at that time. One 
hour after the water is released, the quantity of water 


in the reservoir A is | 5 times the quantity of water in 


reservoir B. After how many hours do both the 
reservoirs have the same quantity of water. 


Let v represent the volume of water in 


alate dv : 
the reservoir. Given that ae a V for each reservoir 


For reservoir A 
d d 
= ava=> vA =—kv, 
(k, is a positive proportionality constant) 
dy t t 
—+ =-k,| dt 
> :. Va 0 
ae ae =-kt > via=Va-e ct (1) 
Va 
Similarly for B, V's = Vp-¢ (2) 
Dividing (1) by (2) we get 
Va = Va (k, — k)t 
7 ef ...(3) 


' 
Ve YB 
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It is given that at t= 0, v, = 2v, and at 


t=3/2,V 4-35 


Now let at t=t, both the reservoirs have same quantity 
of water. Then v', =Vv', 


Hence from (3) 2e“!!~*2) = 1 
1 — J,-tki - k2) fo = (2) 
= Lape-wyp (2 


1 
=> to = logs/, a) 


The force of resistance encountered 
by water on a motor boat of mass 'm' going in still water 
with velocity'v is proportional to the velocity v. At t=0 when 
its velocity is vj, the engine is shut off. Find an 
expression for the position of motor boat at time t and 
also the distance travelled by the boat before it comes 
to rest. Take the proportionality constant as k > 0. 


The resistance force opposing the 


; ; dv 
motion =m * acceleration=m—_. 


dt 
Hence, the differential equation is, 
es k 
ma KY 
dv —_ Kat 
Vv m 


Integrating /n v=— Ke +c 
m 
Att=0, v=v,, hence c=/nv, 


In 
v 


SS 
= 


aie i 
m 


VEN (1) 
where v is the velocity at time t 
ds -ky 
dt “oe * 
ake 
=> ds=vwe™ dt 
The body's position at time t is 


Now, 


kt 
van 
s(t)=— res eM ate 


4.72 0 


If t=0,s=0 
_ vom 
=> c= E 


s(t) = 


wm | 2) 


To find how far the boat go, we have to find lim s(t) 
t—00 


ie MV, 
which equals aes 


A hemispherical tank of radius 


\Problem 37. 
2 metres is initially full of water and has an outlet of 
12 cm? cross-sectional area at the bottom. The outlet 
is opened at some instant. The flow through the outlet 


is according to the law v(t) = 0.6 ./2gh(t) , where v(t) 
and h(t) are respectively the velocity of the flow 
through the outlet and the height of water level above 
the outlet at time t, and g is the acceleration due to 
gravity. Find the time it takes to empty the tank. 
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(Solution! Let the depth of water be h at time t ; the 


radius of water surface be r. 


Then r1r2=R2- 
=> =2Rh—-h?2 
Now, if in time dt the decrease in water level is dh then 


—mr? dh =0.6,/2gh .a. dt 
(a is cross-sectional area of the outlet) 


dh 
heh 
7 on 


-t @6a)g!* 


0 

Tt 2145/2  4p,3/2 

> h Rh =t 
wee 3 si 


(06 a2g c R(3 ‘)| 


7x x 10° 


135,/¢ 


(R-hy 


(h?? ste [pat 


Things.to,.Remember 


1. The order of the highest order derivative involved 
in a differential equation is called the order of a 
differential equation. 

2. The degree of differential equation is the degree 
of the highest order derivative present in the 
equation, after the differential equation has been 
made free from the radicals and fractions as far as 
the derivatives are concerned. 

3. Thedifferential equation corresponding to a family 
of curves is obtained by using the following steps: 
(A) Identify the number of essential arbitrary 
constants (say n) in the equation of the curve. 
(B) Differentiate the equation n times. 

(C) Eliminate the arbitrary constants from the 
equation of curve and n additional equations 
obtained in step (B) above. 

4. A differential equation of the 


d 
pe = f(ax + by +c) is converted into an equation 


form 


with variables separable by the substitution 
v=axtby+tc. 

5. Sometimes transformation to the polar co— 
ordinates facilitates separation of variables. In 
this connection, it is convenient to remember the 
following differentials : 


If x=rcos0; y=rsin6@ then, 
(ij) xdx+ydy=rdr 
(ii) dx? + dy?= dr? + r2d62 
(ili) x dy—y dx =12d0 
If x=rsec@ and y=r tan @ then, 
(i) xdx+ydy=rdr 
(ij) xdx—-ydy=rdr 
(ii) x dy—ydx=r’secO dé. 
6. Inan equation of the form yf, (xy) dx + xf, (xy) dy 
= 0, the variables can be separated by the 
substitution xy = v. 


: . . d 
7. A homogeneous differential equation = = 2) 
X x 


is solved using the substitution y = vx. 
8. If the differential equation is of the form 
dy ax+by+c 


dx ax+by+c’ it can be reduced to a 


homogeneous differential equation as follows : 
Put x=X+h, y=Y+k 

In order to make the equation homogeneous, 
choose h and k such that the following equations 
are satisfied : 


ah+bk+c=0 
a’h+b’k+c’=0 


» 


dY _ aX+bY 
dX aX+b'Y 
which is a homogeneous differential equation 
and can be solved by putting Y = vX. 
Sometimes an equation can be reduced to a 
homogeneous one by substituting z* for y. This 
is the case when all the terms in the equation are 
of the same degree once the variable x is assigned 
degree 1, the variable y degree a, and the 


Now, the equation becomes 


derivati ar 1 
erivative | degree a — 1. 


. The linear differential equation of the first order 


d 
is of the form aE +P(x)y = Q(X) , where P andQ 


are constants or functions of x alone. Its solution 


is given by ye!?* = J Q(x) PF" dx tC 


d 
. Bernoulli's equation a + Py= Qy' where P and 
X 


Q are constants or functions of x alone is solved 


1 


using the substitution v = yn : 


d 
. The equation f'(y) a + Pf(y) =Q, where P and Q 


are functions of x or constants is solved by 
putting f(y) = v. 


13. 
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A non-exact differential equation can be made 
exact by multiplying it by some function of x and 
y. Such a function is called an integrating factor. 


. Suppose a differential equation can be solved for 


p=y’ and is of the form 

[p— f(x, y)] [p—£,0x, y)] ... [P-£(, )] 0. 
Equating each factor to zero we get equations of 
the first order and the first degree. The solution 
can be put in the form 6,(x, y, c) ,(x, y, C)...... 
$, (%y,)=0 


. The differential equation f(x, y, p) =0 may have 


one or more of the following properties : 
(A) It may be solvable for y. 

(B) It may be solvable for x. 

(C) It maybe of the first degree in x and y. 


. The differential equation y= px + f(p) is known as 


Clairaut’s equation. To solve it, we differentiate 
with respect to x. The general solution is 
y=Cx+f(C). 


. Steps to find the orthogonal trajectories : 


(i) Let the family of given curves be f(x, y, a) =0. 
(ii) We form the differential equation of this 
family by eliminating a, say F(x, y, y') =0. 

1 


(iti) We replace y' by vy! in F(x, y, y') = 0, to 


obtain the differential equation of the orthogonal 
1 


family of curves, i.e. F(x, y, — y’ )=0. 


(iv) We solve the above equation to obtain the 
orthogonal trajectories. 


Objective,Exencises 


1. 


» 


oe 


The differential equation ofall circles in the first 
quadrant which touch the coordinates axes is 


(A) Gy T+) = @ yy? 
(B) (x-yPA+’P)= (ty 
© @&-yP(Uty)=a+yyVP 


(D) None of these 
The differential equation satisfying the curve 


x2 y’ 


2 + = 
a+ bo +A 
(A) (x + yy,) (xy, —y) =(a’—b’) y, 

(B) (x+yy,) (k-yy,)=y, 

(©) (x-yy,) &y, + y)=(a’—b’) y, 

(D) None of these 

The differential equation having y = (sin"'!x)? + 
A(cos'x)? + B, where A and B are arbitrary 
constants, is 


1, is 


(A) (1—x*)y,—xy,=2 (@) (1-x’)y, + yy, =0 
(C) (—x)y,+xy,=0  (D) None of these 
The degree of the differential equation 


aa 2/3 a a 
(=) $4-32 7 +520 =0, is 
X X 


dx* 

(A) 1 (B) 2 

(C) 3 (D) none 

The differential equation of the curve 
SMa ip eats 

ee ey is given by 


dy ~) dy 
a4 lye | So 
(A) & IG dx dx 


© (ose 


10. 


11. 
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dy =| dy 
+1 x =2 
(©) ( dx (y dx dx 
(D) None of these 
The solution of x” dy—y’ dx + xy*(x — y)dy = 0, is 
xX—y xy 
xy x—y 


X-y x-y 
(C) In a +c (D) In xy 


The solution of the differential equation 
ydx — xdy + xy’ dx = 0, is 


(A) In =—+¢ 


2 


=x+c 


2 
mS 
7 te B)In 
xe 
2 


2 


He sesh | 
(A) Vy tx= eerie 


BRE 
The solution of differential equation 
xdy (y? e + e*%) = ydx(e*¥ — y’e”), is 
(A) xy=In (e+) (B) x2/y =In (e*'Y+A) 
(C) xy=In(e*y+A) — (D) xy*= In (e* +A) 
The solution of the differential equation 


(y+x xy (x+y))dx +(yVxy (x +y)—x)dy=0, is 


(D) None of these 


x+y x 
4 Sy Eo 
(A) 5 2 tan V2y c 
x+y? x 
——— +2tan!,J— =c 
8) > Vy 
© x+y? Serna x 
+2 tan! ,J— 
V2 Vy 
(D) None of these 


The solution of, ydx —xdy+ (1 + x’) dx 
+ x’sin y dy = 0, is given by 

(A) x+1-y’?+cosy+c=0 

(B) y+ 1—x’?+xcosy+c=0 


eal 
( a ae 


cosy+c=0 


+— —xX 


(D) 


x 
The solution of 
el +x 4/x? +y° )dx+(-l a af x2 +y° Yydy = 0, is 


2 
(A) 2x-y'+ F@+y)" =e 


cosy+c=0 


2 
(B) 2x—-y+ FO’ ty)=e 


12. 


13. 


14. 


15. 
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2 
© 2y-x+ Fe ty)"=0 
(D) None of these 


; 2) Ee (ee Se ; 
The solution of, e4y? x+y? dx, is 
given by 
Xx 
(A) tan'| —] +x=c 
y 
y 
(B) tan! (2) +x=c 


F gee. 5 
Oo 
ot 

fev} 

a 
iS. 
I< 
Nee 


TXKY=C 


y 
(D) tan? (*) +x?=c 
If f(x) be a positive, continuous and differentiable 


on the interval (a, b). If 7 f(x) = 1 and 


‘ 1 
mn f(x) = 3"4, Also f(x) > (x) + Foo’ then 
(A) b-a=7/4 (B) b-a< 7/4 
(C) b-a<7/24 (D) None of these 
The solution of the differential equation 
dy —s siny +x ; 
dx sin2y—xcosy ” 
(A) sin? y=xsin y+ ta c 
x? 

(B) sin’? y=x sin y— arr c 

2 
(C) sin? y=x+siny 5 c 

73 
(D) sin’ y=x-siny 5 c 


The equation of curve passing through (1, 0) and 
satisfying 


d 4 dy)’ 
(ys 2x] = (y? + 2x?) [i 1 (s*) , is given 


1 
Jax is ytyy +2x? 


x 


@) Vox F YAY +2? 


xX 


16. 


17. 


18. 


19. 


20. 


21. 


1 | 
© v2y 2 =e bea 


(D) None of these . 

; dy X+y 
The solution of re (x+y-1)+ ine 
given by 
(A) {1+In(x+y)}-In {1+In(x+y)}=x+e 
(B) {1—In(x+y)}—In {1—-In(x+y)} =x+e 
(C) {1+ In(x+ y)}?-Inf{1 +In(x+y)}=x+e 


(D) None of the these 
The solution of 
(2x? + 3y’—7) xdx — (3x? + 2y’— 8) ydy=0,is given 


(A) (x’+y'—1)=@'t+y’—3)ye 
(B) (x't+y’—1P=(@'+y'—3)e 
(© @t+y'—3)=@'t+y— 1c 


(D) None of these 


The solution of x sin{ » ) dy= ly sin( =) - x| dx, 


is given by 


(A) In x—cos (2) =Inc 


(B) Inx—sin (*) =c 


x y 

(C) In (=) — COs (*) =Inc 
y Xx 

(D) None of these 


y_ 1 
dx x (1+Inx+Iny) 


The solution of 


given by 

(A) xy(1 +In(xy)) =c 
(B) xy(1 +In(xy)) =c 
(©) xy(1 +In(xy))’=c 
(D) xy(1 + (Inxy))’=c 


The solution of differential equation 
2 Dp 
' Yo Ye ls 
=X + is 
wv [s f(y? /x”) 


(A) fly’/x°) = ex’ 
(©) x*fly'/x’)=¢ 


(B) fyi?) = cy" 
(D) fiy’/x) = eylx 


A function y = f(x) satisfies 
e* 
= 24 : =< 
(x + 1) f(x) — 2(x? + x) f(x) = as p "x>-1. 
If f(0)=S, then f(x) is 
3x+5 ) .x 6x+5 ) .x 
) (B25 )e @ (S#5)< 


22. 


23. 


24, 


25. 


26. 
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6x+5 
© [ers le" 


The family of curves represented by 


©) { $= Sx.) « 


x+1 


dy_x?+x+1 | dy_y*+y+1_ 
dx y- +y +1 an as a = 
(A) Touch each other 

(B) Are orthogonal 

(C) Are one and the same 
(D) None of these 

A normal at P(x,y) on a curve meets the x-axis at 
Q,S and N is the foot of the ordinate at P. If 


0 
x7 4x41 


x(1+ 

NO= soe) =) 
that it passes through the point (3, 1) is 
(A) x*-y’=8 (B) x?+ 2y’=11 
(C) x?-Sy’= (D) None of these 
An object falling from rest in air is subject not 
only to the gravitational force but also to air 
resistance. Assume that the air resistance is is 
proportional to the velocity with constant of 
proportionality as k > 0, and acts in a direction 
opposite to motion (g = 9.8 m/s’). Then velocity 
cannot exceed. 
(A) 9.8k m/s 
(B) 98/k m/s 


, then the equation of curve given 


k 
—~m/s 

© 9.8 

(D) None of these 

A curve passing through (2, 3) and satisfying the 
xX 

differential equation t y(t) dt =x’y(x), (x > 0) is 
0 

(A) x+y 


2= 13 ®) y= 5x 


a 2 
© Serra 


18 (D) xy=6 


The solution of the differential equation 
diye ¢ 
hee sin 3x + e*+ x* when y,(0) = | and y(0) =0 
is 
—sin3x , .x, x* 
te*+4-+=x-l 
) 9 12 


—sin3x , 4x , Xx 1 
+e +7-+=x 
8) 9 12 3 


27. 


28. 


29. 


30. 


31. 
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—cos3x 1 


x+1 


4 
+e%4+%_4 
2 


© 


(D) None of these 
Solution of the differential equation 


Ge +e} ytret (xy? —x)=0 is 
xX 
2; 

(A) e* (y-1)te” =C 

2 
(B) e” (-1)+e* =C 

2 
© e” (y-l+e* 


2 2 
@) e® (y-I)te” =C 
If y,(x) and y,(x) are two solutions of 


2 


=C 


d 
= +f(x)y = r(x), then y,(x) + y,(x) is solution 
of 


d 
(A) 7, t fy =0 


dy - 
(B) ae + 2f(x)y = r(x) 
dy > 
() rm f(x)y = 2r(x) 


(D) 


The solution of the differential equation, 


oy + 2f(x)y = 2r(x) 
dx 


1 a: ol 
— ysin— =—1, wherey>-1 asx 500 
dx X x 


(A) y= sint—cos (py y= 
y = sin——cos— = 

a x eli 

x 

(C) erate te (D) y= eal 

‘ ’ xX cos— 

x 


The general solution of the differential equation 
(2x*y— 2y*)dx + (2x3+ 3xy’) dy=0, is 

(A) y2. €n(x2y2) — y3 = cx? 

(B) x2. &n(xy2) — y3=cx2 

(C) y?. €n(x2y2) + y3 = cx? 

(D) x2. £n(x2y?) + y3=cx2 

The general solution of the differential equation 
2xy*dx + y’dx + (xy® — 3x’y’)dy = 0 is 


32. 


33. 


34. 


35. 


36. 
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2 


Xx 
(A) x°+xy'=c (B) yo 

x? x 
(C) y = si =& (D) None of these 
Water is drained from a vertical cylindrical tank 


by opening a valve at the base of the tank. It is 
known that the rate at which the water level drops 
is proportional to the square root of water depth 
y, where the constant of proportionality k > 0 
depends on the acceleration due to gravity and 
the geometry of the hole. If t is measured in 


1 
minutes and k = — then the time to drain the 


15 
tank if the water is 4 meter deep to start with is 
(A) 1 
(B) 2 


(C) Arational number 

(D) An irrational number 

The solution of 

3x(1 — x*)y* dy/dx + (2x?— 1)y?= ax? is 


(A) y=axtcyy_y? 
(B) y=axtcxy)_ 2 
© yraxtcy)_,? 


(D) None of these 
dy d dy) 
yoy ( ®) as 


The solution of y = x 


(A) y=(x-1)° (B) 4y=(x+ 1) 

(©) (y-1)=4x (D) none of these 

A curve y = f(x) passes through the origin. 
Through any point (x, y) on the curve, lines are 
drawn parallel to the coordinate axes. If the curve 
divides the area formed by these lines and 
coordinate axes in the ratio m : n, then the equation 


dx dx dx 


of curve is 

(A) y — exm™n (B) my” = exm™n 

(C) yy=cxm™ (D) None of these 

The equation of the curve passing through the 


points (3a, a) (a > 0) in the form x = f(y) which 
satisfy the differential equation 


37. 


38. 


39. 


40. 


41. 


1+e” 
®) x-y+al joa 


1+e%* 
©) yrxra l- ek 
(D) None of these 
The family of curves, the subtangent at any point 
of which is the arithmetic mean of the coordinates 
of the point of tangency, is given by 
(A) (x—y)=cy (B) (y+ x)= cx 
(C) (x-y)’=cxy (D) None of these 


dy x(2Inx+1) 
The solution of the equation AK = 


siny + ycosy 
is 

<2 
(A) ysiny=x?Inx+ os +c 
(B) ycosy=x?(Inx+1)+c 

ee 
(C) ycosy=x*Inx+ ze + 
(D) ysiny=x*Inx+c 
If f(x) and g(x) are two solutions of the differential 

dy ody 

equation ce a +X dk 
is the solution of 


dy d 
(A) oat a y=e 


Se bye | then f(x)— g(x) 


d'y 
2 
@) a 72 
da 
© azz ty=e 
d*y 2 dy 1 0 
Dae ety 
Theintegrating factor ofx(1 —x)’dy+ (2x°y—y—ax°) 
dx =O is oe!” then Pis 
A 2x? -a? ely 
A) (B) 2x 
. 2x*-1 2x?-1 
© Oa 
The orthogonal trajectory of the curve 
a"! y=x", is 
(A) nx?+y’?=0 (B) ny’ + x? = constant 


(C) y’- a =constant (D) Noite of these 


42. 


43. 


44, 


45. 


46. 
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The solution of y(xy + ex”)dx + x(xy— e*”)dy= 0 is 


(A) $(infxs| + xy) = In|y| + 


aQ 


io) 


(B) >(In]xy|- xy) = inly|+ 


(©) (Injxy| + xy) = 
(D) None of these 
If the solution of the differential equation 
dy: Sy = 3x 
dx l+x+y 


(C is arbitrary constant), then / and m respectively 
are 

(A) 2,3 

(©) 1,1 

The solution of 


Inly| +c 


,isdx+y+m In|l—-x-y|= 


(B) 3,2 
(D) 2,2 


x 
sin (=) (y dx — x dy) = xy*(x dy+ y dx), is 


(A) xy + sn{®) +C=0 
2 y 


(D) (xy) + tan{* J+e- 0 
y 


The solution of differential equation 


dy 
x+y.— 2 
—___dx = x? + 2y°+ 4 is 
oy : 
é * dx 
y 1 y 1! 
=¢ + =Cc 
(A) x 2(x? +y7) ®) x (x? +y’) 
Lay eee ee 
(©) x (xy? (D) None of these 
The curve satisfying the equation 
dy _ y(x+y’) 
dx x(y?—x) and passing through the point 
(4,—2) is 
(A) y. =—2x (B) y=-2x 
(C) y>=-2x (D) None of these 


47. 


48. 


51. 


52. 


53. 


54. 


55. 
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The equation of the curve in which the 
perpendicular from the origin upon the tangent is 
equal to the abscissa of the point of contact is 


(A) x2+ y?= ex (B) x?+y"=cy 
(C) X+y=c (D) None of these 

on f(t) d { dx : 
The equation dt 401 —costcosx satisfies 


the differential equation 


(A) 


at ont tt=0 a + 2f(t) =0 
a Taf cott=0 B) +2) 


df df 
© {,-2f)ecott=0 D) | 2A) =0 


49. 


50. 
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The solution of 
(y1+x')+sin y) dx +(x +Inx+x cosy) dy=0 is 
(A) (1t+y'siny)+x'Inx=C 

(B) (y+sin y)+xylInx=C 

(C) xyt+tylnx+xsiny=C 

(D) None of these 

The solution of 


d 
(2x — 10y*) ae ty=O0 isxy’+ ly°+C. Then /is 


(A) 3 (B) 4 
(C) 5 (D) None of these 


MULTIPLE CORRECT ANSWER TYPE FOR JEE ADVANCED 


In which of the following differential equation 
degree is not defined 


2 2 2 
y +322) = zioe” z 
dx dx 


dy 
(© x=sin (S2-29), <1 


(D) x—2y=log (=) 


If m and n are order and degree of the equation 


2 Py vas = x’— 1, then 
dx? 
(A) m=3 (B) n=5 
(C) n=2 (D) n= 


The general solution of the differential equation, 


x(%) =y.In (2) is: 
dx x 


(A) y=xel-* (B) y=xel** 

(C) y=ex.e™ (D) y=xe™ 

where c is an arbitrary constant. 

Which of the following equation(s) is/are linear. 


dy . (®) 7 
(A) Ae + Z = Inx (B) y an +4x=0 
d’y 
(C) dx+dy=0 (D) ‘az = cosx 


Identify the statement(s) which is/are true. 


(A) f(x , y) = e&* + tan = is homogeneous of 


56. 


57. 


58. 


59. 


degree zero 


(B) x. In : dx + 2 
homogeneous differential equation 

(©) f(x, y)=x’+ sin x. cosy is not homogeneous 
(D) (x*+ y’) dx - (xy’—y’) dy=0 is a homogeneous 
differential equation . 

Taking y as the dependent and x as the 
independent variable, which of the following 
ordinary differential equations are not linear? 
Ayr ty a2 (B) x’y' - xy' + 6y=Inx 


© U+(yyl=Sy  D)y'= vx +Jy 

The differential equation of the curve for which 
the initial ordinate of any tangent is equal to the 
corresponding subnormal 

(A) is linear 

(B) is homogeneous of first degree 

(C) has separable variables 

(D) is second order 

The graph of the function y= f(x) passing through 
the point (0, 1) and satisfying the differential 


dy =0 is 


. d : 
equation ae + y cos x = cos x is such that 


(A) It is a constant function 

(B) Itis periodic 

(C) It is neither an even nor an odd function 
(D) It is continuous and differentiable for all x 
If f(x), g(x) be twice differential functions on 
[0, 2] satisfying f’(x) = g’"(x), f(1) =2g'(1) =4 and 
f(2) = 3.g9(2) = 9, then 

(A) f(4)—g(4)= 10 

(B) |f{x)-g@)|<2>-2<x<0 

©) {(2)=g2)>x=-1 

(D) f(x) — g(x) =2x has real root 


60. 


61. 


62. 


63. 


64. 


dy 
The solution of ( ce ) (x*y?+ xy) = 1 is 


(a) 1 =2-y? 4007 
x 


(B) The solution of an equation which is 


reducible to linear equation 


1- 2x 


2 
=y’+Ce? 


The solution of ho Vy — xX is given by 
xX 


(A) x+C=2,y—-x +2log(Jy—x —-l) 
(B) x°+C=y-x +log/y-x-l 


(C) x+C=(y—x)’+ log(y—x-1) 
(D) Jy-x acce* 


The function f(x) is defined for x 2 0 and has its 
inverse g (x) which is differentiable. If f(x) satisfies 


g(x) 

| f(t)dt = x2 and g (0) =0 then 

0 
(A) f(x) is an odd linear polynomial 
(B) f(x) is some quadratic polynomial 
(© f(2)=1 
(D) g(2)=4 


Family of curves whose tangent at a point with 
its intersection with the curve xy = c* form an 


qT. 
angle of 43 


(A) y?—2xy—x?=k — (B) y? + 2xy— 


x 
(C) y=x-2ctan"! (3) +k 


xt+k 


c+xX 
Cc- 


(D) y=cln 


where k is an arbitrary constant . 


The function f(x) satisfying the equation, 


P(x)+4f" (x) fx) + [f" (x) P=0 
(A) face? Br HOKe.e 
© ftxy=c.e?* O) fx=c.€ 


where c is an arbitrary constant . 


x2=k 


(2+V3)x 
-(2+V3)x 


65. 


66. 


67. 


68. 


69. 
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The equation of the curve passing through (3 , 4) 
and satisfying the differential equation, 


2 
dy dy 
2) +(x —y) ax 0 can be 


(A) x-y+1=0 (B) x?+y?=25 
(C) x*+y?—5x-10=0 () xt+y—7=0 


d nay 
The solution of +x=xe™)¥ iS 


1 e(a-Dy -1)_ x2 
(A) 1 oe sy - aC 
(B) e?-Dy= Cer by ta /2 1 


(n-Dy =] 2 
C lo te x° +C 
( ) e (n = De 


2 
(D) e@-P¥=Cee-)* 24 4 


2 
The solution of { 4¥ +2y age SS =y? is 
dx dx 
c Cc 
ES -0 = 
ay 1+cosx Gry 1—cosx 


C) x=2sin' |& x=2cos! |& 
© og 7 


The tangent at any point P on acurve f(x, y) =0 

cuts the y-axis at T. Ifthe distance ofthe point T 

from P equals the distance of T from the origin 

then the curve with this property represents a 

family of circles. Which of the following is/are 

correct? 

(A) Any arbitrary line y= mx cuts every member 
of this family at the points where the slopes 
of these members are equal. 

(B) f(x, y)=0is orthogonal to the family of circles 
x+y—-ky=0VkeR 

(C) If f(x, y) =0 passes through (2, 2) then the 
intercept made by its director circle on the 
y-axis is equal to 8. 

(D) If f(x, y) = 0 passes through (—1, 1) then 
image of its centre in the line y=x, is (1, 0) 

The graph of the function y = f(x) passing 

through the point (0 , 1) and satisfying the 


d . 
differential equation ae +ycos x=cosx is such 


that 

(A) It is a constant function 

(B) Itis periodic 

(C) It is neither an even nor an odd function 
(D) Itis continuous & differentiable for all x. 


4.80 O 


70. A function y = f (x) satisfying the differential 


see MOY sin? x ; 
equation dx SINX~ yoosx + 7 =Oissuch 


that, y > 0as x > © then the statement which 
is correct is 


(A) Em f=1 


x0 


n/2 


(B) J f(x) dx is less than 5 = 


m/2 


(C) f f(x) dx is greater than unity 
0 
(D) f(x) is an odd function 
Comprehension - I 


Let f(x) be non-positive continuous function and 


x 


F(x)= J f(t) dt Vx >O and f(x) > cF(x) wherec> Oand 
0 


let g : [0, ©) > R bea function such that 


Vx>Oand g(0)=0. 
71. The total number of roots of the equation 


d 
oe <2(3) 


f(x) = g(x) is 
(A) «© (B) 1 
© 2 (D) 0 
72. The number of solutions of the equation 
|x?+ x —6|= f(x) + g(x) is 
(A) 2 1 
(©) 0 (D) 3 


73. The solution set of inequation 
g(x) (cos-!x — sin-!x) <0 


wb] olde 
ots] ole 


Comprehension - 2 


Consider a differential equation 


f(x)=2 J(f(~)) +x, f(D=1. 


74. The order and degree of the differential equation 
respectively are 
(A) 2,1 
(©) 1,1 


(B) 1,2 
(D) None of these 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


75. The solution of the differential equation is 


(A) 80) = 324" 4B -3 
®) f= 324" - 2 


(D) None Pe ae 


9 
76. The value of >, £(n) is 
n=1 


9) Oe 2 
(A) 25(4 %) 54 @) a 9) 84 
36 
9 a 
(C) euee) +64  (D) None of these 


27 
Comprehension - 3 


Consider a continuously differentiable function 
f(x) satisfying the equation 


P(x) = [ (f2(t) — P(t) + (£ (t))?) dt+ 100 where ffx) 


< f(x) and f(0) = 10. 
77. The function satisfies the differential equation 
(A) f-f=f (B) f+ f= 


(©) f-f=2f (D) None of these 
78. The function fis 
10 -10 
(A) {0-96> ®) 10-96" 
__10 _ 10 
© 10-1le~* ©) 10-1le~* 


79. The range of the function fis 
(A) (2, 0)U(1,0) = 8B) C%,-1) U0, ~) 
(C) (-~,-1)U(1,«)  (D) None of these 


Comprehension - 4 
Suppose fand g are differentiable function such that 


x g(flx)) P(g) B'(%) = fle(x)) g(x) Px) for all real x. 
Moreover f(x) = 0, g(x) >0 and g(f(0)) = 1. Also 


a —2a 
I, f(g(x)) dx = 1- cs for all real a. 
80. The function f(g(x)) is 
( A) e2* 
(C) ex 


(B) x én x 
(D) x 


81. 


82. 


x = (£n f(g(x))) is equal to 


g'(f(x)) g'(f(x)) 
(f(x) ) f(g@)) 
g'(£(x)) fx) 
— N f th 
(© a(f(0) (D) None of these 
g(f(4)) is equal to 
1 
(A) se" (B) e's 
(C) e# (D) None 


Comprehension - 5 

The family of curves y = f (x) has a property that any 
chord joining A(x,, f(x,)) and B(x,, f(x,)) intersects 
the y-axis at the point (0,—x,x,). Determine the family 
of curves and answer the following questions 


83. 


84. 


85. 


The family of curves y= f(x) represents 

(A) Circles centered at origin 

(B) Circles passing through origin 

(C) Parabolas with focus at origin 

(D) Parabolas passing through origin 

Iff(1) =— 1 then the area bounded by y= f(x) and 
X-axis is given by 


2 a 
(A) 3 ®) 5 
8 16 
© 3 0) 3 
The differential equation of the family of curves 
y=f(x)isof 


(A) Order 1 and degree 2 
(B) Order 2 and degree | 
(C) Order | and degree 1 
(D) Order 2 and degree 2 


Assertion (A) and Reason (R) 


86. 


(A) Both A and R are true and R is the correct 
explanation of A. 

(B) Both Aand R are true but R is not the correct 
explanation of A. 

(C) Ais true, R is false. 

(D) A is false, R is true. 

Assertion (A) : The solution of the differential 


equation an Yux? isx =e” ify(1)=0. 
dx x 


Reason (R) : There is no arbitrary constant in the 
particular solution of a first order differential 
equation. 


87. 


88. 


89. 


90. 


91. 


92. 
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Assertion (A) : Differential equation whose 
3 

solution is y=cx+c—Cisy=x dy + dy ($) 

dx dx \dx 

Reason (R) : Integrating factor of 

d 

SY X33 _3 igy, 

dx x 

Assertion (A) : The differential equation of all 


parabolas having latus rectum 4a, whose axes are 
parallel to the x-axis, opens in positive x direction 
and vertex lying on y-axis is of order 2 and degree 2. 
Reason (R) : The general equation of such 
parabolas is (y—k)? = 4ax which has two arbitrary 
constants. Hence the order must be two. 

Assertion (A) : All the solutions of the differential 


equation >, (x) y,(y) dx = 9,(x) y,(y) dy are given 


by (eee dx — wi) dy=c. 
(x) Woy) 

Reason (R) : Dividing by y, (y) 9,(x) may lead 

to loss of particular solutions making the 

product y ,(y) $,(x) zero 

Assertion (A) : The tangents to the curves 

represented by the homogeneous differential 

equation 


dy 
dx 
parallel. 

Note that corresponding points are points on the 
curve which lie on one ray issuing from the origin. 
Reason (R) : Consider two corresponding points 
(x,, y,) and (x,, y,) on two curves c, & c,. Since 


imeees we have (2) = (2) 
X, X, dx), \dx/., 


Consider a differentiable function y= f(x) which 


= (2) at the corresponding points are 


x 


sdiisiies t)= [(f@sint —sin(t—x))dt 
0 


Assertion (A) : The differential equation 
corresponding to y = f (x) is a first order linear 
differential equation. 

Reason (R) : The differential equation 
corresponding to y = f(x) is of degree one. 
Assertion (A) : If fis twice differentiable such 
that f"(x) =—f(x), f(x) = g(x) and h'(x) = (f(x)? + 
(g(x)) and h(0) = 2; h(1) =4, then y=h(x) is a line 
with slope '2'. 


93. 


482 0 
Reason (R) : Solution for differential equation 


64 family of li 
45 is a family of lines. 


Assertion (A) : If f(x) is twice differentiable 
function such that f"(x) = g(x) and h'(x) =(f(x))? + 
(g(x))’ and h(0) = 2; h(1) =4, then y=h(x) isa line 
with slope '4'. 

Reason (R) : Solution for differential equation 


Week family of li 
ae is a family of lines. 
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94. Assertion (A) : The function f: R > R satisfies 


f(x?) f"(x) = f(x) f(x?) for all real x. Iff(1) = 1 and 
f’"(1)= 8 then f(1)+f"(1) =6. 

Reason (R) : From the given equation, we get 
a2 = band ab = 8, when f(1)=aandf'(1)=b. 


95. Assertion (A) : Let fbe a differentiable function 


such that f(x) + f(x) < 1 for all x, and (0) = 0. The 


largest possible value of f(1) is 1 — ds 


e 
Reason (R) : Consider g(x) = e* f(x). Then g’(x) < 
ex. Integrating we get g(1)-—g(0) <e-1. 


MATCH THE COLUMNS FOR JEE ADVANCED 


96. 


97. 


98. 


Column -I 


(A) The order of the differential equation of all conics whose 


centre lie at the origin is equal to 


(B) The order of the differential equation of all circles 


of radius a is equal to 


(C) The order of the differential equation of all parabolas whose axis 
of symmetry is parallel to x-axis is equal to 

(D) The order of the differential equation of all conics whose axes 
coincide with the axes of coordinates is equal to 


Column-I 


(A) The differential equation ofall parabolas having heir 


Column - IT 


(P) 1 
Q 2 
(R) 3 


(S) 4 
(T) Can’t be determined 
Column-II 


(P) 1 


axis of tsymmetry coinciding with the axis of x has its degree 


(B) The differential equation ofall parabolas each of which 


Q) 2 


has a latus rectum '4a' & whose axes are parallel to x-axis is of 


degree 


(C) Degree of the differential equation y =a (1—e™**), a 


being the parameter is 


(D) The polynomial f(x) satisfies the condition f(x + 1) =x?+ 4x. 


(R) 3 


(S) Does not exist 


The area enclosed by y = f(x — 1) and the curve x? + y=0, is 


where k is 


16/2 
k 


Columr-I 


(A) Ifthe function y = e* + 2e*is a solution of the differential equation 


3 
ay 1397 


3 
dx” dx _ K then the value of K/3 is 
y 


(B) Number of straight lines which satisfy the differential 


2 
eco OY. dy 
t +x 0 
equation eo ( ) y 1S 


Column-II 


(P) 3 


Q 4 


99. 


100. 


© 


(D) 


(A) 


(B) 


© 


(A) 


(B) 


DirFERENTIALEQuations [J 4.83 


If the substitution, y = u™ will transforms the differential equation, 


d 
axtys + y‘= 4x°into a homogeneous equation then the value 


of 2m is 
If the solution of differential equation 


d 
+ 2x i 12yis y=Ax™+ Bx™ then |m +n] is 


Coltumn-I 
Number of integers which do not lie in the range of 


the function f(x) = sec (2 sin 1) 
x 


Let f: (0, ©) onto (0, 90) bea derivable function for 
which there exists its primitive F such that 


2(F(x) - f(x)) = f2(x) for any real positive x. 
f(x) 


Then lim —~ equals 

x90 X 
How many of the following derivatives are 
correct (on their domains)? 


4 tn | secx |= tanx 
dx 


Fingxte*y=14t 
dx X 
d 
dx 
A differentiable function satisfies f(x) = f(x) + 2e* 
with initial conditions f (0) = 0. The area enclosed 
f(x) and the x-axis is 
Column-I 
Let f(x) is a derivable function satisfying f(x) 


x nx = (In x)xnorl 


= fe' sin(x —t)dt and g(x) = f’(x)— f(x) then the 


0 

possible integers in the range of g(x) is 

If the substitution x = tan~|(t) transforms the 

differential equation es + xy dy + sec2?x =0 
dx? dx 


2 


d 
into a differential equation (1+ t?) ae (2t + ytan“(t)) 
dy ' 

ae k then k is equal to 


(R) 2 


(S) 1 


Column-II 


(P) 0 


Q 1 


(R) 2 


(S) 3 


Column-II 


(P) -l 


Q) 0 
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(C) Ifa?+b?=1 then (a3b — ab?) can be equal to (R) 1 
x-Ay-z=0 

(D) Ifthe system of equations Ax — y-—z=0> has a unique (S) 2 
x+y-z=0 


solution, then the value of 4 can be 


ne RemiewnExencises fond EE AG Vain CCG ss 


1. 


Solve the following differential equations : 6. Solve the differential equation (x + 1) y’=y-1, 
d y being bounded when x > «. 
(i) x + yIny=xyex 7. Solve the differential equation xy' + sin 2y= 1, 
x 
dy y> a T,X > 0, 
(ii) ‘ae. eae) 8. Solve the following differential equations : 
(ii) 2(x—y sin 2x) dx + (3y2-+ c0s2x) dy=0 een ate 
Solve the following differential equations : Gi) yy"— yy ny=(y) 
, bi 9. Solve 
i) xdx+ydy=a°7= oh aay 
(i) y dy x+y? y + sin x cos’ (xy) re xdy canis 


cos’ (xy) cos” xy 
(ii) [xoos3-+ysin®}yax4[ xcos?—ysin2 pay —g 10. ear a f satisfies the relation 
ie x+y) + f(xy) = f(x). + 1. If f'(0) =1, find f 
(iii) (1+ tany) [xdx ae *. dy] He dy=0. ll. Letf:R*'OR eee a equation 
Solve the following differential equations : f(xy) = ev-*-y (ey f(x) +e fly) Vx, ye Rt If 
f'(1)=e, determine f(x). 
12. (A) Find a polynomial P(x) such that P’(x) — 
—(x’?- 1) cosx=0. 3P(x) =4—5x + 3x2, Prove that there is only 
one solution. 
(ii) y+ ( (B) If Q(x) is a given polynomial, prove that 
there is one and only one polynomial P(x) 


ii) (x [2 —y? ~y) dx+ (y [2 —y? —x)dy=0 such that P’(x) —3P(x) = Q(x). 
13. Let y= f(x) be that solution of the differential 


d 
(i) (x?—1)sinx = +[ 2x sinx + (x*+ 1) cosx ] y 
Xx 


sles 7 1 
e *—cosx e * —cosx’ 


Solve the following differential equations : 
dy : 2ytx : its 
@) (x?-1) ae sin y— 2x cos y= 2x— 2x3 equation y’ = By? +5 which satisfies the initial 
(ii) (x?+y?+1)dy+xydx=0. condition f(0) = 0. 
Solve the following differential equations : (A) The differential equation shows that f(0)=0. 
: Discuss whether fhas a local maximumor 
x+y— HQ 2 4) 8 minimum or neither at 0. 
(i is _ xsin : +y~) ; 
y- ae (B) Notice that f(x) = 0 and that f(x) = 3 for 


(ii) (x°y!+ x’) dy=(1 —x°y’—xy) dx 


14. 


15. 


16. 


17. 


18. 


19. 


10 
each x = 37 Exhibit two positive numbers a 


10 
and b such that f(x) > ax —b for each x = 37 


(C) Show that x/y2 > 0 as x > o., Give full 
details of your reasoning. 

(D) Show that y/x tends to a finite limit as x > 00 
and determine this limit. 

A periodic function with period a satisfies 

f(x + a) = f(x) for all x in its domain. What can you 

conclude about a function which has a derivative 

everywhere and satisfies an equation of the form 

f(x + a) = bf(x) for all x, where a and b are positive 

constants ? 

Solve the differential equation (1 + y3e2%)y’ + y 

= 0 by introducing a change of variable of the 

form y = ue™, where m is constant and u isa 

new unknown function. 

Find the curve such that the y-intercept cut off 

by the tangent on any arbitrary point is 

(A) proportional to the square of the ordinate of 

the point of tangency. 

proportional to the cube of the ordinate of 

the point of tangency. 

Show that the solution of the differential 


(B) 
© 


d 
equation (1 —x’) = +xy=ax are ellipses or 


hyperbolas with the centres at the point (0, a) 
and the axes parallel to the co-ordinate axes, 
each curve having one constant axis whose 
length is equal to 2. 
Find the curve such that the distance between 
the origin and the tangent at an arbitrary point is 
equal to the distance between the origin and the 
normal at the same point. 
Find the curve y= f(x), where f(x) > 0, f(0) =0 and 
f(1)=1, bounding a curvilinear trapezoid with the 
base [0, x], if the area bounded by curve, the 
coordinate axes and the variable ordinate is 
proportional to (f(x))"" 
A normal is drawn at a point P(x, y) ofa curve. If 
meets the x-axis and the y-axis in point A and B, 


1 1 
respectively, such that OA * OB 1, where O 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 
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is the origin. Find the equation of such a curve 
passing through (5, 4). 

The tangent at a point P of a curve meets the 
y-axis at A, and the line parallel to the y axis 
through P meet the x-axis at B. Ifarea of triangle 
OAB is constant (O being the origin) then from 
the differential equation of the curve and show 
that the curve is a hyperbola. 

Find the equation of the curve intersecting with 
the x-axis at the point x = | and possesses the 
property that the subnormal at any point of the 
curve is equal to the A.M. of the co-ordinates of 
this point. 

Find the curve such that the sum of the intercepts 
made by the tangent on the coordinate axes is 
equal to a. 

Find the curve such that the product of the 
perpendiculars from the points (+c, 0) on any 
tangent is equal b2. 


Find out area bounded by the curves, 
sin? x cos? x 

a 3 T 

y= | sin” Jt dt+ | cos! Vt dt,0<x< 5 
1/8 1/8 


and the curve satisfying the differential equation, 


y (x + y3) dx = x (y3— x) dy passing through 
(4, =2). 
Find the orthogonal trajectories of the following 


families : 

@) 8 Zy=e 

(ii) y=ae°*, where o is a constant and ais a 
parameter. 

(iii) cos y = ae* 

(iv) y’ =4 (x—a) 

A storage tank contains 2000 litres of gasoline 

which initially has 100 gms of an additive 

dissolved in it. Gasoline containing 2 gms of 

additive per litre is pumped into the tank at a rate 

of 40 litre/min. The well mixed solution is pumped 

out at a rate of 45 litre/min. Form the differential 

equation and express the amount of additive in 

gasoline as a function of t. 

Show that the half-life H of a radioactive 

substance can be obtained from two 

measurements y, = y(t,) and y, = y(t,) of the 

amount present at times t, and t, by the formula 

H=[(t,—-t,) In2]/ In(y,/y,). 


28. 


29. 


30. 


31. 


4.86 O 


Suppose that a moth ball loses volume by 
evaporation at a rate proportional to its 
instantaneous area. If the diameter of the ball 
decreases from 2 to 1 cm in 3 months, how long 
will it take until the ball has practically gone (say 
until its diameter is 1 mm)? 
A body in a room at 60° cools from 200° to 120° in 
halfan hour. 
(A) Show that its temperature after t minutes 
is 60 +140e-*t, where k = (In 7 — In 3)/30. 
(B) Show that the time t required to reach a 
temperature of T degrees is given by the 
formula t = [In 140 —In (T -60)]/k, where 
60 <T < 200. 
Find the time at which the temperature is 90°. 
Find a formula for the temperature of the body 
at time t if the room temperature is not kept 
constant but falls at a rate of 1° each ten 
minutes. Assume the room temperature is 60° 
when the body temperature is 200°. 
Ina tank are 100 litres of brine containing 50 kg of 
dissolved salt. Water runs into the tank at the 
rate of 3 litres per minute, and the concentration 
is kept uniform by stirring. How much salt is in 
the tank at the end of one hour ifthe mixture runs 
out at arate of 2 litres per minute ? 
Water is heated to the boiling point temperature 
100°C. It is then removed from heat and kept in a 
room which is at a constant temperature of 60°C. 
After 3 minutes, the temperature of the water is 90°C. 
(A) Find the temperature of water after 6 minutes. 
(B) When will the temperature of water be 75°C. 


© 
(D) 


32. 


33. 


34. 


35. 
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A certain solvent weighs 120 g and dissolves 
40 g of particular solute. Given the 20 g of solute 
is contained in the solvent at time t = 0, find the 
amount Q of undissolved solute at t = 4 hr. if5 g 
solute dissolves in one hour. Find also the time 
required for 10 g solute to dissolve. 
Three grams of substance Y combine with 2 g of 
substance X to form a 5 g of substance Z. When 
90 g of Y are thoroughly mixed with 60 g of X, it is 
found that in 20 min, 50 g of Z have been formed. 
How many grams of Z can be formed in 30 min ? 
How long does it take to form 100 g of Z. 
A sheet of aluminium (k = 0.49) is 10 cm thick. 
One face is kept at 20°C and the other face at 
80°C. Assuming that the sheet is sufficiently large 
for heat flow to be perpendicular to those two 
faces, find the temperature T in terms of the 
distance x from the cooler faces. What is the 
amount of heat transmitted per second across a 
sq. cm of a section parallel to these faces ? 
A liquid carries a drug into an organ of volume 
500 cm? at a rate of 10 cm/s and leaves at the 
same rate. The concentration of the drug in the 
entering liquid is 0.08 g/cm?. Assuming that the 
drug is not present in the organ initially, find 
(A) the concentration of the drug after 30 s and 
120s, 
(B) the steady state concentration, 
(C) how long would it take for the concentration 
of the drug in the organ to reach 0.04 g/cm? 
and 0.06 g/cm? ? 


Target,Exercises. for JEE Advanced 


Solve the following differential equations : 


~ ity? 
oe xy(1 + x’) 


dx 
(ii) = 


x’ —xy+x’ 


2,.2\) 

se ' 1; x +y 
+x ==| ——+ 
(iii) YY 1 - ) 


dy 
2y* — xy 


Solve the following differential equations : 


3 
(i) [239 +x’y + Z Jes (x+y) dy=0 


2 2 
x + 

Y__9x 
x 


2\,.2 
x+y" 


(ii) 2yy’=e * + 


(1+ yy" 
x(y+)D- a 
Solve the following differential equations : 


gq #-¢ "1 [z+2) 
dx 2 y 2\y xX 
2 
"i 1l_sYy x? 1 
(ii) E | at | 1 dy=0 


(ii) Y'= 


4. Solve the following differential equations 


dy _ 1 


@ <4 


x dx 


sin’ (xy) + cos” (xy) 


10. 


12 4(v—2% tant | Y=2 
ay (x-1° +(y-2)° tan (2-2) 


(ii) 
(xy -2x-y+2)tan™ (2) 
y-l 


Solve the following differential equations : 


(i) [asin cos 
y y x x 


+ [Loos sind + = iy=0 
x xX y xX y " 


dy _ 2y* cosx + ysin2x + 2cosx.sin” x 


(ii) a 


Gyr | Toe 
dx 2 


Solve 2xyy’ + (1 + x)y2=e*on (0, 0), with 

(A) y= Ve when x =1; 

(B) y=—vVe when x=1; 

(C) A finite limit as x > 0. 

Find all solutions of x(x + l)y’ + y=x(x+1)2 e* 
on the interval (—1, 0). Prove that all solutions 


approach 0 as x > -1, but that only one of 
them has a finite limit as x > 0. 


sin’ x 


Ji(@).de | 


~sint 0 
ee 0 JF(cos(20 —Q)+ Vt@) 


Solve the following differential equations : 

(i) x?y"" = (y")? 

qi) y"[1+ ()]=3y'y 

Iff: R > [0, ©) bea function satisfying , f(x + y) 

f(x — y) = f(x) [fly) — fl-y)] ; £°(0) = log a, £(0) = 1 

(for all values of a except 1), then solve the 

fe cae {log, F(x)F(y)) 7 
merential ax — (log, f(x) + 2)(log, f(y) = 2) 


11. A differentiable function f satisfies the relation 


12. 


[1 + f(x) + fy)] fx + y) = f(x) + fY) Vx,y eR. 
If f(0) =0 and f’(0) = 1, find f(x). 
Find all functions fsuch that f' is continuous and 


[f(x)? = 100 + fi [f(t))° +[£'(O)P Jat for all real x 
0 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Iff: R— {-l1} > Rbea differentiable function 
which satisfies : f{((x)+ fly) +xfly))=y+ fx) + yitx) V 
x, y € R—[-1]. Find f(x) ? 

Let s(x) = (sin x)/x ifx #0, and let s(0) = 1. 


Define T(x) = [swat . Prove that the function 


f(x) = xT(x) satisfies the differential equation 
xy’ — y=x sin x on the interval (—co, 00) and find 
all solutions on this interval. Prove that the 
differential equation has no solution satisfying 
the initial condition f(0)= 1. 

2 


‘ d 
Show that the complete solution of a = 


a 


can be put in the form 


3t=2(/s -2C,) JVs +C, +Cp. 


Prove that there is exactly one function f, 
continuous on the positive real axis, such that 


f(x) =1 + =n f(t)dt for all x > 0 and find this 
x 


function. 

Given a function g which has a derivative g’(x) 

for every real x and which satisfies the 

following equations : g’(0) = 2 and g(x + y) 

= eYg(x) + e*g(y) for all x and y. 

(A) Show that g(2x) = 2exg(x) and find a similar 
formula for g(3x). 

(B) Generalize (A) by finding a formula relating 
g(nx) to g(x), valid for every positive 
integer n. 

(C) Show that g(0) = 0 and find the limit of 
g(h)/hash—0. 

(D) There is aconstant C such that g'(x) = g(x) + 
Cex for all x. Prove this statement and find the 
value of C. 

The Riccati equation y’ + y + y? = 2 has two 
constant solutions. Start with each of these 
and find further solutions as follows: 

(A) If-—2 < b<1, find a solution on (—2, 0) for 
which y= b when x = 0. 

(B) if b= 1 or b < 2, find a solution on the 
interval (—co, 00) for which y= b when x =0. 

Given a function f which satisfies the 

differential equation xf’(x) + 3x[f(x)]? = 1-e* 

for all real x. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 
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(A) Iffhasanextrem um at a point c # 0, 
show that this extremum is a minimum. 

(B) Iffhas an extremum at 0, is ita maximum or 
a minimum ? Justify your conclusion. 

(C) Iff(0) = f(0) = 0, find the smallest constant 
A such that f(x) < Ax? for all x 20. 

The function f defined by the equation 


2 29 % Fo ae 
f(x)= xe"? —xe™ sa te’ "dt forx >Ohas 
1 


the properties that (i) it is continuous on the 
positive real axis, and (ii) it satisfies the equation 


f(x) =1-x fiw dt for all x > 0. Find all functions 


with these two properties. 


Solve the system of differential equations 
ge + 5 oY =t 
dt dt 
dx 


—+ 3ay. = 7cost 

dt dt 

Find the curve which passes through the origin 
of coordinates and is such that the area of the 
triangle formed by the tangent to the curve at 
some point, the ordinate of that point and the x- 
axis is proportional to the area of the curvilinear 
trapezoid formed by the curve, the x-axis and the 
ordinate of the point. 

Find the curve such that the ordinate of any ofits 
points is the proportional mean between the 
abscissa and the sum of the abscissa and 
subnormal at the point. 

Find the curve such that the angle, formed with 
the x-axis by the tangent to the curve at any of its 
points, is twice the angle formed by the polar 
radius of the point of tangency with the x-axis. 
Interpret the curve. 

Find the curve such. that the ratio of the 
subnormal at any point to the sum of its abscissa 
and ordinates is equal to the ratio of the ordinate 
of this point to its abscissa. If the curve passes 
through (1, 0) find all possible equations in the 
form y= f(x). 

Find the curve such that the initial ordinate of 
any tangent is less than the abscissa of the point 
of tangency by two units. 


27. 


28. 


29. 


30. 


31. 


32. 
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Find the curve such that the area of the rectangle 
constructed on the abscissa of any point and the 
initial ordinate of the tangent at this point is a’. 
The area of the figure bounded by a curve, the 
x-axis and two ordinates, one of which is constant, 
the other variable is equal to the ratio of the cube 
of the variable ordinate to the variable abscissa. 
Find the curve if it passes through (1, 0). 

Show that the curve passing through (1, 2) for 
which the segment of the tangent between P (point 
of contact) and T (point of intersection of the 
tangent with the x-axis ) is bisected at its point of 
intersection with the y-axis is a parabola. Further 
show that if, P, Q, R are three points on this 
parabola such that three normals at them are 
concurrent on the line y= d then the sides of the 
APQR touch another parabola x?= 2ky. 

Find the isogonal trajectories of the family of 
parabolas y’ = 4ax ; the angle of intersection a= 45°. 
Show that any differential equation of the type 


f [is y,p- 1) =0 represents two systems of 
p 


orthogonal curves. 

A dog sees a rabbit running in a straight line across 
an open field and gives chase. In a rectangular 
coordinate system (as shown in the figure), 
assume: 

(i) The rabbit is at the origin and the dog is at 
the point (L, 0) at the instant the dog first 
sees the rabbit. 

The rabbit runs up the y-axis and the dog 
always runs straight for the rabbit. 

The dog runs at the same speed as the rabbit. 
Show that the dog's path is the graph of the 
function y = f(x), where y satisfies the 


1 2 
dx 


Determine the solution of the equation in part 
That satisfies the initial conditions y= y'=0 
when x = L. 

Hint: Let z = dy/dx in the differential equation 
and solve the resulting first-order equation 
to find z; then integrate z to find y] 

(D) Does the dog ever catch the rabbit ? 


(ii) 
(ii) 
(A) 


@2 
differential equation x5 = 
Xx 


(B) 
© 


33. Areservoir contains 50 litres of pure water initially. 


Salted water flows into the reservoir at the rate of 
2 litres per minute. It contains 2 grams of salt per 
litre. The mixture is kept uniform by stirring and it 
flows out of the bottom of the reservoir at the 
same rate. Find the time taken for the quantity of 
salt in the reservoir to increase from 40 grams to 
80 grams. 


34. Denote by y = f(t) the amount of a substance 


35. 
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present at time t. Assume it disintegrates at a rate 

proportional to the amount present. If n is a 

positive integer, the number T for which 

f(T) = f(0)/n is called the 1/nth life of the 

substance. 

(A) Prove that the 1/nth life of the same for every 
sample ofa given material, and compute T in 
terms of n and the decay constant k. 

(B) If a and b are given, prove that f can be 
expressed in the form f(t) = f(A)*°f(B)' “© 
and determine w(t). This shows that the 
amount present at time t is a weighted 
geometric mean of the amounts present at 
two instants t =a and t= b. 

Assume that a snowball melts so that its volume 

decreases at a rate proportional to its surface area. 

Ifit takes three hourse for the snowball to decrease 

to half its original volume, how much longer will 

it take for the snowball to melt completely ? 


= Previous Years. Questions, (JEE Advance dn. 


A. 
1. 


Fill in the blanks : 


A spherical rain drop evaporates at a rate 
proportional to its surface area at any instant t. 
The differential equation giving the rate of change 
of the radius of the rain drop is....... [IIT - 1997] 
Multiple Choice Question with ONE correct 
answer : 


The order of the differential equation whose 
general solution is given by 


y=(c,+c,) cos(x+c,)—c, e***s wherec,,c,, C,, 


C,, C,, are arbitrary constants is [IIT - 1998] 
(A) 5 (B) 4 

© 3 (D) 2 

Ifx’?+y’= 1, then [IIT - 2000] 
(A) yy’-2’y+1=0 

(B) yyy) = 0 

(©) yore y= 1S 

() yy’ +2’ +1=0 


If y(t) is a solution of (1 + t) dy/dt —ty= 1 and y(0) 


=—1, then y(1) is equal to - [IIT - 2003] 
(A) -1/2 (B) e+ 1/2 
(C) e- 1/2 (D) 1/2 


5. 


2+sinx { dy 

Ify = y(x) and Gal. nde =—cos x, (0) = 1, 
then (2) equals - [IIT - 2004] 
(A) 13 (B) 2/3 

(QC) -1/3 (D) 1 

If y = y(x) and it follows the relation x cos y 
+ycos x= then y” (0) [IIT - 2005] 
(A) 1 (B) -1 

© a (D) —1 


The solution of primitive integral equation 
(x?+ y’) dy=xy dx, is y=y(x). Ify(1) = 1 and y(x,) 


=e, then x, is [IIT - 2005] 
(A) ./2(e? -1) () /2(e? +1) 

2 
© Be ©). 


For the primitive integral equation ydx + y? dy 
=x dy;x €R,y>0, y=y(x), y(1)= 1, then y(3) is 
[IIT - 2005] 

(B) 2 


(D) 5 


(A) 3 
© 1 


10. 


11. 


12. 


13. 


14. 
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_ dy _yi-y" 
The differential equation ie apa 
determines a family of circles with [IIT -2005] 
(A) Variable radii and a fixed centre at (0, 1) 
(B) Variable radii and a fixed centre at (0,—1) 
(C) Fixed radius | and variable centres along the 
X-axis. 
(D) Fixed radius | and variable centres along the 
y-axis. 
Let f(x) be differentiable on the interval (0, 00) such 


tite 

that f(1) = 1, and lim SOO =1 for each 
x>0. Then f(x) is [IIT - 2007] 

ss AXE 1 4x? 
ee rain eae 
( 3 3 ® 3x 3 

2 
© -+5 ) — 
viry" 


The differential equation ow 

determines a family of circles with [IIT - 2007] 

(A) Variable radii anda fixed centre (0, 1) 

(B) Variable radii and a fixed centre (0, — 1) 

(C) Fixed radius | and a variable centres along 
the x-axis 

(D) Fixed radius | and variable centres along the 
y-axis. 

Multiple choice Questions with ONE or MORE 

THAN ONE correct answer : 


A solution of the differential equation 


2 
d d 
(=) x2 +y=0is- 


as a [IIT - 1999] 
(A) y=2 (B) y=2x 
(C) y=2x-4 (D) y= 2x?-4 


The differential equation representing the family 
or curves y* = 2c (x + ve ) where c is a positive 
parameter is of [IIT - 1999] 
(A) Order 1 (B) Order 2 
(C) Degree3 (D) Degrees 4 
Acurvey= f(x) passes through (1, 1) andtangent at 
P(x, y) cuts the x-axis and y-axis at A and B 
respectively such that BP: AP=3: 1, then 
[IIT - 2006} 
(A) Equation of curve is xy’ —3y =0 
(B) Normal (1, 1) isx+3y=4 


15. 


o 


16. 


17. 


18. 


19. 


20. 


21. 
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(C) Curve passes through (2, 1/8) 

(D) Equation of curve is xy’ + 3y=0 

If y(x) satisfies the differential equation y’—y tan x 
= 2x sec x and y (0) =0 then [IIT - 2012] 


2 
Tl 


(4|-2, (2-5 
Omg ram Oats 


(z\-= )-% Qn? 
ON)" % : 


(D) ¥ (= 
Subjective Problems : 


+ —— 
3. 33 


If(a + bx)e”* = x, then prove that 

ge | ly) IT- 1983 
Wace ax” acai 
A normal is drawn at a point P (x, y) ofa curve, It 


meets the x-axis at Q. IfPQ is of constant length k, 
then show that the differential equation describing 


Jk? -y? . Find the 


equation of such a curve passing through (0, k). 
[IIT - 1994] 

Let y = f(x) be a curve passing through (1, 1) such 
that the triangle formed by the coordinate axes & 
the tangent at any point of the curve lies in the 
first quadrant & has area 2. Form the diff. equation 
& determine all such possible curves. [IIT - 1995] 
Determine the equation of the curve passing 
through the origin in the form y = f(x), which 
satisfies the differential equation, 

dy/dx = sin (10x + 6y). [IIT - 1996] 
A curve y= f(x) passes through the point P(1,1). 
The normal to the curve at P is ;a(y—1)+(x-1) 
= 0. Ifthe slope of the tangent at any point on the 
curve is proportional to the ordinate of the point, 
determine the equation of the curve. Also obtain 
the area bounded by the y-axis, the curve & the 
normal to the curve at P. [IIT - 1996] 
A and B are two separate reservoirs of water. 
Capacity of reservoir A is double the capacity of 
reservoir B. Both the reservoirs are filed 
completely with water, their inlets are closed and 
then the water is released simultaneously from 
both the reservoirs. The rate of flow of water out 
of each reservoir at any instant of time is 
proportional to the quantity of water in the 
reservoir at the time. One hour after the water is 
released, the quantity of water in reservoir A is 
14 times the quantity of water in reservoir B. After 
how many hours do both the reservoirs have the 
same quantity of water ? [IIT - 1997] 


_ _ dy 
such curves is, vag 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


Let u (x) & v(x) satisfy the differential equations 


du dv 
e + p(x) u= f(x) & at p(x), v= g(x) where 
p(x), f(x) & g(x) are continuous functions. If 
u(x,) > v(x,) for some x, and f(x) > g(x) for all 
X > X,, prove that any point (x, y) where x > x, does 
not satisfy the equations y =u (x) & y= v(x). 
[IIT - 1997] 
A curve C has the property that if the tangent 
drawn at any point P on C meets the co-ordinates 
axes at A and B, then P is the mid-point of AB. 
The curve passes through the point (1, 1). 
Determine the equation of the curve. [IIT - 1998] 
A curve passing through the point (1, 1) has the 
property that the perpendicular distance of the 
origin from the normal at any point P of the curve 
is equal to the distance of P from the x-axis. 
Determine the equation of the curve. [IIT - 1999] 
A country has a food deficit of 10%. Its population 
grows continuously at a rate of 3% per year. Its 
annual food production every year is 4% more 
than that of the last year. Assuming that the 
average food requirement per person remains 
constant, prove that the country will become self- 
sufficient in food after ‘n’ is years, where n is the 
smallest integer bigger than or equal 
énl0— @n9 
‘0. 71.04) — 0.03 sen. 
A hemispherical tank of radius 2 meters is initially 
full of water and has an outlet of 12 cm? cross- 
sectional area at the bottom. The outlet is opened 
at some instant. The flow through the outlet is 


according to the law v(t) = 0.6 ./2gh(t) , where 


v(t) and h(t) are respectively the velocity of the 
flow through the outlet and the height of water 
level above the outlet at time t, and g is the 
acceleration due to gravity. Find the time it takes 
to empty the tank. (Hint : Form a differential 
equation by relating the decreasing of water level 
to the outflow.). [IIT - 2001] 
A right circular cone with radius R and height H 
contains a liquid which evaporates at a rate 
proportional to its surface area in contact with air 
(proportionality constant = k > 0). Find the time 
after which the cone is empty. [IIT - 2003] 
A curve ‘C’ passes through (2, 0) and the slope of 


29. 


30. 


31. 


32. 


33. 
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(x+1P +y-3 


(x+1) 
the curve and area enclosed by the curve and the 


x-axis in the fourth quadrant. [IIT - 2004] 
If length of tangent at any point on the curve 
y = f(x) intercepted between the point and the 
x-axis is of length 1. Find the equation of the curve. 

[IIT - 2005] 


at (x, y) as . Find the equation of 


Assertion A and Reason R 


Let asolution y= y(x) of the differential equation 


x Vx? -1 dy—y,Jy? —1 dx=0 satisfy y(2) = ace 


Assertion (A) : y(x) = sec see" = x) 


ae 2V3_ | 
Reason (R) : y(x) is given by : = u 1 z 


[IIT - 2008] 
(A) Both A and R are true and R is the correct 
explanation of A. 
(B) Both A and R are true but R is not the 
correct explanation of A. 
(C) Aistrue, R is false. 
(D) Ais false, R is true. 


Integer Answer Type 


Let fbe a real valued differentiable function on R 
(the set of all real numbers) such that f(1) = 1. If 
the y-intercept of the tangent at any point P(x,y) 
on the curve y = f(x) is equal to the cube of the 
abscissa of P, then the value of f(—3) is equal to 
[IIT - 2010] 
Let y'(x) + y(x) g'(x) = g(x).2'(X), y(0) = 0, x ER, 


df(x) ; ; 
where f(x) denotes and g(x) is a given 


non-constant differentiable function on R with 
g(0) = g(2) = 0. Then the value of y(2) is 

[IIT - 2011] 
Let f: [1, ©) > [2, ©) bea differentiable function 


such that f(1) =2. If 6f fat = 3xf(x)-x° -5 
for all x = 1, then the value of f(2) is. [IIT - 2011] 
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G Matrix Match Type 


34. Column-I Column - I 
[IIT - 2006] 
a2 
(A) } (sin x)” Toos x cot x— log (sin x)*™"] dx (P) 1 
0 
(B) Area bounded by— 4y?= x and x — 1 = 5y’ Q) 0 
(C) Tangent of the angle of intersection of curves (R) 16/e 
y= 3*"' log x and y= x* ‘equals 
(D) Ifysatisfies the differential equation (S) 4/3 
dy 2 
a say" y(1) = 1 then (x +y +2) e¥ equals 
35. Column-I Column - II 


[IIT - 2009] 
(A) The number of solutions of the equation (P) 1 


; ; ; ya 
xe“ — cos x = 0 in the interval (0. Z| 


Q) ‘) 
(B) Values(s) ofk for which the planes kx + 4y+ z=0, (R) 3 


4x +ky+2z=0 and 2x + 2y+z=0 intersect in 
a straight line 


(C)  Values(s) of k for which |x — 1]+ |x —2|+|x+ 1+|x+2| (S) 4 
= 4k has integer solution(s) 
(D) Ify’=y+ 1 and y(0)= 1, then value(s) of y (In 2) (T) 5 


Concept PropLeMS—A 5: Gi eee So eee 9 

1. (@) order=1, degree= 1 (ii) order = 2, degree is not applicable 
(ii) order =2, degree = 2 (iii) order = 2, degree is not applicable 
(iii) order = 1, degree = 2 (iv) order =4, degree =3 


iv) order = 1, degree = 2 
(iv) order eprce Concept PRoBLEMS—B 


2. (i) order=1,degree=1, 

(ii) order = 5, degree is not applicable, 1. @) (%-y)y =xy 

(iii) order = 2, degree = 2, (i) xy’ +2y'=xy—x?+2 

(iv) order = 2, degree =3. ee dr : 
(iii) (1 + cos 8) —+rsinO =0 

2 2 do 
a» |( dy d? 2. @) y’-2y'+y=0 
Gi 4Y| oD 
dx dx2 2 
2 

Gi +2) dy 
a dx? dx dx 


2.3 5 
(iv) (s | (2) +2y=x sinx, 1 
dx oe (ii) y= xy, - 5 °yy 


(iv) xy" +2y'—xy+x?2-2=0 
ey dh __ 25 [2g 
oe, sage fy dt 16nVbe 
PRACTICE PROBLEMS—A 
: yer 3 i 
7 (i) y+ Z y'=0 
(ii) BY 62) gh 
ax dx? dx 2 
a > d’y dy _ 
(iii) (l-x late haere 
8. (y—xy’)?=a(1 + y?) 
9 @+y—)iy’-l-2«t+yy)(y—x) =0 
y) dy 
2—y2 | 
ll. y=y (s*) oar 
2 
12) Sg aes) 
dt dt C 
13. (2) +2y 9k =x 
y dy 
dv k .2 
—_ = — Vv 
14. ae oR 
Concept ProsLEMS—C 
2. (A) yes; (B) no; 
(C) no 
5. -1 


PRACTICE PROBLEMS—B 


11. 


eC) 
14. 


1 
(A) a=; B a= > 
(C) a=2,0=-3 
m=1,2 10. (A)+3 


(A) y=0, 1,5 (B) 1<y<5 


(A) f(x) =2ex-! 

(B) g(x)=+1; g(x) = sin (x + C); also, those 
continuous functions whose graphs may be 
obtained by piecing together portions of the 
curves y = sin(x + C) with portions of the lines 
y=+1. One such example is g(x) =— | for x <0, 


g(x) = sin (x— 57) for 0<x<3n, 9(x)= 1 forx>3n 
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PRacTICcE PROBLEMS—C 


1. 


2. 


z 


16. 


17. 


18. 


.y tan! y =logx 


y=cxe™ 


2 1.2 1.2 
énx(1 = 2y+=x 
(l-y) rt ia ar’ 


y-(1+x7)=c 4. (eY +1)sinx =c 


(x+1)* +(y—1)* + 2log(x—D(y + =c 
y= etan(x/2) 


y=(xt+ 1). én(x+1)-—x+3 
(y—3)(1 —3x) = cx 
y=c(a+x)(1 —ay) 


~- yéen(yt+ 1) = lnx- = +e 
. extey+ y3/3=c 


etn (sec x + tan x) ~¢n? (secy + tany)=c 


2 
X4¢ 
2 


In 


1 
= —tan-! -1 
¥=5 tan“! (n/2 + tan“! x) + 5) 


Concept PRospLeEmMs—D 


1. 


(i) —cosec(x + y)+cot(x + y)+y=c 
(ii) (x+c)est¥+1 

a 1 ao ok 

(ili) e” 2 et 3 c 
(iv) y=x+Ink(1+y)|+¢ 
@) y=k(1—ay)(a+x) 
(i) y+Iny=x+Inxtc 
(ili) tan'(x+y)=x+c 
(iv) sec y=-—2cosxt+c 


494 0 
3. @) y-xtIn|x+y|=c 
(ii) y+Flog|(x+y) -2|=x+e 


(iii) (Qx+y+1P=6xtc 
(iv) (x-yt+c)=In (x+y) 


6. y=0, for a <1 the solution is unique. 
8. y = e& - aj/e 


PRACTICE PRoBLEMS—D 


1 _1(4x+y+l 
9, (i) ead > =x+c 


(x+y) —ab =x+c 


(i) y+ (=) log 


(iii) ¢n 


tan» ==76in = 
4 2 


2 
(iv) In|sin(y - x)| = = +c 


10. x hy ae 


2 8 
ll. x+C=2u+ TIn|u- 1] - 3 In(u+ 2), where 


3 
u=vyl+x+y 
12. 0.82kg; a =ks (s+6). 
13. T=2/3 x; 864,000 x 4.2 J; =— Q , where 
x ks 


Q=const. 
15. f(x)=Cx", or f(x) =Cx"” 
16. 51 +y)=(1+x’) 18. (2y’— x’) = Cx”. 
Mice2s:, 02e<i 
19. (A) y= 75 
rica ser a4. 


e 2X 0<x<l1 


et). gsi 


(B) y= 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


PRACTICE PROBLEMS—E 


1. (B) and (C) are homogeneous 
2. @ XQ? +2xy)=c Gil) xsin > =C 
(iit) (y+ 2x)(2y—3x) =cx 
(iv) y = ce” 
3. (i) 6(y—1)?+4(2x-3)(y—1)-3(2x-3P=c 
(ii) 3(2y—x)+In (3x +7y+4)=C 
(ii) x +3y+2 log(2—x-y)=c 
: PS 2y +1 2 2 1 
iv) tan’! —— = f/ne, [x+y +x+y+— 
yaa aaa as 
4. x+y=5x 5. xty.e =C 
6 xX+y=Cx' 
2 
7. In(y" +2y’x+2x’)-tan! weet 
x 


8. 
9. 


10. 


12. 
13. 


14. 


x=y In|Cy| 
(i) y?=xInCy’. (ii) Cx*=y+ x. 


(ii) .fx?y*+1=Cx7y? -1 


3 
(iv) 2 tan? + =In(x?+y%) 
x 


1 
3/%2-1) = Mh 


dV _dVdr 
dt dr dt 
(C) 54.5min 


! kt 
(D) T= Foc Hl + (600 —k + (1400k — Ie] 


19.5kg 15. 0.467 km/h; 85.2 m. 


= Any? = =kA=4krr?, 5.7 months. 


Concept PRroBLEMS—E 


1. 


SN BUN 


(i) y=sec x (—sin’x +c) 
di) y=c(1—x’)+ J1-x? 


(ii) y= c(x+a)> + 5 +a) 


(Gv) y=(C+e*) (1 +x) 

x = Cesiny_ 2(1 + sin y). 
y= Cx —x’3 y—xy' =x?, 
YX) = yiX) Fe PO 
y=y,&) +Cly,@)—y,@)] 


(A) y, = ce* 


DirFERENTIALEQuations [J 4.95 


Practice PRoBLEMS—F PRACTICE PROBLEMS—G 
10. (i) y= Sinx_ Gi) x=—ttan't, 1) Inve t+ lise i) — xt+ xy+ 
cos” x xy 2x’y 
yi=c 
(iii) y= pee er x’ +sin’ x] 
2VI-x 2 () w=C (ii) 2e* + =c 
(iv) y= 345? _ Jk Inx 3. @) x*-xy'ty=C 
2 fii) xet+y+—-x*t+xyt+y=C 


= Jsinx il = sinx 
11. @ y=2 (i) y = 4. (i) xcosy+y’sinx=c(iil) x’ +y? =Cx 
a = —x+i)_ iv) y=e*+ e!* x? sin* 3 
(iil) y eek (iv) y 5. (i) boli eh sin+c 
- 3 


(ii) xsin y—ycosx+ In |xy|=C 


1 
12. @ = — tan (In |Cx)). 
Oy Xx dlniexp 6. ()x+ tan! =C 


. C+ In|cosx| ‘ 
(ii) y= (Sees tanx) (ii) Vxvty+2=c 
(ili) x’y?+1=Cy 


x 
2 i yx? +y? +In|xy|+ y =C. 


(iv) ye =c 


3 
; y 
l 8. xtanyty?+ — =C. 
13. (i) x’ = y(C-y’) (ii) es + =a =C y y’ x2 
0. 2 3 2 
(iii) x’-y’=Cy? (Sek ie xy = -c 
C + sinx y 
yaa “22 Practice PropLeMs—H 


14. @) x-2+Ce*=e ,zZ=2e 
(ii) tany=(C+x)e;z=tany x2 
1. y=2x?+C,y=-x’+C, 2. Wen tgs 


iii y° = ee + 
(itl) 3 sin? x 


3. ya Cxt 5 Oye 


(iv) Y=x+(x+1)In = 
x+1 4, y=Cxt+ 4; 4y3=27ax?, 
15. y=(k+C)/sinx 16. y=sinx + C/sinx 7) 
s20) 1 5 Cx+C2. y= x? 
xt +C aes od 
md =) ( x-2 
C-1 
2 6 y=Cx-——3 (yt 1)? =4x. 
18. y=Cxt Cc 
ss y=Cxta/1+C, ;x’+y =a’ 
19. y = 3vx—x x=Cy+C4x=-y”. 


4.96 (C7 _Intecrat Catcutus ForJEE Main anp ADVANCED 


9 y=542V5x. 10. y=Cx+ y1+C’ 5 ¥ 


ae =—sinx+ e* ,y(0)=1 
WW. y=Cx+sinC; y=x (m—cos!x)+ yl—x?. 


PRACTICE PROBLEMS—K 


1 
12. y=Cx?4 ra »y—4x°=0. 1. (i) xy=k 
Pas ii) x++y?=kk>0 
13. x= cet 14. xy=+a’. ®) 2 u : 
15. x73 + y23 = Q23, (iii) x?-2y=c (iv) 2x?+ y= 2c 
2. x’+y’=cx, where c is an arbitrary constant. 
Practice PROBLEMS—I 3, x+y_Ce+y)+2=0 
: 4. (xX ves Cxy; x*4 6x*y° ty=C. 
1 @ y= oe —ginx+Cx+C 8. Measuring the angle a in one of the two possible 
6 : directions, we get the equation of the family 
(ii) y=C,—In|cos (C, +x) oe 
x+1 xy ery)HC. 
Gi) y=— 2 
(iv) y=(k+C,) nx +C|+Cx+C, Practice PROBLEMS—L 
; “ 4 1. (A) 23,23668 (B) 13.86 years 
Bee AD) CyB BES (ii) aly—BY= g(e-aY a, 7071 3. 46.6 years 
(iii) V=Alnr+B (iv) y=Ax?+B 4. 3.17hr. 5. 15219.62 
a 6. 20.93 yrs. 7. 100 —5S0e!5"45 2 
3. @) y=Atan’x+B (ii) y= 8. (A) 113.9°F (B) 6.95 min. 
mae 9. 25In3min. 10. (A) 20min (B)48 kg 
iy ee EAS 11. 0.467km/h; 85.2. 
x+B 
x 
4. @ yoCet+C,-x- | OBJECTIVE EXERCISES 
ee cast eee 1 A Do ok 3: A. 
Dy EM ee ES 4. B 5. C 6 A 
Bh Mt, 2 7. B 8. C 9. B 
a area ee a 10. B i. A 12. A 
13. C 14. A 15. A 
ihe aa x? 16. A 17. C 18. A 
OS eae a are 19. D 20. A 21. B 
5, y=-In|x-l| 22. B 23. C 24. A 
25. D 26. A OTA 
6 y= (C.—2e)+CxtC 28. C 29. A 30. D 
3 1 2) 3° 
31. B 32.C 33. B 
4.B 35. A 36. B 
PRACTICE PROBLEMS— 
ee Oe 37. A 38. D 39. D 
1. xy=C 2. y=(xt eX 40. D 41. B 42. A 
a et 43. A 44, C 45. A 
3. y=2-Q+taye 2 4 tee x 46. C 47. A 48. A 
x 49. C 50. D 51. A,B 


AC 53. ABC 54, A,C.D 
ABC 56. A,C,D 57. AB 
A,B,D 59. ABC 60. A,B,D 
AD 62. ACD 63. A,B,C,D 
CD 65. A.B 66. A.B 
A,B,C,D 68. A.B 69. A,B,D 

ABC 71. B 72. C 
A 74. B 75. A 
B 77. D 78. D 
B 80. C 81. C 
B 83. D 84. B 
Cc 86. B 87. B 
Cc 89. D 90. A 
B 92. B 93. D 
A 95. A 

- (A) > (R), (B) > Q), (C) > (R), (BD) > Q) 


. (A) > P; (B) > P; (C) > S; (D) > R 
- (A)>Q. (B)>R,(C)>P.(D)> $8 
99. 


(A) >R; (B)>Q, (C) 7 Q,(D) >R 


100. (A) > PQR, (B) > P, (C) > Q, (D) > QS 


REVIEW EXERCISES for JEE ADVANCED 


1. 


(i) xlny=e*(x-1)t+c 
y 

(iil) e’=c. exp (-e*)+e*-1 

(iii) x°+y>+ycos2x=c 


(i) x7 + y° = 2a’ tan +C 


Gi) xy cos =C 


(iti) xe’ [cos y + sin y] + 2 [cos y— sin y] =C 
(i) y(x?—1)sin x= (x?—3)sinx + 2x cosxt+c 
ii me Oe 44 Z 2)3/2 
- + =3xy+ 
(i) y= «Mi + YPP=3xy +c 


4 
() (x2-1) cos y= = —x2+¢ 
(ii) yit2x*y?+2y=C 
@) (x-y)=cxy’ 

5 
(ii) xy+ SD =tnx=c 


y=1 


14. 


15. 


16. 


17. 


19. 


22. 


23. 


24. 


25. 


26. 


28. 
29. 


. fx%)=x+1 
. (A) p(x) =-x?+ x1 


O 4.97 


DIFFERENTIAL EQUATIONS 


. 1.3 x  sin2x 
=-——sin’ x + C,} —- +C 
@ y 3 ( 4 ) 2 


x +C, 


(ui) 
tan (x y)=cosx + cos y+C 
11. f{x)=e*lnx 


=C, tan“(C, In y), C,>0 


. (A) local minimum at 0 
2 b 20 D 2 
@®) a=5,b=> OF 
f(x) = b**g(x), where g is periodic with period a 
1 
m=-l;y’ In |y= we rey 
a,b_y . sag Dag 

Ogee: Wey 

[2 a y = Cet = 18. («)=x!a 


(x—1)?+ (y—1P=25) 21. (y-xP(x42y)=1 
The parabola (x — y)? —2a(x + y) t+a?=0. 
2 2 2 2 


x 
The conics + 
b? +c? 


i (22) 

8 (16 

(i) xy’=c 

(iii) sin y=ce* 


(ii) oy’ +2x=c 
(iv) y=ce*? 


dy y 


0- -45- 
dt (2000-5t) ’ 


9 
= ook 1-2) 
y= 10(400—t) 3900, ae 


dV 2 dV dr 2 dr 4 
dt. drdt 7 at KA Ak, 5.7 months. 
(C) 54.5min 
1 
(D) T= [ppl + (600-1) k+ (1400k— Ne] 
. 19.5kg 
. (A) 825°C (B) 10.2min. 
. Q(4) ~7.39 g, t~2.63 hr. 33. 63.32, 80min. 


4.98 O 


34. —2.94 cal/s 
35. (A) 0.08 (1 —e°°), 0.08(1 —e*), 


(B) 0.08 (C) 50 log 2, 100 log 2. 


TARGET EXERCISES for JEE ADVANCED 


1. 


@) (tx) +y)=Cx@) yy—2x)P=Ciy—xy’ 


x 


ety? 


@ (x +ty |=" 


(ii) Cx =1- 


x24y2 


(ii) In|Cx| =-e * 


(ii) In|1+ y|- 


{ x+y? 
x 


(i) cx=e° 


I+¥_¢ 
xX 


‘ 12%). 
(ii) tox tny-(4 Lc 
: 7 sin4xy x2 
(i) 8 xyt 32 2 +C 


(i) [(x—1)2+(y—2)"] tan (=) 
7s 
=(x—1)(y—2)+2(x-1)/ nC(x-1) 


(i) sin» — cos~ + x z C 
zs y 


y 


jaw tad ara ; 
—F tan“ +5] = 
(ii) V5 tan (= = 1) In (sin x) +c 


9: (ae) 
an V3 =xtc 


Wey ees 


sinh x 


© y= 2 


INTEGRAL CALCULUS FOR JEE Main AND ADVANCED 


1 1 232 
y= 5(1+5}(c-« ) 


8. 
<2 
9% @) y=C, e +Ox+C,—-C7«+C,)In fx +C 
(i) (K+ C)+ (y+ C=C? 
e*-1 
10. 2In|x+2|+ 11. Sa 
0. 2Inx+2|+C) = 
—t Xx — on x 
12. f{x)=+ 10e*. 13. f(x) (3 -| 
14. y=xT(x)+Cx 16. f(x)=1+Inx 
17. (A) g(3x)=3e%g(x) —(B) g(nx) = ne g(x) 
© 2 (D) C=2 
fie ies 
. ( y= Ce3* —] wi -_ b-1 
e* +2C fei Dd 
ae OT hyo 
2a 1 
19. (B) Minimum (C) 5 
20. Only the given function 


21. 


22. 


23. 


24. 


25. 


26. 


28. 
30. 


32. 


33. 


Solve for dx/dt and dy/dt algebraically, and then 
integrate. 
Cx=y*1(k> 1/2). 


4 
y =x *¢ or y’ + 2x? Inx = cx? 
2x 
x’? + y’—2cy=0 .The curve is a circle with centre 


on y-axis and touching the x-axis at the origin. 
y=xMn|x|;x’?+2xy=1. 
2 


y=cx—x/n|x|-2 27. y=ex+ 
2x 


(2y—x’)?= cx? 29. y’= 4x 
Measuring the angle a in one of the two possible 
directions, we get the equation of the family 


x + 2y 
7 C. 

(B) f(Xx)=@?-L’)/(4L)- (L/2) nL) 

(C) No 

25 In3 


6 
In (2x?+xy+y’)+ V7 tan"! 


DirFERENTIALEQuations [J 4.99 


34. (A) T=(Inn)/k t)=(b-t)(b- : 
(A) T=(Inn) OSD OAD ay” ae evo, tlabee |sa aa 
35. 3//2-1)~!15h 
log2 
21. T=) 1504 
PREVIOUS YEAR'S QUESTIONS [Pyaeeenmmn 
2 2 = 
(JEE ADVANCED) a aa 
26, 142x10° unit, 
1 Hay a. C 3. B eINE 
> nd ; ; 27. HK 
4 A 5. A 6. C 28. 4/3 sq. units 
Te 8 A 9% C 
10. A i. C 19: 1-Jl-y? 2 
29. 1 Jl-y? =+ 
13. A.C 14. CD 15. A.D Pa age e |e Seo 
17. xe +y=k 
30. C 
18. xy=1; f/l-xy +1=x;/l-xy +x=1 31. 9 
32. 0 
19 L,_,{ 5 tan4x ax 33. 6 
ng Ac Stands) So 34. (A) > (P), (B) > (8), (C)> Q),(D) > R) 


35. (A) > (P), (B) > (QS), (C) > (QRST), (D) > (R) 


